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face cover was analyzed. Analytical and numerical techniques were used primarily to
study the factors that produce differences between the yearly means of the air and ground
temperatures. It was shown that the variation of the surface cover characteristics in phase

with the annual air temperature wave can generate the heat-valve effect which is respon-
sible for raising the average ground temperature above the average air temperature. This
temperature difference was, however, very sensitive to changes to the surface cover prop-
erties indicating how disturbances to the surface cover could cause melting of a perma-

frost soil.

Introduction

The construction of pipelines in permafrost regions has recently
increased interest in the prediction of the thermal regime in the
ground. Accurate predictions are particularly important for perma-
frost soils with high ice contents since thawing of such a soil results
in a drastic reduction in its bearing strength. Gold and Lachenbruch
[1]! have recently reviewed the state of knowledge concerning the
ground thermal regime and some of the phenomena that-are ob-
served.

One interesting observation that relates to the prediction of ground
temperatures is that the mean ground temperatures tend to be con-
sistently 3-4°C warmer than mean air temperatures at any location
[1-3]. Here mean temperatures are defined as the temperatures av-
eraged over a year, that is the yearly means. Since considerable vari-
ations in the mean ground temperature have been observed to exist
from one place to another in an area of the same mean air temperature
[1, 4), the air temperature must not be the only controlling parameter.
The variability of the ground temperature is also illustrated by the
fact that the zone of discontinuous permafrost, that is the region in
which ground temperatures can be either above or below 0°C, exists
over a range of mean air temperatures from —1.0 to —9.5°C. The
difference between the mean air and the mean ground temperaturés
and its variability with location has been attributed to a number of
factors including the seasonal variation of the thermal resistance of
the surface cover, phase change in the ground and the radiative fluxes
incident on the surface [1, 5, 6]. The sensitivity of the ground tem-

I Numbers in brackets designate References at end of paper.
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OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
June 21, 1976.
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perature to changes in the surface cover has been graphically illus-
trated by the fact that in some areas construction activity which
disturbed the cover has caused thawing of a previously permafrost
soil [7]. The effect of the surface cover is often described as being that
of a heat-valve. In the winter the thermal insulation at the ground
surface is provided by a layer of snow 20-80-cm thick while in the
summer the only thermal insulation on the ground is provided by
several centimeters of vegetation cover. Since the winter snow cover
is a much better thermal insulator.than the summer vegetation a
heat-valve effect is produced at the ground surface. That is, in the
winter when heat is leaving the ground the valve closes and in the
summer when heat is flowing to the ground the valve opens.

To quantify this effect a simple model of the ground and its surface
cover will be analyzed. This model will be used to illustrate the role
of a seasonally varying surface cover coupled with phase change in
the ground in determining the mean ground temperature and the
amplitude of temperature variation at the ground surface.

The Model

Fig. 1 shows the model that will be studied. The model is one-
dimensional and includes two layers. The surface layer is introduced
to approximate the effects of a snow cover in winter and a vegetation
cover in summer. It is assumed that it has negligible heat capacity and
a seasonally dependent thermal resistance. The net energy flux at its
upper boundary is approximated by a convective type boundary
condition as proposed by Scott [6] and Wheeler [8]. This approxi-
mation assumes that the energy flux equations applicable at the
surface can be linearized such that the net energy flow between the
environment and the surface, q,, can be written as

Ga = ho(Ts = Tea)
where hg is an overall energy transfer coefficient including the con-

tributions due to radiation, cenvection of sensible heat and mass
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Fig. 1 The model of the ground and its surface cover used in the analysis

transfer, and T, is an equivalent air temperature which accounts for
radiative fluxes received by the surface. In the terminology of building
heat transfer this equivalent air temperature would be the more fa-
miliar Sol-Air Temperature (S.A.T.). It would be estimated in the
same way using the net radiative flux, R ., received by the ground.
That is

Tea=Ts+ Rnet/hO

In this paper it will be assumed that the equivalent air temperature
is a known function of time during the year and ground temperatures
will be related to it.

The resistance of the surface cover layer can be combined with the
heat transfer coefficient at its upper surface to give an overall heat
transfer factor, U, for the transport of heat from the ground to the
atmosphere. The heat flux to the ground is therefore given by

4g = U(Tgs h Tea)

where U™ = d/k + 1/h¢. The temperature Ty, is the temperature at
the ground surface, that is, at the interface between the ground and
the vegetation cover. In practice for some highly organic soils this
interface may not be easy to define, however, for the purposes of this
model it is the interface between the regions where the effect of heat
capacity is negligible (the surface cover) and where it is not negligible
(the ground). The heat transfer coefficient between a surface and the
atmosphere, ho, is typically of the order of 25 W/m2/°C. The thermal

conductivity of dry moss is approximately 0.06 W/m-°C. Therefore
with even 2 cm of moss k/d <« hg and the overall U-factor is essentially
the U-factor of the surface cover. The overall U-factor will therefore
be referred to as the surface cover U-factor in this paper. The equiv-
alent air temperature and the U-factor will both be approximated by
harmonic functions with periods of one year but not necessarily in
phase with one another. The boundary condition applicable at the
surface of the ground is, therefore,

*k%qj= (U + AU sin w(t + ¢y)) X
x

(Toa+ ATeosinw(t + ¢7) = T); =0 (1)

In the ground, freezing of the soil moisture will be assumed to occur
at a discrete temperature, Ty. Properties will also change discontin-
uously across this temperature. The equations of heat conduction and
energy conservation then give an expression for the time rate of change
of enthalpy

oh a2T

—=k——; k="hy;

ot dx2 “
k= ky;

T>Ty

T <Ty (2)

The enthalpy, k, can be related to temperature by the nonlinear ex-
pression

h = pCe(T — Ty);
h= pCu/(T - T/) + oLy;

T<Ty
T > Ty (3)

where the enthalpy is defined as zero for the soil in its frozen state at
T=1y

The boundary condition applied deep in the ground is that the
geothermal gradient is negligibly small. That is

aT

— =0

ax
The condition that was applied on the time coordinate throughout
this problem is that the dependent variables must be periodic with
a period of one year.

In the nondimensional variables defined in the Nomenclature
equations (1), (2) and (3) become

;X >

N 320

Yo p, 4

or Ra a¢? “)
y=(0-06%); 6<0*

Nomenclature

= kyilky, T > Ty

w = frequence of temperature wave = 2x/t,

d = depth of surface cover

h = enthalpy of ground

hg = overall heat transfer coefficient

k = thermal conductivity

¢ = characteristic depth = (2wk//(wpC/))/?

m, = soil moisture content percent dry
weight

n = spacial index in difference equations

p = transformed time variable

gq = heat flux from air to surface’

gg = heat flux from surface into ground

t = time

t, = time in one year

z = parameter p on the complex plane

B, = surface cover parameter = eu/ (kRr)

C = heat capacity of the ground

H = characteristic enthalpy = pC;AT,,

L = latent heat of fusion of soil

R, = ratio of conductivities
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=1,T<Ty

Sf = Stefan number for ground = CtATe,/
Ly

T = temperature

Tmax = maximum ground surface tempera-
ture '

Tmin = minimum ground surface tempera-
ture

U = U-factor of surface cover = k/d

¢ = amplitude parameter = AU/TU

¢ = nondimensional depth in ground = x/¢

» = time index in difference equations

p = soil density

7 = nondimensional time = w(t + ¢71)/27

¢ = phase angle between temperature and
U-factor = w/27 (¢u — ¢T1)

¢7 = phase angle of temperature variation

¢u = phase angle of U-factor variation

¥ = nondimensional enthalpy = h/H

A = prefix to ihdicate amplitude of a vari-
able

0= nondimensional temperature = (T' —
Tea)/ATeq

0* = freezing temperature = (Ty — Teu)/
AT‘ea

Subscripts

a = actual air temperature

ea = equivalent air temperature

f = freezing or frozen state

uf = unfrozen state

s = surface between air and surface cover

gs = interface between surface cover and
ground

g = ground below active layer

0,1, 2, etc. = order of approximation

A = used to indicate average of a parameter,
A

A = Laplace transform of a parameter, A
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¥ =R (0—6% +1/Sf;, 0> 0* (5)

with the boundary conditions
af
- &_ = (Bg/Rp)(1 + esin2x(7 + ¢))(sin2x7 — 0); =0 (6)

and

— 0, =
ot )

In these equations the parameter By represents the ratio of the
thermal conductance of the surface cover to an effective thermal
conductance of the ground. It is therefore equivalent to a Biot number
for the surface cover. When this parameter is large the effect of the
surface cover will be negligible. In that case the temperature at the
ground surface will closely follow the equivalent air temperature.
Alternatively when B, is small the surface cover is a very good insu-
lator and the amplitude of the temperature wave at the ground surface
would be much smaller than the amplitude of variation in the
equivalent air temperature. The parameters ¢ and ¢ represent, re-
spectively, the amplitude and the phase of the variation in the insu-
lating value of the surface cover. Parameters Sf, Ry, and R, are de-
termined by the properties of the soil and in particular the soil
moisture content. The Stefan number, Sf, which represents the rel-
ative importance of the sensible and latent heats of the soil is equiv-
alent to the “fusion parameter” used in some depth of thaw calcula-
tions [9]. The final parameter, 6*, is the “climate” parameter in this
problem. That is, if the average environmental temperature that the
ground sees, T.a, is greater than the freezing temperature, Ty, then
0* is negative. Alternatively, positive values of §* indicate a colder
climate where the average temperature is less than freezing. 8* has
been normalized by the amplitude of the harmonic temperature wave,
ATeq, so that a value of §* = 1 corresponds to a climate in which the
peak summer temperature, Te, + AT, is just equal to the freezing
temperature. Geographically this condition is approached in the
Arctic Islands where the mean July temperature is only 4°C. In the
opposite limit values of §* < —1 correspond to climates where freezing
does not occur even in midwinter.

In this problem the heat-valve effect of the surface cover is con-
tained in the product of U-factor of the surface cover and the tem-
perature difference across it in equation (6). A second heat-valve effect
occurs in the active layer of the ground (that is the layer of ground that
undergoes phase change during the seasonal cycle of temperatures).
This effect, which is the result of the fact that the conductivities of
the frozen and unfrozen soil are different, produces a difference be-
tween the mean temperature at the ground surface and mean tem-
perature below the active layer. This temperature difference which
was examined in detail in reference [10] is not generally very large.
Therefore, in this paper only the mean ground surface temperature
will be calculated with the assumption that the mean ground tem-
perature below the active layer will be close to this value.

The basic effects of the seasonally varying surface cover can be
demonstrated for the problem of periodic heat flow to a semi-infinite
medium without phase change. This problem lends itself to an ana-
lytic solution when the amplitude, ¢, of the variation in surface cover
properties is small. The results obtained from this calculation will also
be used as a check for a finite difference calculation which will include
phase change and a large amplitude of surface cover variation.

The equations for the case of no phase change in the ground can be
obtained by considering a soil with no moisture content. In that case
the properties of the frozen and unfrozen soil are the same and the
latent heat of fusion is zero giving R = 1, R, = 1 and 1/Sf = 0. Using
these values in equations (4)—-(6) and substituting equation (5) in
equation (4) give the appropriate equations for this problem.

a0 8%
Pl 8_§'2 (7)
a0
{=0 8

- 6—( = By (1 + esin2x (7 + ¢)(sin2x7 — 6);

and

Journal of Heat Transfer

—_— O; g‘ =

a
There are now only three parameters involved-—Bj, € and ¢. The
parameter € in equation (8) is physically limited to the range 0-1.
Therefore, the expansion of the solution for 8 in terms of a series in
¢, thus

6=100+ e + €25 .. 9)

might be expected to give a good estimate of § for most values of e.
Substituting equation (9) in equations (7) and (8) and selecting terms
of equal order gives the appropriate equations for g, 8;, etc. The
equations to be solved for 0 are

a0y _ %%
ar  9?
1 88
~ == =ginrr~6y; {=0
B, o¢
and

a0

== ; =

a¢

The solution for §y which is the solution for a constant property
surface cover will follow that used by Lachenbruck [11] for periodic
heat flow in a stratified medium. Taking the Laplace transform of
these equations and solving for the transformed temperature variable
bo gives,

2w By
e
(p?+ (2m)H(By + VD)

Since the only part of the solution of interest is that it represents
the steady periodic state the initial condition used is not important.
For the transform in equation (10) 8({) = O at ¢ = 0 was assumed. The
residuals of equation (10) at p = £277 are responsible for the desired
periodic components of the solution. Solving for these residuals
gives

flo = (10)

0o = {A sin2x(r — {/Vdx) — B cos2x(r — {/VAm)e~ V™ (11)

where
B, (B; + V'x)
(Bt VRt o)
_ BV7
((By +Vm)2+ )
The amplitude of 8y at the ground surface, { = 0, is equal to
Ay =VAZ+ B2 = B,((By + V)2 + m)~12

which is the same as that obtained by Lachenbruck [11] in the limit
when the top strata is assumed to have negligible heat capacity.
The equations to be solved for 6; are

a0,

(12)

13
Ir 92 (13)
L %% _ g 4 sin2n( + ¢) sin2rr — By sin2r(r + ¢)
—_—— == TRT T — S AT 5
B, 8¢ 1 (i
=0 (14)
90,
%% _ = 15
ac O $ (15)

Using the solution for g at { = 0 in equation (11) and taking the La-
place tran'sform of these equations gives the transformed temperature
variable, 8.
81 = {(cos2wp(1 — A) + B sin2r¢) 8x2/p
+ (sin2n¢(1,~ A) + B cos2n¢) 2w
+ sin2n¢ Bp} e VP! ((47)2 + p2)~1 B,(By + vVp)~! (16)

The function f;(x, z) on the complex plane, z, has poles at z = +4xi
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Fig.2 The effects on the mean temperature difference produced by the in-
sulating value of the surface cover and the amplitude of its seasonal varia-
tion

and a branch point at z = 0. Its inversion to the real ¢ plane can be
performed by integration around a semicircular contour with a branch
cut along the negative real axis (see Lauchenbruch [11]). Using such
a contour it can be shown that

01(x, t) = 3. Res(*4wi) + I, + I

where
1 L " . . .
I, =— f e~ [B(x, re=i™) — Blx, re'™)|dr
27l J0O
and

1 .
Iy = —1lim etz f1(x, z)dz

27 p—0 Cp

an

The residuals at +4=i give a component of the harmonic ground
temperature variation which has a frequence of twice the annual
ground temperature wave. This harmonic when combined with the
fundamental harmonic in equation (11) produces an asymmetry of
the temperature wave about its mean value. It does not however
change the mean value since the average of these harmonics over a
yearly cycle is zero.

Evaluating I; for t — « shows that this term decays exponentially
with time for large times. It, therefore, represents transient temper-
atures that result from the arbitrary choice of the initial ground
temperature distribution and is of no interest in this calculation. I
is the integral from —= to += around a small circle, ¢, of radius p
encompassing the origin. Inserting the expression for 8; into this in-
tegral and taking its limit p — 0 inside the integral the value of I5 can
be evaluated.

Io=[(1 - A) cos2r¢ + B sin2r¢]/2

Referring to equation (9) the average value of 8 to first order in ¢
can now be calculated. The average of 0 in equation (11) is zero and
the only term to contribute to 8; is the constant value Io. Substituting
the expressions for A and B into I gives

7t [(Bgﬁ + 27) cosw¢p + BV sin27r¢]
2 (Bg + vm2+a

It will also be noted that the average ground temperature is not a
function of depth in the ground. This is the expected result when no
phase change occurs in the ground. The average ground surface
temperature Tgs can therefore be calculated directly from equation
(18) knowing that

(18)

(Tgs - _ea)/ATea = Egs =9
To study the effects of phase change and of large amplitude vari-

ations in surface cover equations (4)—(6) were solved numerically. The
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model that results from using these equations is called the enthalpy
model, the rationale of which has been discussed by Shamsundar and
Sparrow [12]. The important feature of this model is that the enthalpy
rather than the position of the fusion front is used as the dependent
variable that determines where phase change is occurring.

For the numerical calculations the top 8 m of the ground was di-
vided into forty equally spaced depth intervals. This depth was chosen
so that the calculated temperature fluctuation at the bottom node was
insignificant.

A straight forward Euler scheme was used for time stepping the
solution ahead. Equation (4) in different form becomes

Kl’n"+1=\l‘n"+[Rké£ +RkA_0 ]&

Al - Afl+1 AY
where v is the time index and n is the spacial index. In the interior of
the nodal grid A8/A{|— = (Bu—1 — 8.°)/AL, AO/AL L = (Bnar” —
0,7)/A¢t, and R}, which is the temperature dependent conductivity
ratio, is chosen on the basis of the average value of § in the appropriate
node interval. For the node at the ground surface R, A0/A¢|— must
be replaced by the value of Ry, 86/¢ calculated from the boundary
condition in equation (6). Similarly, A8/A{] 4+ is set equal to zero for
the bottom node of the grid.

For known values of  and 0 at a time index » a new set of values of
¥ at time » + 1 can thus be calculated from equation (19) and its
boundary conditions. Since  is a unique function of { (the reverse is
not true) equation (5) can then be used to calculate values of 8 at time
v + 1. This completes one iteration and gives all the starting values
required for the next. To start the calculation an arbitrary initial
thermal state of the ground must be chosen. Usually, a uniform
temperature equal to the mean equivalent air temperature, that is 6
= 0, was used. The solution was then stepped ahead through enough
yearly cycles so that the ground temperatures reached a steady peri-
odic state. Time steps of the order of 2 X 10~ years were required to
maintain stability of the solution.

For most conditions the ground temperatures were periodic within
0.5°C after five cycles. For some cases where the ground temperature
was near 0°C much longer times were required, 1520 cycles, before
the effects of the initial conditions disappeared. For each numerical
calculation the main outputs that were of interest were the average
temperature of the node at the ground surface as well as its maximum
and minimum temperatures during the last yearly cycle in the cal-
culation.

(19)

Results

The phase angle ¢ in equation (18), as'defined in the notation, is
the difference in parts of a year between the phase of the U-factor
variation and that of the equivalent air temperature variation.
Therefore for ¢ = 0 the minimum winter temperature coincides with
the minimum surface heat conductance. This would be the normal
situation since the snow cover in winter normally has a much lower
heat conductance than the summer vegetation. If, however, the snow
cover was being removed or compacted by some means it is possible
that the opposite situation may occur. In this case ¢ = 0.5. For most
of the following results ¢ = 0 will be used although with a simple
change of sign the results equally well apply to the case of ¢ = 0.5.

Fig. 2 summarizes the effects of surface cover variations on the
mean ground temperature in the absence of phase change. In the
figure §gs /e represents the mean temperature difference between the
ground surface and the air normalized by the amplitude of the
equivalent air temperature wave, ATe,, and the amplitude of the
surface cover variation, ¢. Equation (17) suggests that this parameter
should be a unique function of B, for small e and ¢ = 0. The curve
marked “approximation” in Fig. 2 is the result calculated from
equation (17). To compare this analytic result with the results of the
finite difference calculations the computer simulations were run at
about 100 different combinations of B; and ¢ in the ranges 0 <e¢ <1
and 1 < B, < 20. The numerically calculated mean ground tempera-
tures were normalized as in Fig. 2 and curves fitted to the results. A
check of the accuracy of the numerical scheme used in the computer
simulation was provided by the fact that the numerically calculated
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results were within 10 percent of the first order analytic results for
¢ less than 0.5. The numerically obtained curves for ¢ in the range
0.5-1.0 are shown in Fig. 2 along with the approximation for
small e

The physical magnitude of the mean temperature difference can
now be estimated from Fig. 2 for some typical field conditions. The
typical surface cover for the zone of discontinuous permafrost was
considered to consist of an average of 6 cm of dry moss in summer and
an average of 40 cm of settled snow in the winter [4, 13]. Using these
estimated surface cover depths and the thermal conductivities given
at the bottom of Table 2 the corresponding mean U-factors during
the summer and winter seasons can be calculated. The procedure
discussed in reference [10] for obtaining the best fit sine wave for this
variation in U-factor then gives U = 0.6 and ¢ = 0.65 for the case
considered. The soil properties considered typical [2] were those for
a fine grained soil with a moisture content of 30 percent of dry weight
(Table 1).

Table 1 Soil properties for a fine grained soil dry density 1200
kg/m3 and moisture content of 30 percent of dry weight {9]

kr = 1.7 Watts/m-°C

kus = 1.1 Watts/m-°C

pCr = 1.6 X 10% Joules/m?-°C
pCur = 2.4 X 10° Joules/m3-°C
pLg = 120 X 108 Joules/m3

The results in Fig. 2 do not account for the effects of phase
change or the changes in soil properties that result. Therefore to es-
timate the mean ground temperature from this figure the averages
of the frozen and unfrozen properties were used. With these surface
cover and soil properties, the value of By was calculated as 2.05. These
values in Fig. 2 give (Tgs —T0)/AT,q = 0.19. For a northern climate
AT, = 22°C is typical. It follows then that for these conditions the
average ground surface temperature will be about 4.2°C warmer than
the mean equivalent air temperature.

In Fig. 3 the effects of the parameters B, and ¢ on the maximum and
minimum temperatures at the ground surface are shown, In this figure
the “approximate” curves are the temperature limits obtained from
equation (12). These curves, which represent the amplitude of the
temperature wave at the ground surface when no seasonal variation
in the surface cover occurs, are the same as those obtained by La-
chenbauch [11]. As was the case for the mean temperature calcula-
tions, the numerically calculated results agreed with the approximate
curves for values of € less than 0.5. The dashed curves in Fig. 3 for
values of ¢ greater than 0.5 were again obtained by fitting curves to
the numerically calculated results. They show that a large amplitude
variation in surface cover produces an additional decrease in the

Table 2 Caiculated ground temperatures

Mean Mean . Mean Ground Surface
Case Summer Winter Temperature
No. Surface Surface = _ = = _
Cover Cover Tea="3:0 Tea™7+2 Tea™"10-5
1 6 cm 40 cm 2.6 -1.0 -5.4
Dry moss Settled
Snow
2 Same as 80 cm 5.9 2.3 0.3
No. 1 Settled
Snow
3 Same as 20 cm -0.2 -4.9 -8.6
No. 1 Settled
Snow
4 3 cm Same as 4.4 1.8 -0.3
Dry moss No. 1
5 Same as 10 cm -3.9 -8.0 -1
No. 4 Packed
Snow

k(Dry Moss) = 0.06 Watts/m-°C (Ref. 9); k(Settled Snow) = 0.12 Watts/m-°C
(Ref. 14); k(Packed Snow) = 0.30 Watts/m-°C (Ref. 14)
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Fig. 3 The effects on the amplitude of the ground surface temperature wave
produced by variations in the surface cover

amplitude of the surface temperature wave over and above that cal-
culated by Lachenbauch for the equivalent constant property surface
cover. An asymmetry in the ground surface variation about its average
value is also apparent in Fig. 3.

The influence of phase change on these results will be illustrated
using the typical field conditions described previously. In Fig. 4 the
maximum, mean, and minimum temperatures experienced at the
ground surface are shown for these conditions. The dashed lines are
the results predicted for the typical field conditions when phase
change was not considered. The solid curves were obtained from nu-
merical calculations including the effects of phase change. The first
observation to be made is that phase change produces a nonlinear
relationship between the mean ground surface temperature and the
equivalent air temperature and the maximum effect of the phase
change occurs when the mean ground temperature is near the freezing
point. When the effects of phase change were neglected the mean
ground surface temperature was found to be 4.2°C warmer than the
equivalent air temperature (dashed line). With phase change the mean
ground temperature is raised an additional 2.2°C when the ground
is near 0°C. As a result the average ground temperature is above
freezing; that is there is no permafrost, for this particular combination
of surface cover and soil properties unless the equivalent air tem-
perature is less than —6.4°C.

The other major effect of phase change is to decrease the amplitude
of the temperature wave at the ground surface. This effect is generated
by the fact that the minimum ground temperature tends to stay near
the freezing point for mean ground temperatures above freezing and
the maximum ground temperature stays near freezing for mean
temperatures below freezing. This behavior occurs even without a
variation of surface cover properties, however with the surface cover
variation an asymmetry in the effect occurs. That is, for the type of
surface cover variations considered the minimum ground temperature
is increased more than the maximum ground temperature is de-
creased. This is of course consistent with the fact that the mean
temperature increases due to these surface cover variations. One in-
teresting effect of phase change is that the minimum ground tem-
perature for a permafrost soil will be much colder than the minimum
ground temperature for a nonpermafrost soil even though their mean
temperatures may only be a few degrees different. This effect appears
in Fig. 4 as a very sharp drop in minimum ground temperatures at an
equivalent air temperature of about —7°C.

The results in Fig. 4 werg for one particular set of surface cover
conditions. To illustrate the sensitivity of the mean ground temper-
ature to changes in the surface cover Table 2 gives the calculated
ground temperatures for various surface covers at three values of the
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Fig. 4 The relationship between the ground surface temperatures and the
equivalent air temperature for a typical surface cover

mean equivalent air temperature (—3.0, —7.2, and —10.5°C). These
values are estimated to correspond, respectively, to the southern
fringe, the middle and the northern limit of the discontinuous per-
mafrost zone. Case 1 uses the “typical” surface cover conditions used
in Fig. 4. In Cases 2-4 the effects of factor of two. changes in the
summer and winter U-factors are shown. These estimates were chosen
to represent the possible range of surface cover properties that may
be encountered for naturally occurring surfaces, It will be noted that
at all three locations permafrost may or may not exist depending on
the properties of the surface cover. This is consistent with the fact that
the zone of discontinuous permafrost extends over an air temperature
range of about 8.5°C. A comparison of the differences between the
calculated ground temperatures in Case 1 and those in Cases 2-4
shows that a factor of two change in the surface cover properties can
produce changes of from 1.8 to 5.7°C in the mean ground temperature.
It is therefore apparent that the sensitivity of the ground temperature
to surface cover changes is dependent on the equivalent air temper-
ature and the type of change involved. However, it may be reasonable
to use the average sensitivity of 3.5°C for a factor of two change in
surface cover as an approximate guide for estimation purposes. A
comparison of Case 1 and Case 4 at an equivalent air temperature of
—7.2°C shows how a disturbance that reduces the thickness of the
vegetation cover in summer could result in the melting of a permafrost
soil. The ground temperature which was —1.0°C in Case 1 was raised
above freezing (1.8°C) in Case 4 just by decreasing the summer veg-
etation cover from 6 to 3 cm. It has been suggested that in areas where
summer vegetation is likely to be disturbed by construction activity,
compaction of the winter snow cover would be a good method of in-
suring that a permafrost soil stayed frozen. Case 5 indicated that this
measure could be very effective in lowering the mean ground tem-
perature and thus maintaining the ground in a permafrost state.

Conclusions

In the ground thermal regime, differences between the mean air
temperature and mean ground temperature can be produced by a
number of phenomena. Seasonal variations in ground surface cover
is one of the main factors. The difference in mean temperatures is the
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result of the fact that variations in the thermal characteristics of the
surface cover occur in phase with variations in the temperature gra-
dients across the surface cover thus producing a heat-valve effect. It
was found that the effect of phase change occurring in the ground was
to amplify the heat-valve effect when the mean ground temperature
was near the freezing point. This produced a nonlinear relationship
between the mean ground temperature and the mean equivalent air
temperature.

It was also demonstrated that changes by a factor of two in the
thermal characteristics of the summer or winter surface cover could
produce changes in the mean ground temperature of 3.5°C on the
average. The exact amount of the change depended on the location
and type of change involved. This means that disturbances to the
surface cover which produce such changes in its thermal character-
istics could cause melting of a permafrost soil if its original temper-
ature was within abut 3.5°C of the freezing point. Also, since the
ground temperature is very sensitive to the characteristics of the
ground surface cover, the accurate prediction of ground temperatures
would require very good data on the properties of the surface cover
layer and their seasonal variations.

Prediction of ground temperatures would also require a knowledge
of the relationship between the equivalent and the actual air tem-
peratures. In the model studied the equivalent air temperature was
assumed to be known and the ground temperature was calculated
relative to it. To complete this model investigations are continuing
into methods of calculating the equivalent air temperature from the
balance of energy fluxes at the air-surface cover interface.
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Thermal Aspects of Cryosurgery

Tissue reactions to cryosurgical procedures depend on temperature variations and on
rates of temperature variations induced by freezing probes. In this paper thermal re-
sponses of biological systems undergoing freezing are obtained through the application

of the finite element method to the solution of the nonlinear bio-equation. This model al-
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Facolta di Ingegneria deill’ Universita di Padova,

surgical procedure.
Padova, Italy

Introduction

Certain well known phenomena, concerning the destructive effects
of freezing on living tissues, account for the broad applicability of
modern cryogenic surgery in virtually all of the surgical specialities
[1].2

The employment of heat sinks at low temperatures as surgical tools
is relatively safe since there is little or no body reaction to localized
freezing. Shape, rate of growth, and ultimate size of the “cryolesion”
in different biological tissues can be determined and reproduced by
controlling known or easily measurable parameters such as temper-
ature, shape, dimensions, and time of application of the cryoprobe.
Even biological variabilities, such as heat capacity, thermal conduc-
tivity, metabolic heat generation, and blood perfusion rate can, at least
in principle, be evaluated and accounted for in planning cryosurgical
instrumentation and specific surgical procedures.

However, despite its variety of very promising applications, cryo-
surgery, as presently practiced, is highly empiric. Extensive biblio-
graphic surveys of papers describing the various cryosurgical proce-
dures show that control of the cryolesion is mostly an art that is gained
from experience [2].

Actually, analytical and numerical heat-transfer models have been
developed to aid the surgeon in predicting the rate of growth and
ultimate steady-state size of the frozen region [3-8]. However, ana-
lytical solutions have only been obtained for a few one-dimensional
cases while digital computer programs, based on the finite difference
method, have been successfully used only with reference to relatively
simple two-dimensional configurations.

In this paper we describe applications of the finite element method
representative of analyses that can be performed to investigate the
thermal response of complex biological systems undergoing cryo-

1 Also: Laboratorio per la Tecnica del Freddo del C.N.R., corso Stati Uniti,
Padova, Ttaly.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
May 19, 1976.
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lows realistic predictions of isotherm fields and of rates of freezing in practically any cryo-

surgery. Since complicated geometries, different materials, temper-
ature dependent thermophysical properties, and time-dependent
boundary conditions can be accounted for in our codes, the results
obtained should be of a certain interest even if, as yet, our model has
not been verified experimentally “in vivo.”

Formulations of the finite element method for nonlinear heat
conduction problems involving phase change have been reported in
[9, 10]. The program used for the present research, however, includes,
as a new feature, the term concerning the heat exchange between
blood and tissue.

Basis of Freezing Injury [11-15]

At slow rates of cooling, tissues tend to freeze extracellularly. Slow
cooling rates encourage also the growth of a few crystals to very large
size. When these develop in the extracellular spaces, migration of
water out of the cells occurs because of pressure gradients induced,
probably, by the combined influence of concentration differences and
capillarity. The ultimate end of such a process is dehydration of the
cells and the development of external ice crystals which can be many
times the size of individual cells.

As the rate of cooling is increased, the migration of water out of the
cells may become inadequate to support the rapid growth of extra-
cellular crystals. As a consequence, intracellular ice formation occurs,
probably from growth of external ice through minute water-filled
pores in the cell membrane.

There is much experimental evidence that cells can be damaged
during freezing by mechanical and/or biochemical causes.

It is difficult to prove any mechanical injury resulting from the
presence of extracellular ice crystals in soft animal tissues. Probably
the best evidence against the universality of a mechanical basis of
extracellular freezing injury is found in the frostbite literature. Many
investigators have demonstrated tissue freezing and yet, with ap-
propriate remedial action, have avoided tissue loss.

Quite a different situation instead is found with respect to intra-
cellular ice formation, which is almost invariably lethal to cells.
However, it is fair to say that, while the proposition that intracellular
freezing can be mechanically injurious is entirely acceptable in view
of the complex internal structure of nucleated cells, there is no con-
clusive evidence to support the mechanical nature of the intracellular
ice-formation injury.
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Rapid freezing can also cause macroscopic mechanical damage to
relatively large specimens, due to the freezing and hardening of the
outer surface prior to freezing and expansion of the interior. The large
stresses resulting from this differential expansion might explain why
cells are more likely to be destroyed by freezing “in vivo” than “in
vitro” conditions.

Other than the physical development of ice crystals and the his-
tological distortion they produce, the only other known immediate
direct result of freezing is dehydration. As water is removed from the
cells to form ice during extracellular freezing, there occurs a gradual
concentration of cell solutes, an event that leads to damaging bio-
chemical reactions which often prove lethal.

While the nature of the reactions, or combination of reactions,
producing cell injury is not well known, there is much evidence that
damaging biochemical progesses proceed with a time-temperature
relationship. Injury increases with increasing time and is greater with
lower rates of cooling, since slower cooling means a longer time of
exposure at the most dangerous temperatures between the initial
freezing point and the eutectic point. At temperatures below the eu-
tectic point the rate of all chemical reactions drops markedly since
no liquid water is present. At very low temperatures the rate of nearly
all biologically significant reactions becomes vanishingly slow. All
liquid water will either have frozen or set into a rigid glass, so that
prolonged permanence at temperatures below —130 to —160°C, does
not produce measurable chemical alterations..

Macroscopic Aspects of Freezing in Living Tissues

In most biological substances water is the major component. Thus,
when these materials are cooled below 0°C, ice formation occurs,
starting at a temperature 7%, usually in the vicinity of —1°C, which
depends on the molar concentration of the soluble cell components.
As the temperature is progressively reduced, more and more water
is turned into ice and the latent heat of ice formation adds to the
sensible heat involved in cooling both ice and the unfrozen solution.
This leads to large variations in heat capacity with respect to tem-
perature, while thermal conductivity also changes considerably,
mainly because the thermal conductivity coefficient of ice is almost
four times greater than that of water. For most biological materials
the largest part of the freezing process takes place in a temperature
interval between ~1 and —8°C, while the largest variations of heat
capacity occur between —1 and —3°C. Only at temperatures ranging
from —20 to —40°C and below is there no more measurable change
with temperature in the amount of ice present, and the remaining
water, if any, can be considered as nonfreezable [16]. However, for
practical purposes, a lower limit T’ to the phase change interval can
be defined on the basis of a ratio of ice to total water content of, say,
90 percent. This choice, in addition to providing an easily applicable
criterion, allows one to approximate heat capacity and thermal con-
ductivity curves below 77 by means of constant values. In [17, 18] it
has been shown that a triangle and a straight line can be used to in-
terpolate heat capacity and thermal conductivity of biological ma-
terials in the phase-change zone (see Fig. 1). Different shapes for the
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Fig. 1 Estimation of heat capacity and thermal conductivity in phase éhange
problems

interpolating curves have also been tested but improvements ob-
tained, if any, do not justify additional complications [17].

For homogeneous biological materials, values of heat capacity and
thermal conductivity above and below freezing, and values of the la-
tent heat effect can be estimated very simply from the knowledge of
the total mass fraction of water [18].

In living animal tissues, the effects of metabolism and of blood flow
must not be overlooked [19].

Rates of metabolic heat generation @,, and of blood flow m, are
both functions of temperature. For convenience, linear variations of
these quantities can be assumed, starting, for example, from zero
values at T}y, = —0.5°C, the initial freezing point of plasma [20] (see
Fig. 2).

Average values of ,, and m,; for several tissues are reported in
literature [3-5, 21-23].

In cryosurgical applications the systemic arterial temperature is
always greater than the local tissue temperature and, as such, the
warm blood heats the tissue and interferes very effectively with the
spread of the cold field.

The heat exchange between blood and tissue is given by the ex-
pression:

hor@ar(Tar = T) + hyetve (Toe — T) + mpep (Tor — T)

where Ty, Ty are, respectively, local temperatures of arterial and
venous blood; hyy, hye are overall heat transfer coefficients between
arterial and venous blood and the tissue, and a,, . are areas of heat
transfer per unit volume of tissue [19, 22].

Heat transfer takes place from the arteries into the tissue space and
from the tissue space to the veins. Besides, blood is perfusing capil-

Uqr, Gye = average heat transfer area per unit
volume (m™1)

¢ = specific heat capacity (J/kg-K)

h = overall heat transfer coefficient (W/
m%K)

H = enthalpy per unit volume (J/m3)

k = thermal conductivity (W/m-K)

Oy, £y; £y, £, = direction cosines of the out-
ward normal to the boundary surface

mp = blood flow rate per unit volume (kg/
ms)

g = heat flux density (W/m?%)

@,» = rate of metabolic heat generation
(W/m3)
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r, z = ¢ylindrical coordinates (m)

s = distance in the direction of the tempera-
ture gradient (m)

i = time (s)

T = temperature (°C)

x, y = Cartesian coordinates (m)

« = convective heat transfer coefficient
(W/m2.K)

I' = boundary surface (m?)

p = density (kg/m3)

Q = domain of definition (m3)

Subscripts
a = air

ar = arterial

b = blood

[ = final

i = initial

m = metabolic

P = peak

t = at the time instant ¢
ve = venous

w = surface

0, 1, 2 = reference

Superscripts
e = element

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Om, mycy

To Tib T

Fig. 2 Estimation of metabolic heat generation and blood perfusion rate in
living tissues

laries at a local flow rate per unit volume . The blood enters the
capillaries at the local arterial temperature T\, but, because of the
large surface-to-volume ratio and the relatively long residence time
of blood in the capillaries, it equilibrates with the tissue temperature
T before being collected in the venous system.

Generally, the terms a4 (Tor — T) and hyeaye (Tye — T) are not
known, due to the complexity of the geometrical and physiological
parameters involved. Volumetric average blood perfusion rates my,
instead, are better known for various organs and tissues. Conse-
quently, heat exchange between blood and tissue is usually calculated
from the expression

myep(Ty — T)

and, in order to obtain analytical or numerical solutions, the average
blood temperature T} is assumed to equal the systemic arterial
temperature Ty, [3-5, 19, 23].

When studying temperature distributions in tissues which are
perfused primarily by capillary vessels the foregoing approximation
yields satisfactory results [23].

Formulation of the Problem
The problem considered in this paper is governed, in a two-di-
mensional region €, by the nonlinear parabolic equation

oT o oT 0 oT
.2 kx—>+—<k ——) + Q@+ pen(Ty = T) (1
4 o bx< o oy 5y 4] 56 (Tp ) (1)

subjected to boundary conditions

T=T, (2)
on part of the boundary I'; and
oT oT
<kx—-—€x+ky—€y)+q+a(T—Ta)=0 ®)
ox oy

on part of the boundary I's.
In cylindrical coordinates, condition (2) does not change, while
equation (1) and condition (3) can be expressed, respectively, as

oT o oT Q oT
rpc——=— <rk, —> +— <rkz —)
ot or or 0z oz

+ er + I‘I‘hbcb(Tb —- T) (1(1)

and

oT oT
(rkr— ey +rk,— €z> +rg+ra(l—T,)=0

or oz
Therefore, by replacing &, pc, Qm, mpcs, ¢, and a with rk, ropc, rQnm,
rmycy, rq, and re, solutions to problems (1)-(3) and (1a), (2), (3a) can

(3a)
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be obtained using the same program.

Equations (1)—(3) and (1a) and (3a) refer to unsteady thermal fields
in biological systems where pc is the heat capacity, % is the thermal
conductivity, @ is the rate of metabolic heat generation, and the
quantity mycy (Ty — T) represents the heat exchange between blood
and tissue. The terms ¢,, £, and £,, £, are the direction cosines of the
outward normal to the boundary surface, while ¢ represents the im-
posed heat flux per unit area and « is the convective heat-transfer
coefficient. .

The spacewise discretization of equation (1), subjected to boundary
conditions (2) and (3), can be accomplished using Galerkin’s method
as shown in [9, 24].

Let the unknown function 7' be approximated, throughout the
solution domain at any time ¢, by the relationship

T= zl Nj(x, y)Tj(t) = NT )
P

where N; are the usual shape functions defined piecewise element by
element, T; or T being the nodal parameters. The simultaneous
equations, allowing the solution for n values of T}, are obtained typ-
ically, for point j, by equating to zero the integral, over the domain
Q, of the product of the weighting function N; by the residual resulting
from substitution into equation (1) of equation (4). After making use
of Green’s theorem, in order to avoid second derivatives in the inte-
grals imposing unnecessary continuity conditions between elements,
the n equations can be written down in matrix form as

KT+CT+F=0 5)

Typical matrix elements are

ON; oN
K=z f) [(n 51504
Qe ox Ox

+ mbchjNg] A9+ y f aN;N¢dT  (6)
T

aNj DNg)
7 oy oy

Cie=Y L peNjN,dQ o

Fiey LeNj(Qm+rhbchb)dQ+Z j;zeNj(q—aTa)dI‘ ®)

where (j, £ =1, n).

In the foregoing the summations are taken over the contributions
of each element, Q¢ is the element region and I's? refers only to ele-
ments with external boundaries on which condition (3) is specified.

It must be noted that the set of equations (5) is highly nonlinear
since thermophysical properties k, pc, @, and r,, are strongly de-
pendent on 7.

Special Features of the Numerical Model

The set of ordinary differential equations (5), which defines the
discretized problem (5), can be solved using the three level scheme
described in [9].

If it is assumed that the temperature varies linearly in the small
time interval between ¢t — At and ¢t + At, equation (5) can be ap-
proximated as

K (Teyar+ Ty + Te-ar)/3 + CeTrpar — Tioa)/(248) + F, = 0.
(9

This, after some algebra, results in the following recurrence formula
for final integration:

Ternr = “[K[ + 3C[/(2At)]_1[K[Tl

+ K, Te_ae + 3C, Ty 5/ (2AL) + 3F,]  (10)

in which iterations are avoided since only central values of matrices
K and C occur. The scheme is apparently not self-starting, but as we
shall always refer to known stationary conditions, two starting values
can be easily assumed.
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Algorithm (10) has been found to be unconditionally stable {9].
Oscillations arising from sudden variations in boundary conditions
can be kept under control, for example by adopting the automatic time
step adjustment feature described in [9]. Undulations arising from
the “numerical noise” inherent in the approximations made can be
greatly reduced if, at each time step after the first one, instead of
letting simply

Ti—ae =T, (11)

vector T;— a; is redefined as

Ti—as = (Tewar + Ty + Te—ar)/3 (12)

before starting again the calculations indicated in formula (10)
[25]. .

The program for implementing algorithm (10) follows the usual
pattern [26]. However, matrices K and C are now time dependent,
through the variations of coefficients with temperature, and a com-
pletely new solution has to be obtained at each stage.

The evaluation of temperature-dependent quantities in integrals
(6) and (7) requires special care, particularly if a rather coarse mesh
is employed and spatial variation of the quantities is abrupt. Nu-
merical integration has obviously fo be adopted here and therefore
pc, k, @, and iy must be estimated at integrating points in Q¢,

In the program, a new variable H (enthalpy), is defined as an in-
tegral of the heat capacity versus temperature curve (see Fig. 1):

T
H= f pcdT
To

since, in the phase change zone, enthalpy is a much smoother function
of temperature than heat capacity. Thus, it is reasonable to interpolate
enthalpy rather than heat capacity directly, writing the relation-
ship:

(13)

n
H=3% N;(x,y)H;(t) = NH (14)
j=1
where again N; are the shape functions and H; are the enthalpy values
at nodal points.

By definition we have:
pc=dH/dT (15)

Therefore, evaluation of the foregoing derivative with reference to
the oriented direction s of the temperature gradient yields

OH ;0T OH oH oT
pCc =" _~=(_ x T sy) - (16)
os/ Os ox oy s
where £y, £5y are the direction cosines of s.
Since we have
dT ,oT aT ;0T
sx = T/ T sy="T— [/ (17)
ox/ Os oy/ 0Os
and
oT T2 2T\ 271/2
1B+ G a9
s ox oy
from equation (15) it follows that
0H 0T oHoOT oT\ 2 oT\2
0= GEST G D] o
ox 0x Qy Oy ox oy

This averaging process always gives representative values of heat
capacity and preserves a correct heat balance by avoiding the possi-
bility of missing peak values of the quantity pc. Obviously, in zones
at constant temperature (07/ds ~ 0), recourse is made to direct
evaluation of heat capacity.

Similar techniques are used in the program also for the best de-
termination of thermal conductivity values.

Sample Problems
In this paper parabolic isoparametric elements [24] have been used
instead of the triangular elements utilized in [9].
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Fig. 3 Typical cryosurgery probe tips: (a) the active portion is hemi-
spherical in shape; (b) the active portion is disk-shaped

In order to check the program, comparisons have been made with
existing analytical solutions, first with reference to solidification of
infinite slabs and corner regions, and then for the case of steady heat
conduction in finned surfaces and in bodies with uniformly distributed
internal heat generation. Finite elements and analytical solutions
correlated to within 1 percent or better in all the test problems run
[27].

Analytical and finite difference determinations of thermal profiles
for cryosurgical probes by Cooper, et al. [3-5] were also considered.

Comparisons were made for transient temperature fields emanating
from a spherical probe since solutions of this problem, in addition to
being of great practical importance, have been obtained by Cooper
using both analytical and numerical methods.

Spherical symmetry was accounted for in the finite element model.
Despite the rather coarse—4 elements, 23 point—mesh utilized,
comparisons with Cooper’s solutions show good agreement [27]. Slight
discrepancies are more than justified, in the authors’ opinion, by
differences in the representation of physical parameters. Different
estimates of thermophysical properties might also have occurred since
not all the values of the parameters used in the calculations are re-
ported by Cooper.

It has thus been found once again that the use of isoparametric el-
ements greatly reduces the amount of geometrical data necessary to
define the problems without affecting the accuracy reached.

In the following examples we illustrate some applications of the new
program which are of considerable significance to cryosurgery.

Temperature Fields Produced by a Hemispherical Probe. A
typical probe for use in neurosurgical applications presents an “active”
portion which is hemispherical in shape. As it is shown in Fig. 3(a),
liquid nitrogen flows from a pressurized supply through the inner tube
and reaches the hemispherical tip where it is vaporized by the heat
received from the surroundings. The annulus formed by the inner tube
and its neighbor allows the vapor to escape to the room. The outer-
most annulus is evacuated with the aid of a vacuum pump, thus pro-
viding thermal insulation along the stem [28]. The insulation should
prevent the probe stem from acting as a lesion-generating surface
during the cryosurgical procedure. However, the shape of the frozen
regions produced by this type of probes seems to indicate the presence
of sensible axial heat conduction [28]. The cryoprobes used in the
aforementioned investigation [28] were prototypes of unusually large
size, immersed in a 1.5 percent gelatin—98.5 percent water medium.
Thus, in order to obtain a more realistic estimation of the influence
of axial heat conduction we decided to simulate the application of a
standard hemispherical cryoprobe to brain tissue.

The mesh used is represented in Fig. 4: 14 parabolic elements and
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Fig. 5 Isotherm fields produced by a hemispherical probe in brain tissue

59 nodal points are utilized and the existing axial symmetry is taken
into account. A hemispherical probe with a radius of 2.38 mm and an

external tube in stainless steel 0.1 mm thick was selected. (In the
drawing the stem thickness has been exaggerated to allow represen-
tation.)

Thermophysical properties of stainless steel have been assumed

as follows:
k=164W/m-K, pc=36MI/m3-K, Q,=mp=0

Thermophysical properties of brain tissue, perfused with blood at

a systemic arterial temperature of 37°C, have been estimated as in-
dicated in a previous section and are reported in Table 1.

Initial temperatures were taken to be stationary and equal to 37.8°C
throughout the domain. The time response of the probe during
cool-down was considered instantaneous.

Computing time was of the order of 80 s for 200 time steps on a CDC
7600 machine.

The isotherm fields during freezing are shown in Fig. 5 with refer-

Table 1 Thermophysical properties of living tissues considered in the calculations
Heat capacity pc (MJ/m?®K)

To (°C T:(°C T, °C T:(°C) T, (°C)
969 -8 00 2 () fif 50
brain 1.93 1.93 === 79.3 3.60 3.60
angioma 2.01 === 2.01 103. 3.89 3.89
healthy tissue 1.80 1.80 === 64.7 3.16 3.16
Thermal conductivity 2 (W/m-K)
To CC) Ty (C) - T (°C) T, ¢C)
-200 -8 -7 -1 50
brain 2.00 2.00 === 0.52 0.52
. angioma 2.22 === 2.22 0.56 0.56
healthy tissue 1.68 1.68 === 0.48 0.48
Metabolic heat generation and blood perfusion rate
brain angioma healthy tissue
Qm CpMyp Qm cpMp  » Qmn cpmy
(kW/m?) (kW/m3-K) (kW/m?3) (kW/m?3.K) (kW/m?) (kW/m3.K)
To = -200°C 0 0 0 0 0 0
Tib = - 0.5°C 0 0 0 0 0 0
T, =50°C 33.8 40.3 33.8 48.5 33.8 24.2
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Fig. 6 Time-temperature curves for representative points I, i, lli in Fig. 4

ence to several values of time for a surface temperature of ~196°C in
correspondence with the “active” area of the probe and nonconductive
faraway boundaries. A thermal resistance between probe and tissue
might have been easily taken into account by the program. However,
as a first approximation, its effects were neglected since no reliable
experimental information on them was available to the authors.

From the shape of the isotherm fields, the presence of sensible heat
conduction in the axial direction along the probe stem can be in-
ferred.

Time-temperature curves concerning representative points of the
domain, such as, for example, points I, I1, II1 in Fig. 4 are of great in-
terest for the surgeon. Curves of this type, which can be drawn from

//12 : non-conductive boundary
A T 2= skult
i d
32 = 3 angioma ) bone
healthy brain
tissue tissue
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E
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Fig. 7 Axial section illustrating the finite element mesh used for studying
thermai fields produced by a disk-shaped probe with the active area mantained
at T, = —196°C. Convective boundary conditions with & = 12 W/m?k, T,
= 22°C are assumed at the exposed surface. Internal boundaries are taken
as nonconductive
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the computer output for any point in the domain, are shown in
Fig. 6.

In this example, cooling rates in the freezing zone are of the order

of 3 K/s for point I and 0.1 K/s for point II. Steady state or, better, no
significant temperature variation takes place after, approximately,
300 s. .
Temperature Fields Produced by a Disk-Shaped Probe. A
disk-shaped probe can be obtained from a standard hemispherical
probe by fitting a removable tip adapter as shown in Fig. 3(b). Disk-
shaped probes are normally used on the surface of the body and are
pressed against the tissue with force, so as to assure good thermal
contact over the active freezing area.

An application of this cryosurgical procedure can be the treatment
of large angiomas in infants. In the present example we investigate
the development of thermal fields during the removal of an angioma
located in an area of the head close to the brain.

The mesh used is represented in Fig. 7: 31 parabolic elements and
118 nodal points are utilized and the existing axial symmetry is taken
into account.

Thermophysical properties of the skull bone have been assumed
as follows:

E=038W/m-K, pc=188MJ/m3-K, Qn=m,=0

Estimated thermophysical properties of brain, angioma, and
healthy tissue surrounding the angioma are reported in Table 1.

A systemic arterial temperature of 37°C was assurned for all the
tissues. Initial temperatures were taken to be stationary and equal
to 37.5°C throughout the domain. The time response of the probe
during cool-down was considered instantaneous.

Neglecting thermal resistance effects, boundary conditions were
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Fig. 9 Time-temperature curves for representative points IV, V, VI in
Fig. 7

defined once again by a known surface temperature of —196°C in
correspondence with the freezing area of the probe. A constant air
temperature T, = 22°C and a convective heat transfer coefficient o
=12 W/m2.K at the exposed external surface were assumed. Faraway
internal boundaries were considered nonconductive.

Computing time was of the order of 80 s for 100 time steps on a CDC
7600 machine.

Isotherm fields at different values of time are illustrated in Fig. 8,
while time-temperature curves for the representative points IV, V,
VI shown in Fig. 7, are reported in Fig. 9.

Conclusions

The finite element method formulated for nonlinear heat con-
duction coupled with distributed convection allows the solution of
a great number of freezing problems in living tissues.

The procedure used in this paper can be very valuable in the anal-
ysis of thermal response of biological systems subjected to cryosurgical
procedures.
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Effect of Density Change on
Multidimensional Conduction Phase
Change

An analysis of transient multidimensional solidification in the presence of a growing
shrinkage cavity has been performed. The enthalpy model, which had previously been ap-
plied only for cases with no density change, has been extended to accommodate sub-
stances which undergo a change of density upon phase change. The extended enthalpy
model was implemented by an efficient, implicit finite difference scheme. A solidification
model was adopted in which the shrinkage cavity is at the top of the container within
which the phase change is taking place. Solutions were carried out for solidification of a
liquid in a long, horizontal rectangular container with convectively cooled walls. Results
are presented for the time variations of various heat transfer quantities and for the evolu-
tion of the shrinkage cavity and the solid-liquid interface, for parametric values of the
Biot number, liquid-solid density ratio, and Stefan number. The influence of the density
ratio and the Stefan number on the heat transfer results was most marked at times near
the completion of solidification, whereas the Biot number had a major effect at all times.

Depariment of Mechanical Englneering,
University of Minnesota,
Minneapolis, Minn.

Introduction

For most substances that participate in conduction-dominated
solid-liquid phase change problems, the change of phase is accom-
panied by density change. The presence of the density change has far
reaching consequences. For example, in castings, undesired cavities
and dimensional nonuniformities are produced. In thermal storage
applications, similar cavities occur which inhibit heat transfer. With
regard to the freezing of lakes and rivers, the fact that ice is lighter
than water plays a profound role in the development of aquatic
life.

Notwithstanding its importance, density change has generally not
been accounted for in conduction phase change analyses. In the few
instances known to the authors where consideration was given to
density change, the problems were such that cavities were not pro-
duced [1, 2].2

In the present paper, a method of analysis is described and applied
for solving multidimensional transient solidification problems in
which a cavity is formed owing to the shrinkage associated with the
density change. The method is a generalization of that of 3], wherein

! Present address: Department of Mechanical Engineering, University of
Houston, Houston, Texas.
2 Numbers in brackets designate References at end of paper.

Contributed by the Heat T'ransfer Division for publication in the JOURNALIL
OF HEAT TRANSFER. Manuscript received by the Heat ‘T'ransfer Division
December 29, 1976.
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the enthalpy model, coupled with an implicit finite difference scheme,
was developed and employed to solve multidimensional phase change
problems in the absence of density change. The present method, as
well as that of [3), is capable of accommodating substances that have
a discrete phase change temperature (pure substances and eutectics)
as well as substances that change phase over a range of tempera-
tures.

In the presentation that follows, the enthalpy method is first gen-
eralized to include density change. It is then shown that the integral
representation which embodies the enthalpy method is equivalent
to the several differential equations which would be needed to define
the problem with a temperature-based model. Next, a physical model
for transient solidification with shrinkage is adopted, and finite-dif-
ference discretization of the enthalpy integral representation is de-
scribed with respect to a specific problem. In this problem, a liquid-
filled closed container is subjected to convective cooling on its external
surfaces. Numerical solutions were performed for substances which
are characterized by density changes of 10 and 20 percent and for
parametric values of the Stefan number and the Biot number. Results
are presented for the time-dependent positions of the shrinkage cavity
and of the solid-liquid interface. In addition, information is given for
the local and surface-averaged heat transfer rates, the solid fraction,
and the surface temperature distribution. These quantities are of
interest as indicators of thermal performance as, for example, in phase
change energy storage systems.

The literature on multidimensional conduction phase change
(without density change) has been surveyed in {4}, with an abbreviated
version available in [3]. Another survey is given in [5].
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Fig. 1 Schematic diagram of the solidifying phase change material

Generalized Enthalpy Model

The rationale and the motivation for employing the enthalpy model
instead of a temperature-based model are discussed in [3]. For its
generalization to accommodate density change associated with phase
change, the model has to include terms involving induced liquid
motion (as well as other convective motions that may be present).

Consider an arbitrary control volume V with surface A. For small
liquid velocities (negligible dissipation and compression work) and
in the absence of distributed heat sources, the energy conservation
equation may be written as

" f pidV + f pivndA = f k—dA (1)

where the symbols are defined in the Nomenclature. The second term
on the left-hand side, which represents convective transport across
the surface A, was not present in the model of [3] where density change
was not considered. Equation (1) will be called the enthalpy equation.
It is applicable whether or not there is an interfacial surface which
lies in the volume V.

There is nothing in the enthalpy equation that reveals the presence
or absence of phase change. It is in the enthalpy-temperature rela-
tionship that such information should be sought. Inasmuch as the i
versus T relationship is needed even for a single-phase problem with
variable properties, it is possible, in the enthalpy model, to consider
phase change problems as just a particular class of nonlinear heat
transfer problems with temperature dependent properties, and no
special recognition of the position of the interface is necessary.

A simplified form of the enthalpy equation can be obtained for the
case in which the liquid is at the saturation temperature throughout
the transient period. To derive this form, the mass conservation

equation
4 f av + f dA=0 )
v, dA =
dt r Ap

is multiplied by i,, the enthalpy of the saturated liquid, and then
subtracted from equation (1). From this, there results

d
dtfp(L—Le)dV+fp(L—Lg)UndA fk—dA @)

Consider the second term on the left-hand side. For those parts of A
that lie within the solid, v,, = 0 and the integral vanishes. For the parts
of A that are in the liquid, the integral will vanish if the enthalpy i is
equal to i,. Therefore, if the liquid is at the saturation temperature,
the enthalpy equation reduces to

f,;a-mw fk——dA @)

It is noteworthy that equation (4) does not reflect the presence or
absence of liquid motion. Therefore, equation (4) obviates the need
for solving for the velocity field in the liquid.

If liquid superheat is encountered, bounds on the solution may be
obtained by employing a method due to Nesselman [6]. In this
method, two sets of calculations are made in both of which the liquid
is assumed to be at its saturation temperature. In one of these, the
latent heat is assigned its true value A. In the other, a fictitious latent
heat M = \ + (isup — I¢) is used, where iy is the enthalpy of the su-
perheated liquid. The use of \’ is equivalent to assuming that the
liquid has no thermal resistance and that all its enthalpy of superheat
is conveyed to the interface without attenuation. The actual solution
lies between these two solutions.

The equivalence of the enthalpy equation to the set of differential
equations of a temperature-based model will now be examined. When
V is a single phase region within which di = ¢dT, it is readily dem-
onstrated that the enthalpy equation reduces to

pc(dT/ot + v gradT) = div(kgradT) 5)

For a solid, v = 0 and the familiar heat conduction equation
emerges.

When V contains both a solid and a liquid portion, there is an in-
terfacial region within V. If the substance under consideration
undergoes phase change over a range of temperatures, the interfacial
region is characterized by large variations in physical properties, but
as long as di = ¢dT, equation (5) applies therein.

On the other hand, if the substance has a discrete phase change
temperature, the interface is a sharply defined surface. Across this
surface, to be denoted by 2, many physical quantities experience
discrete jumps. In temperature-based models, special interfacial
conservation conditions have to be written but, as outlined in the

Nomenclature

A = surface area

Bi = Biot number, hL/k;
= gpecific heat

E = sensible heat of solidified material,
equation (25)

F = volume fraction of solidified material,
equation (23) T = temperature

Fo = Fourier number, kgt/pscsL2

h = convective heat transfer coefficient o
t = time

i = specific enthalpy V = volume

L = container dimension, Fig. 1
n = normal coordinate

@ = surface-integrated heat transfer rate A=
q = local heat transfer rate

S = grouping, SteA2/s7

Ste = Stefan number, ¢ (T —

8, = dimensionless time step

§ = enthalpy variable, equation (9)
latent heat of fusion

p = density

5 = density ratio, ps/ps

7 = dimensionless time, equation (12)
¢ = temperature variable, equation (11)

Tw)/X

T'sat = saturation temperature
T = coolant temperature

i¢ =i for liquid saturation state
is = 1 for solid saturation state
k = thermal conductivity

Journal of Heat Transfer

v, = velocity normal to surface
x, ¥ = coordinates
A = dimensionless spatial step size

Subscripts

h = horizontal surface
¢ = liquid

s = solid

v = vertical surface
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following and detailed in [4], these conditions are actually embedded
in the integral equations representing conservation of energy and
mass.

By using methods similar to those employed in [3}, or by applying
Kotchine’s Theorem [7] to the enthalpy equation (1), the following
interfacial energy balance is obtained

{psis — peig)us + peieve = (RAT/On), — (ROT/0n)s (6)

Here, vy is the velocity of the interface and v, is the velocity of the
liquid at the interface, and the subscripts s and £ represent values on
the solid side of 2 and the liquid side of Z, respectively.

In analogous fashion, the interfacial mass balance equation is ob-
tained from (2) as

(ps — pe)us + peve =0 )

and may be used to obtain from (6) the following simpler relation by
eliminating v,

pshvg = (RT/8n)s — (ROT/dn), 8)

Here, A = i, — i, represents the latent heat of fusion. Equation (8) is
the interfacial equation employed in the conventional model based
on temperature.

Solidification Model and Problem Definition

When most substances solidify, they contract (water is a notable
exception). The reduction in volume may result in many small cavi-
ties, or may be more or less concentrated in one location. Distributed
cavities are undesirable for many reasons. In castings, they result in
reduced strength and stress concentration. In thermal storage ap-
plications, they undermine thermal performance. Various means are
available to control shrinkage cavities so that they are concentrated
in one location, and it will be assumed that the shrinkage is so con-
fined. Even with this, enough information is not available to predict
where the concentrated cavity will occur, and plausible assumptions
have to be made. The actual location of the cavity is governed by
nonequilibrium effects, crystalline growth, surface tension effects,
cooling rates, etc.

Two reasonable models present themselves. In the first, it is as-
sumed that gravity plays no role and that the shrinkage cavity is lo-
cated centrally with respect to the walls of the container. Thus, for
example, for the square container investigated in [3], the cavity would
be situated about the center of the square. In that case, no additional
calculations beyond those of [3] would be necessary because the
presence of the cavity would not affect the solidification process as
long as there is a liquid zone between the solid and the cavity.

The other model pictures the cavity as occurring at the top part of
the container. This model assumes that gravity is strong enough to
enable small vapor bubbles formed within the liquid to overcome the
viscous resistance and ascend to the top. This assumption may be
reasonable if solidification is slow, as in thermal storage, and is the
one adopted in this paper. After a thin crust of solid forms, the cavity
acts as an effective barrier to heat loss, and no further solidification
occurs at the top. Vapor bubbles are free to rise through the liquid pool
and enter the cavity and cause it to grow.

This model is depicted in Fig. 1 for a long horizontal container of
rectangular cross section (2L X L) whose walls are represented by the
solid lines. A substance that solidifies at a discrete temperature is
present in the container. Initially, the container is full of saturated
liquid. At some later time, all three phases are present, as shown in
the figure. The cavity BCQP contains vapor and, because only small
temperature differences are allowed in thermal storage applications,
may be considered to have no heat passing through it. The surface BC
is, therefore, effectively adiabatic.

Also shown in the figure is the 2L X 2L square cross-sectional
container treated in [3] (dashed lines). For that container as well, BC
is an adiabatic surface because it is a surface of symmetry. For both
containers, AB is a surface of symmetry, and both are exposed to
convective cooling on the faces 04 and 0C. The coolant temperature
T and the heat transfer coefficient h are assumed to be uniform and
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independent of time. On this basis, the portions 0ABC of the two
containers shown in Fig. 1 have the same boundary conditions. This
is the reason for choosing the dimensions of the present rectangular
container.

The solid-liquid interface, @R, intersects the adiabatic surfaces CQ
and PQ at the triple point & at an angle determined by surface tension
properties. In the absence of information about these properties for
substances being considered for thermal energy storage, it will be
assumed that @R is normal to P& at §. It is expected that this as-
sumption will have only a local region of influence.

The preceding solidification model is one among various possibil-
ities. When better models become available, they may be incorporated
into the enthalpy model in an analogous fashion.

All properties (except enthalpy) are assumed independent of
temperature.

Finite Difference Discretization

In order to obtain the finite difference representation of the en-
thalpy equation, the solution region OABC is split into a number of
small elements, nodes are placed at the centers of the elements, and
the enthalpy equation is applied to each element. As in [3], a square
grid with step size A is adopted. The elements are laid out so that there
are nodes along all the boundaries. The nodes are numbered se-
quentially, using subscripts ¢ and j. Before the difference equations
are presented, a set of dimensionless variables will be introduced.

For a single-phase element, the dimensionless nodal enthalpy
variable 6 is defined by

0= (@ —i)/A 9)

For a two-phase element, ¢ in equation (9) is replaced by (i, V, +
1o Ve)/ (Vs + V), which is a volume average of the specific enthalpies.
With this, equation (9) becomes

0=V, (Ve + V) (10)

where V; and V, are the volumes of solid and liquid in the element.
For all the nodes, the dimensionless temperature variable ¢ is defined
as

¢ = CS(T - Tsat)/>\

The dimensionless spatial coordinates are X,Y, obtained by dividing
the physical coordinates x,y by L. The dimensionless time variable
7 is defined as

7= Ste Fo = (¢s(Tsat = Tw)/N){kst/pscsL?)
= ko(Tsar — Tu,)t/psALQ

(1

(12)

where Ste and Fo are the Stefan and Fourier numbers, respective-
ly.

Next, these definitions are used to transform the modified enthalpy
equation (4) which is applicable because the liquid, being initially at
the saturation condition, remains so throughout the transient. In the
finite difference formulation, equation (4) is satisfied only in an in-
tegral sense. For a single-phase element, {,p({ —i,)dV is replaced
by pV(i — i,), where V is the volume of the element and p and i are
nodal values. With this, and for pV = constant (as it is for all solid
elements), equations (9), (11), and (12) may be used to transform
equation (4) into

a_ 1 3¢
ar  (V/L3 Jaw2é(n/L)

Ste d(A/L?) (13)

where A is the surface area of the element.
For a solid-liquid element, the temperature is assumed to be Tsq
as long as both phases are present. In this case,

f pli = i)V = pylis — 00V + pelic = i)Ve = —p AV, (14)
v

For all solid-liquid elements, V, + V, = V, so that the enthalpy
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Table 1 Coefficients for equation (16)
Node

location i —u, a a, a, a, c
Corner O 0 0 41+ BiA; 2 2 0 0 4BiASte
Surface OA i 0 2(2+BiaA) 1 2 1 0 2BiASte
CornerA = 1/A 0 2(2+Bia) 0 2 2 0 2BiaSte
Surface OC 0 J 2(2+Bia) 2 1 0 1 2BiaSte
Surface AB  1/A § 4 0 1 2 1 0
Interior i J 4 11 1 1 0

equation (4), together with equations (10)-(12) and (14), becomes

d(A/L?) (15)

gte? 1 3
¢ ar (Vi + V,)/L3 J‘A/L2 a(n/L)
Since the liquid is at the saturation temperature, it is not necessary
to write a conservation equation for it.

Equations (13) and (15) are the enthalpy equations for the ele-
ments. In order to obtain difference equations, the right-hand sides
are replaced by appropriate difference expressions in terms of the
values of the temperature variable ¢ at the node considered and at
its neighbors. If the node lies on an external boundary, the integrals
in equation {13) and (15) are split into their components over the
external surface and the interior surface. For the first component, the
convective boundary condition or the symmetry condition is used,
as applicable. For the second, difference expressions are written.

Next, the derivatives with respect to r are replaced by implicit
differences. For the low Ste values encountered in thermal storage
applications (below 0.1), explicit differences are unsuitable because
of the stability restriction to which they are subject [4]. Furthermore,
as discussed in [4], the implicit method is more efficient than the
Crank-Nicolson scheme for the present problem.

For a compact presentation, a single prototype equation can be
written that is applicable for all solid and solid-liquid elements.

S(of,j - 0?,?) = ao‘bz"z,j + ald’{‘zﬂ,j
+ aogf o1 +asdlor;+asdl;o —c (16)

where ag, a1, ag, as, ay, and ¢ are coefficients whose values for various
node locations are given in Table 1. In addition, S stands for SteA2/67,
where 67 is the step size in time. The quantity Bi is the Biot number
hL/ks. Superscripts represent the time level, and subscripts represent
the spatial position. ‘
The solid-vapor elements adjacent to the cavity boundary CQ will
now be considered. As previously discussed, the heat flux across C@
is taken to be zero. At those nodes located just below CQ, equation

\\
P D E "':'»» == "»% R
v T e
N i
o G M H \\Q o o o ‘l o
{a) (c} (d)
C 0
v 7a b
——F—- £
1 L N P
i i | X
o I ofl - e
Y A | Yp-A A )
b
.,\’a& . i te) (")
A A
\\\'\ V—l
R R ¢

Fig. 2 Sketches related to the equations for the solid-vapor and three-phase
elements
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(16) is employed with coefficients taken from the bottom line of Table
1. This equation contains the ¢ value at a node located above C@. This
¢ value is, of course, a fictitious one, and is chosen so as to satisfy the
condition of zero heat flux across C@. Many of the candidate schemes
for obtaining this fictitious value are unsuitable because they do not
satisfy sufficiency conditions for the convergence of the iterative
method to be used for solving the difference equations. The following
scheme, described by Shaw [8], is adequate for the purpose. The two
situations in which a fictitious node can be found are shown in Fig.
2(a). The lines DL and EM are drawn normal to CQ and are prolonged
until they respectively intersect the lines FG and GH that join the
nearest nodes lying below CQ. The fact that C@ is adiabatic is ex-
pressed by setting ¢p = ¢, and ¢ = ¢, where ¢, and ¢as are ob-
tained by linear interpolation.

Finally, the three-phase element surrounding @ will be treated. The
growth of the cavity is governed by the movement of @ with time. The
three-phase element is unique in that not only its mass but also the
sum (V; + V,) is time-dependent, and it is not possible to use the
enthalpy equation inasmuch as (Vs + V) is not equal to V. There are
two unknowns associated with the three-phase element. One is the
liquid volume (V, + 6V,) at time (7 + §7), and the other is the vertical
position of PQ (the free surface of the liquid) at that time. One relation
needed for finding these unknowns is an overall mass balance for the
entire container. To.obtain a second condition, it is assumed that the
solid-liquid interface QR (Fig. 2(b)) is, in the neighborhood of @, a
parabolic surface in addition to being normal to PQ.

For obtaining the desired equations, Fig. 2(b) is employed. In the
sketch, the interfaces at two successive time levels 7*~! and 7% are
shown, respectively as dashed and solid lines. Let V)iq be the time-
dependent volume of liquid bounded by PQ, @R, and the horizontal
surface Y = Y},. In addition, let M;,. denote the sum of the increases
in the masses of all the solid-liquid elements between times 7! and
7% Then, as shown in [4], the equation representing overall mass
conservation is as follows

Minc/PsL2 + 0~ Pe/Ps)(Vﬁal - Vﬁq)/Lz

— (1= W(XE+ XY Yy =0 (17)

where X+« and Y+ are the coordinates of the triple point §. Next, the
volumes of liquid in the row of elements between Y=Y, and Y = Y,
— A are summed to get the quantity V; at time 7%, Similarly, Vs is
found for the row of elements below this row at the same time. The
quantity Vg ceases to exist when the second row of elements below
the three-phase element becomes fully solid. The finite difference
calculations have to be stopped at this stage which, fortunately, does
not oceur until the solidification is 98 to 99 percent complete. For the
small time interval remaining until solidification is complete, the void
shape is calculated by a special procedure described in [4].

With »+ representing (Y% — Y3)/4, it is shown in [4] that the fol-
lowing equations furnish the interconnection between V{‘iq and Y¥%

Vi =0 (Vi + (1 + 294) (V1 — V2)/6) (18)
1-Xk=Vi+ (V- Vo)/(L + n+) + 39+)/6 (19)

Equations (17), (18), and (19) are to be solved along with the previously
described difference equations (16).

In the preceding paragraphs, it was tacitly assumed that the same
element is in the three-phase regime throughout the time interval 67.
It is possible that the triple-point § moves either to the right as in
Figs. 2(c), 2(d), and 2(¢) or downwards as in Fig. 2(f). All these sit-
uations are treated by assuming that during the small time interval
47, the change in the mass contained in the element £ is negligible,
and then applying the procedure for the three-phase element to F
instead of to E. At E, which at r* contains no liquid, the appropriate
single-phase finite difference equation is used. A more complete de-
scription is available in [4].

In addition to the algebraic equations listed so far, the following
relations between 6 and ¢ are required. These are obtained from the
definitions (9)—(11).

Solid and solid-vapor: 8§ = ¢, 8 and¢ <0
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Solid-liquid, liquid-vapor,
and three phase: 0 <6 <1,

$=0
The initial condition for the problem is § = 1 at all the nodes.

=0 (20

Saturated liquid: 8 = 1,

Solution of the Algebraic Equations

In [3], the finite difference equations corresponding to each time
step were solved by the nonlinear Gauss-Seidel iterative method. The
reasons for employing an iterative method in preference to others were
briefly touched upon in [3], and a comparison with other methods of
solving algebraic equations is given in [4]. In this paper, we shall use
a selectively applied overrelaxation method instead of the usual
Gauss-Seidel method, following the ideas advanced by Meyer [9].

For concreteness, a nodal equation representative of Table 1 will
be considered.

8657+ pbi+ b+ o ok (2D

The right-hand side of equation (21) is evaluated using the most re-
cently computed ¢ values, as in the Gauss-Seidel method. Suppose
first that the right-hand side is found to be positive. Since ¢ < 0 ac-
cording to equation (20), it follows that 6; ; on the left-hand side of
equation (21) is also positive. However, when 8 is positive, ¢ is zero
(equation (20)), so that the second term on the left-hand side of
equation (21) is deleted. Thus, the new value of §;; is obtained by
dividing the right-hand side by S. If, on the other hand, the right-hand
side is negative, then §; ; = ¢; j, and the new 6 value is computed by
dividing by (S + 4).

In the first case, where the new @ is greater than zero (two-phase
element), it is used as input for the next iteration. In the other case,
the new @ is negative (solid element), and the following overrelaxation
formula is used to compute the next input

Botl = ph, kp _ gk,
OP™ = 05 + w(fof — Oi")

S0F; + 4¢h; =

(22)

In this equation, 8% is the input to equation (21) for the pth iteration,
%2 is the output of that equation, and w > 1 is the successive over-
relaxation (SOR) parameter.

Except for this modification (SOR at solid nodes only), the iterative
procedure is as described in [3]. The employment of this selective SOR
scheme results in substantial improvement in the speed with which
the iterations converge. As noted by Meyer [9], global overrelaxation,
that is, applying equation (22) at all nodes, results in failure to con-
verge. A heuristic explanation for this is given in [4].

For all equations besides those of Table 1, no overrelaxation is
applied.

Computational Details. The equations and procedures described
in the foregoing were incorporated into a computer program written
in PASCAL-II for a CDC 6400 computer. A listing of the program is
given in [4]. The program was designed for interactive operation, and
could be stopped and restarted at any intermediate stage. The step
size in time and the SOR parameter w were varied during the runs for
increased computational efficiency. All results were accumulated on
permanent files for printing and further processing at a later time.

As in the work described in [3], many trial runs were made to de-
termine the proper step sizes, spatial as well as in time, and the cri-
terion used for terminating the iterations. Full details of the various
runs and tests are given in [4].

In the beginning stages of solidification, the number of active nodes
and unknowns is small, and the value of the SOR parameter » does
not greatly influence the convergence rate, which is already fast (w
= 1.5 was used). At later times, w was gradually increased to obtain
nearly optimum convergence rates. The most effective w values were
near 1.7 for cases with Ste = 0.1 and 1.8 for cases with Ste = 0.01, re-
gardless of the other parameters. The use of the selective SOR scheme
improved the convergence rates greatly. As many as 1600 equations
could be solved in 50-150 iterations.

For the present problem, the density ratio of the phases, b= pelps,
is an additional parameter besides the Stefan number Ste and the Biot
number Bi. For the computations, values of 0.8 and 0.9 for p were
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selected, together with the values 0.1, 1, and 10 for Bi. Since the results
given in [3] showed that the influence of Ste on all the results is small,
the values chosen for Ste were 0.01 and 0.1, without the intermediate
value of 0.05 dealt with in {3].

Evaluation of Final Results

The local surface heat fluxes ¢ are obtained by employing the
convective boundary condition ¢ = h(T,, — T'=) in conjunction with
the local wall temperatures of the numerical solutions. Surface-in-
tegrated heat transfer rates for the horizontal and vertical surfaces,
0A and 0C, respectively (Fig. 1), are also evaluated. These are denoted
by Q1 and &, and their sum by §.

Two alternative ways of defining the solidified fraction are possible,
one based on mass and the other on volume. If the mass basis is used,
then the fraction ranges from zero to one, regardless of the value of
5. In order to underscore the fact that shrinkage is present, the volume
basis is preferable. This definition is

= (volume of solid at time ¢)/(volume of container)  (23)

The range of the volume-based F'is zero to p. The computation of F
from the § distribution is similar to that in [3], with modifications at
the three-phase element and the elements on the cavity boundary CQ.
The summation for finding F extends over the solid elements, the
two-phase elements (solid-vapor and solid-liquid), and the three-
phase element.

The values of F, as well as being of interest in their own right, also
serve as input to an indirect method of determining the surface-in-
tegrated heat flux §. Such an indirect method was evolved because
the grid fineness requirements for determining g and @ for Bi = 10
were found to be prohibitive. For the container as a whole, an in-
stantaneous energy balance can be written as

(/4)

4 (F—E)=2Bi
dr h(Toge — )

(24)
where A is the area of the container wall through which Q passes. The
quantity E is a measure of the sensible energy of the solidified ma-
terial

E= fv pai = i)dV/p AV (25)

in which V is the total volume of the container. The left-hand side of
equation (24) is evaluated from a table of F and E versus 7 by differ-
entiation. The use of cubic splines was found to be an efficient and
accurate means of performing the differentiation.

For computing interface positions, use is made of the 6 values in the
solid-liquid elements and the definition (10), which gives the cor-
responding values of V,. Owing to the moderate grid size, some
smoothing of the V; values had to be performed before an interface
surface was fitted. The algorithm for finding the interfaces is based
on the employment of cubic splines, and is described in [4]. Tt should
be emphasized that the interface locations are not needed during the
finite difference computations and, therefore, may be found at a later
time.

Results and Discussion

In the presentation that follows, the results of the present investi-
gation will be supplemented by those of [3] which pertain to sub-
stances with negligible density change. The relationship between the
two sets of results will be discussed at the end of this section.

Heat Flux Distributions and Locations of Interfaces. Itis il-
luminating to study the local heat flux distributions and the interface
locations together, since there is a close relation between the two. To
conserve space, the local heat flux and interface results for 5 = 0.9 are
not presented here, but are available in [4]. The spatial distributions
of the dimensionless heat flux g/h (Tsa — T'=) on the cooled surfaces
0A and 0C (see Fig. 1) at various instants of time are shown in Figs.
3 and 4. Each of the figures pertains to a single value of Bi, and in-
cludes results for p = 0.8 as well as results for 5 = 1 from [3]. For rea-
sons recounted earlier, local distributions are not available for Bi =
10.
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Fig. 3 Local surface heat flux distributions at various instants of time, Bi =
0.1, py/ps = 0.8 and 1.0

Each figure is subdivided into two parts. The left half contains the
heat flux distributions for the vertical face 0C, whereas the right half
is for the flux distributions for the horizontal face 0A. The corre-
sponding abscissa variables are y/L and x/L, respectively. When p =
1, the heat flux distributions for the two sides are identical, and to
preserve clarity, no results corresponding to 5 = 1 are plotted on the
left-hand side. )

The curves for Ste = 0.01 and 0.1 are represented by long and short
dashes, respectively, as shown in the key at the bottom left of each
figure. When the results for the two Ste overlap, a curve is drawn using
dashes that are alternately long and short. The density ratios  to
which the curves correspond are indicated by labels. Finally, the
values of the time variable * = SteFo for the successive curves are
indicated next to the right-hand margins. The ordinate scales are
markedly different for different Bi, thereby underscoring the.im-
portant role of this parameter. The ordinate variable is also equivalent
to (T = To)/(Tsat — Tw).

Interface and cavity shapes are shown in Figs. 5 and 6. Each of these
figures corresponds in sequence to those for the local heat flux (Figs.
3 and 4). The values of 7 = SteFo at which the interfacial curves have
been drawn are a subset of the 7 values used for the local heat flux
results. At any instant, the cross section contains three regions,
namely, the solid, the unfrozen liquid, and the cavity arising from
shrinkage. The solid-liquid interface is represented by long dashes
for Ste = 0.01 and by short dashes for Ste = 0.1. The cavity boundaries
(solid-vapor and liquid-vapor) are shown as full lines. As was pointed
out earlier, the finite difference computations stop just short of the
completion of solidification, and the cavity boundary which is shown
as a dotted line is the result of a continuation computation.

As may be observed from Figs. 3-6, the manner in which the heat
flux distributions and the interfaces vary with time is generally the
same for all parameter values. Hence, it is adequate to discuss all the
cases concurrently.

When the time elapsed since the onset of solidification is small, the
heat flux is very nearly uniform all along the cooled surfaces, except
near the corners O and C. Correspondingly, the solid-liquid interface
is straight and parallel to the cooled surface, except near the corner
O and, to a lesser extent, near C. In the corner region near O, there
is heat loss from two adjacent surfaces, and the solid layer is thicker
than elsewhere. The larger resistance of this thicker layer to heat flow
by conduction accounts for the reduction in the heat flux in the vi-
cinity of the corner. The reason for the slight reduction in heat flux
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Fig. 5 Solid-liquid interfaces and shrinkage cavity shapes at various instants
of time, Bi = 0.1, py/ps = 0.8 and 1.0

near C is the nearness of the cavity. Except for this small effect near
C, the flux distributions are nearly the same on the two cooled sur-
faces. Similarly, the solid-liquid interface is also close to being sym-
metric about the diagonal OB, except that its vertical leg is cut short
at the cavity boundary. At these small values of time, the results show
no noticeable influence of Ste nor of 5, for a given 7 value. Conse-
quently, results for values of 5 and Ste different from those considered
can be obtained from the information presented in the figures.
Astime increases, the one-dimensional regions gradually disappear,
and the influences of the corfiers permeate the entire solid region. The
lengths of the heat flow paths from the remaining pool of liquid (the
energy source) to the vertical surface OC become longer than the paths
to corresponding points on the horizontal surface OA. This is espe-
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Fig. 6 Solid-liquid interfaces and shrinkage cavity shapes at various instants
of time, Bi = 1, py/ps = 0.8 and 1.0

cially so for points near the corner C, because of their location in the
triangular region adjacent to the cavity.

The net result of these changes is that the heat flux distributions
and interface shapes become more and more asymmetric as time
progresses. The fluxes on the vertical surface are observed to be
smaller than the fluxes on the horizontal surface, the more so when
the shrinkage is larger. When Bi = 1, as Fig. 4 shows, the heat flux
curve for the vertical surface is appreciably lower than the corre-
sponding curve for the horizontal surface at values of 7 close to com-
plete solidification. Also, at such 7 values, it may be seen that the heat
flux curves tend to separate with 3 and Ste. The probable reason for
this separation is that, at a given 7, some cases are closer to the end
of solidification than others (see Figs. 5 and 6), so that the thermal
resistance of the solid layer is different from one case to another. In
addition, the role of sensible energy becomes important.

From the figures depicting the interfaces and cavity, it can be ob-
served that the final cavity shape for a given density ratio is practically
independent of Bi, that is, of the rate of cooling. This is further sup-
ported by the cavity shape obtained for Bi = 10, which, however, is
not shown ameng the results.

Surface-Integrated Heat Flux and Frozen Fractions. The
variation with time of the surface-integrated heat transfer @ and the
frozen fraction F is relevant for thermal storage applications. Figs.
7-9 show these results for Bi = 0.1, 1, and 10, respectively. In each of
these figures, curves are given for all three p values (0.8, 0.9 and 1) and
for Ste = 0.01 and 0.1. In addition to the overall heat transfer rate @,
results are also given for the heat transfers §;, and @, through the
horizontal and vertical walls of the container. The area 4 used in the
dimensionless variables is that area through which the corresponding
@ passes. The @, and Q, results are unavailable for Bi = 10.

The Biot number has a marked effect on the thermal characteris-
tics. A low Bi, 0.1, signifies that the convective resistance dominates
the resistance to conduction in the solidified portion. Since the con-
vective resistance is constant in time, the heat fluxes are also nearly
constant, and the solidification rate, as shown by the slope of the F
Versus 7 curve, is nearly constant (see Fig. 7). The heat fluxes decrease
somewhat faster as the end of solidification is approached (¥ ap-
proaches p). As this state is neared, the influence of Ste becomes no-
ticeable but, during most of the time, there is no observable effect of
Ste. The fluxes @, and Q, from the individual surfaces are also equal
to each other at small values of 7, but diverge at larger times.
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When the Biot number is raised to 1 (Fig. 8), the heat flux @ as well
as its components @, and @, decrease almost linearly with 7. In
agreement with this, the solidification rate is faster in the beginning
than at later times. In contrast to the Bi = 0.1 case, the influence of
Ste manifests itself earlier and is also larger in magnitude, especially
near the end of freezing.

Finally, when the Biot number is taken equal to 10 (Fig. 9), the
time-dependent resistance of the solidified portion is much larger than
the convective resistance. Consequently, the thermal characteristics
show a strong dependence on time. The heat fluxes and freezing rates
decrease very rapidly soon after solidification sets in. Over the bulk
of the transient period, the heat flux averages to only a tenth of its
initial value.

Effect of Density Change. Calculations which take account of
density changes are more complicated and demanding than those in
which the density change is neglected. A logical undertaking would,
therefore, be to investigate how the simpler calculations for a model
problem in which density change is neglected can be used to obtain
approximate solutions to a problem with density change.

Let the model problem be identical to the actual problem (i.e., the
problem with p, < p;) in all respects except one, which is that the
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frozen fraction, Bi = 0.1
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frozen fraction, Bi = 1.0
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densities of both phases of the model substance are equal to p,. Then,
in both problems, the respective liquids are initially at T'so and fill
their containers as shown in Fig. 1. Furthermore, with respect to the
common region OABC, the mass and the latent energy contained are
also the same for the two problems. As a consequence of the afore-
mentioned choice of density, the 7 values corresponding to the same
instant of time ¢ are different in the two problems (see equation (12)).
In particular, the 7 for the actual problem is p,/ps (<1) times 7 of the
model problem.

With these considerations in mind, a typical figure, for example,
Fig. 8, may be considered. It can be verified by reading numbers from
the curves that at large values of 7 (where the curves for different
values of p fan out), the dimensionless heat extraction rates read from
the p = 1 curve at a specific 7 (=7') and from the (p;/ps) < 1 curve at
7 = (p¢/ps) 7" are very nearly equal. This indicates that in this range
of 7, the heat extraction rates at a given instant of time ¢ are nearly
equal for the model problem and for the actual one. At smaller values
of r,this conclusion is no longer valid but, since 7" and (p,/ps )7’ will not
be very different if 7/ is itself small, the deviations between the cor-
responding extraction rates may not be objectionably large.

Overall Energy Balance. A very useful and reliable check on the
discretization procedure, the computer program, and the accuracy
of the entire calculations is to make an overall energy balance. For
doing this, equation (24) is integrated from = = 0 to 7 to get

. Q
F—E=9B f M. S 2%
"Jo hA(Toe—T) " (26)

By employing F, E, and @ obtained as functions of 7 from the finite
difference calculations, the left and right sides of this equation may
be evaluated independently. Comparison of the two values constitutes
the accuracy test. Since the deviations between the two values in-
creases monotonically with 7, it is sufficient to use for each case a 7
value close to the end of solidification. The deviations were found to
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range from 0.5 to 2.1 percent, which is entirely satisfactory for engi-
neering purposes.

Concluding Remarks

The enthalpy model was extended to accommodate conduction
phase change accompanied by density change. The model was applied
to the situation where the liquid is at its saturation temperature
throughout the entire transient period, thereby obviating the need
for determining the velocity field in the liquid. A procedure for esti-
mating the effects of liquid superheat was also discussed. A solidifi-
cation model was adopted in which the shrinkage cavity is at the top
of the container within which the phase change is taking place. The
enthalpy approach is also compatible with other possible solidification
models. An efficient, implicit finite difference scheme was employed
in the implementation of the enthalpy model.

Computations were performed for solidification of a liquid situated
in a long, horizontal rectangular container with convectively cooled
walls. Transient results were obtained for local and surface-integrated
heat flux rates, surface temperatures, frozen fractions, and interface
and cavity shapes, all for parametric values of the Stefan number, Biot
number, and liquid-solid density ratio. At all times, the Biot number
had a major effect on all the results except the final cavity shape. The
influence of the Stefan number and density ratio was most marked
at times near the completion of solidification. It was found that under
certain circumstances, results for a model problem in which density
change is neglected can be employed to approximate the results for
an actual problem with density change.
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The Onset of Thermohaline
Convection in a Linearly-Stratified
Horizontal Layer

The convective stability of a horizontal layer of water with salt and heat addition from
below was studied experimentally. The layer was bounded above and below by porous
metal plates through which heat and salt could diffuse. A well-mixed region of warm, salty
water below the lower plate and another of cooler, fresher water above the upper plate set
the temperature and concentration difference for the intervening quiescent layer. With
a fixed, constant concentration gradient established between the plates the temperature
difference was slowly increased until convective motions were observed. The instability
boundary for this system lies within the unstable region predicted by linear theory for a
horizontal layer with constant gradients and stress-free boundaries and approaches the
linear boundary at high Rayleigh numbers.

Introduction

Considerable analytical work has been directed at establishing the
criteria for the onset of convection in a quiescent, horizontal, multi-
component fluid layer. Buoyancy effects have been considered from
two points of view. The double-diffusive or thermohaline (when the
diffusing quantities are heat and salt) stability problem focuses on
externally imposed gradients of two diffusing species with no coupling
between the diffusive processes. The Soret driven or thermal diffusion
instability problem concentrates on the coupling effect, specifically
the concentration gradient induced by an imposed temperature gra-
dient. The Soret coefficient is generally quite small [1]! so that in most
situations where concentration differences are imposed across the
fluid layer the uncoupled analysis should be adequate.

The particular problem examined in this paper is the stability of
a quiescent horizontal layer of water with heat and salt (NaCl) dif-
fusing upward due to externally applied temperature and concen-
tration differences. In this situation the temperature gradient is de-

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN SOCIETY
OF MECHANICAIL. ENGINEERS and presented at the National Heat
Transfer Conference. Revised manuscript received by the Heat ‘T'ransfer Di-
vision June 25, 1976. Paper No. 76-HT-29.
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stabilizing. Linear theory, reviewed in detail by Turner (2, 3] and
Schechter, et al. [4], predicts the onset of convection in a fluid layer
of depth L with constant temperature and concentration gradients
as an oscillatory instability over a broad range of parameters. The
important parameters in this problem are the thermal and concen-
tration Rayleigh numbers

8B8,L4dT/dz
Raz ="
UD[
and
18.1,4dC/d
R, _ 8B dC/dz
vl),

and the diffusivity ratios, the Lewis number Le = I),/D. and the
Prandtl number Pr = »/D, where g is the acceleration of gravity, 3,
is the coefficient of fractional density change due to a unit change in
temperature 7', . is the coefficient of fractional density change due
to a unit change in concentration C, v is the kinematic viscosity, and
2 is the vertical coordinate positive upward. For heat and salt addition
from below both Ra, and Ra, are positive. An analytical solution has
heen ohtained only for stress-free, perfectly conducting boundaries.
For these conditions the instability boundary is given by:

Ra,¢ = Ra, ‘" + Ra, (1)

for

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



10 -

o Linear Limit
10 r UNSTABLE

REGION
10°F
Range of Data
Ra, ge

1t

——————————————— Energy Limit
10°

STABLE
REGION

|02 L 1 1 I 1 L ]

102 t0° 1o’ 10° 1c° 107 10° 160

Fig. 1 Stability boundary according to linear theory (equation (2)), energy
theory (equation (4)) and Shirtcliffe’s empirical curve fit - - - (equation (6))
for Le = 95.4 and Pr = 6.27

Ra,

<1
Ra.*
and
Le + 1)(1 + LeP
Ra,© = Ra["o( e+ 1)( ePr) _Rﬁ <1 + LePr> @)
PrLe? Le2\ 1+ Pr
for
Ra,
—>1
Ra*

where Ra, ¢ is the critical value of thermal Rayleigh number at a given
Ra,, Ra; 0 is the critical value in absence of concentration gradient
and for this problem Ra;® = 27x4/4 = 657 and Ra,* = Ra,°(Pr +
1)/Pr(Le — 1). For Ra; > Ra,° small disturbances to the quiescent,
constant gradient solution will grow and convective motions will en-
sure. In the domain of equation (1) growth is monotonic. Oscillatory
instabilities are predicted for Ra, > Ra.* with the frequency of the
neutral disturbances, equation (2), given by

D,2 Pr Ra

Pt L

LY 3(Pr+1) Le
For salt and heat diffusing through water Le ~ 100 and Ra.* ~ 8,
Thus, except for extremely thin layers or small concentration dif-
ferences equation (2) will define the stability boundary. For large Ra,
equation (2) reduces to

®)

Ra,
Ra,© = a <1+LePr>

EE 1+ Pr

Nomenclature.

or

for LePr>» 1

1+P
Syc=Le<1+_Pr)m r

1+ LePr

The stability number, Sy, defined as
B.AC Ra, —{(3p/32)¢

TBAT RaLe  (9p/2),

is a measure of the competing effects of concentration and tempera-
ture on the density gradient through layer. Uniform layer density,
dp/dz = 0, is equivalent to Sy = 1. Linear theory indicates that at high
Ra, convection will begin in a saltwater-heat system (Pr ~ 6) when
the layer is just slightly more dense below than above.

Joseph [5] has studied the stability of a horizontal layer using energy
methods. His nonlinear analysis focuses on the growth and decay of
the energy of disturbances to the quiescent, diffusive state. He defines
a system as “globally stable” if the disturbance energy tends to zero
as time goes to infinity for all bounded initial disturbance energies.
For the case where the fluid is destabilized by heating and stabilized
by salt the global stability boundary is given by

Ra; = Ra; % + Ra,

T

Sy

for
Ra, < Ra **
and
VRa, O (Le?=1) +Ra,
VRa = Ra, 0 (Le? — 1) + Ra @)
Le Le
for
Ra, > Ra **
where
Ra** = Ra, 0
Te2—1

The energy method predicts when the layer will be stable while the
linear method discussed earlier is an instability theory which predicts
when the layer will be unstable. A sketch of the energy (stability) limit
and the linear (instability) limit for a fluid layer between free surfaces
is shown in Fig. 1.

The two limits coincide when

Ratco
Le?—1

but for larger values of Ra,, the limits diverge, with the area between
them being open to sublinear instabilities. For large Ra, in a salt-heat
system this area is indeed large, 1 < Sy < 100.

Only one attempt has previously been made to experimentally
determine the stability boundary in a double-diffusive system.
Shirtcliffe [6] investigated the onset of convection in a stratified
sugar-water system subject to transient heat addition from below. In
his experiment sugar solutions were introduced into an open tank in
a series of horizontal layers whose successive concentration increased
downwards. After several hours, the layers diffused together to pro-

Ra, <

C = concentration of salt per unit volume
of solution

AC = concentration difference - between
boundaries

D, = solute diffusivity

D, = thermal diffusivity

g = acceleration of gravity

L = depth of layer

T = temperature

AT = temperature difference between
boundaries

Journal of Heat Transfer

z = vertical coordinate positive upward

B = coefficient of fractional density change
due to a unit change in concentration

B: = coefficient of fractional density change
due to a unit change in temperature

v = kinematic viscosity

p = density

g; = frequency

Dimensionless Parameters
Le = Lewis number, D,/D,

Pr = Prandtl number, »/D,

Ra, = concentration Rayleigh number,
g68.L4dC/dz/vD,
Ra, = thermal Rayleigh number,
88:L4dT/dz/vD;

Ra; ¢ = critical thermal Rayleigh number

Ra, <0 = critical thermal Rayleigh number in
absence of solute gradient

Sy = Stability number, 8. AC/B: AT
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duce a smooth concentration profile with zero slope at the lower, solid
boundary. The tank was then heated rapidly from below until insta-
bilities were observed in the form of temperature oscillations recorded
by thermocouples near the bottom of the tank. The instabilities oc-
curred in a thin layer at the bottom of the tank. No measurements of
the depth of this layer were possible until convective cells had ap-
peared. Shirtcliffe estimated what this depth should be by maximizing
a parameter which he expected to control the stability, This param-
eter, Ra.(z), was defined as

Pr

Tepr + 1) 2@ (6)
where Ra; and Ra, are defined in terms of the temperature and con-
centration at the lower boundary and those at z. The unsteady tem-
perature profiles were calculated for a constant imposed heat flux
diffusing through a semi-infinite medium. Concentration gradients
were measured using a scanning schlieren device. Using these inferred
and measured values he was able to calculate values for Ra; ¢ and Ra,.
From his experiments he concluded that the stability boundary could
be best represented by

Ra,(z) = Ra;(2) +

Ra,
Rac¢ [1 + 4 X 1076 Ra,© — 101 (Ra,%)?] — 0.88—L—a~ =Ra, (6
€

where Ra, = 5000. This equation is plotted in Fig. 1 with the range
of his experiments noted.

While the experiments provided qualitative agreement with the
values predicted by linear theory for constant gradients, several of
the conditions used in the derivation of the linear theory were not
satisfied. The surfaces of the tank in which the experiment was con-

ducted were impermeable to the sugar, resulting in an inability to.

establish a steady flux of solute through the layer, which caused a
nonlinear concentration profile in addition to the nonlinear temper-
ature profile. Also, the convection occurred in a thin bottom layer of
the solution where the boundary conditions might most properly be
called rigid-free. However, the predictions from linear theory for
rigid-free and other possible boundary conditions [7] fall well below
the value Ra,c® ~ 5000 which results from equation (6).

In an attempt to better approximate the idealizations of the theories
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Fig. 2 Experimental apparatus
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Fig. 3 Schematic of interferometer system viewed from above

the present experiment was designed in which the subject layer was
bounded by porous plates through which both heat and salt could
diffuse to provide constant gradients throughout the entire layer.

Apparatus

The apparatus used in these experiments, shown schematically in
Fig. 2, consists of a 15.2 cm square Plexiglas tank closed on the bottom
by an aluminum plate and open on the top. Glued in each inside corner
of the box are small Plexiglas support blocks placed so that their top
surfaces are 5.7 cm from the bottom of the test section. Resting on
these blocks is the plate assembly consisting of the support frames,
porous plates and gap blocks. The square support frames, constructed
of 0.32-cm wide Plexiglas strips 1.27 cm deep, nest snugly inside the
tank. A porous stainless steel plate rests on top of the lower frame. A
second porous plate is elevated above the first by small Plexiglas gap
blocks positioned in the corners of the tank. A second frame inserted
above the upper plate completes the plate assembly. The entire as-
sembly is loaded in compression by the weight of a 1.4-kg plate which
was transferred to the upper support frame corners through four
vertical legs.

In operation heat from an electric resistance heater is added to the
apparatus from below, convected through a lower, well-mixed salt-
water layer up to the lower porous plate, conducted through the po-
rous plates and intervening stratified fluid layer and removed by
cooling water passing through a coil immersed in the upper well-mixed
fresh water layer. The diffusion of salt through the system is slow
enough to that provisions for addition and removal of this component
over the course of an experiment are not necessary.

The porous plates used are diffusion-bonded wire mesh laminates
approximately 0.15 cm thick (Dynapore No. 401460 and No. 401480
manufactured by Michigan Dynamics Corp., Garden City, Michigan).
The particular plate or combination of plates used for a boundary
surface was chosen by trial and error to provide the best compromise:
between the completing requirements of high permeability to salt flow
and high resistance to momentum transfer between the convecting
layers and the quiescent layer under study.

Temperature measurements in the test region were made using
three equally spaced copper-constantan thermocouples. These
thermocouples project 1.27 cm horizontally from a 0.64-cm vertical
Plexiglas post which spans the gap between the porous plates (see Fig.
2). The concentration profile through the test region was deduced
from the measured temperature profile and the fringe pattern pro-

uced by a calibrated laser interferometer.2 One leg of the interfer-
ometer beam passed through the test region between the porous
plates, its field covering the gap between the plates and extending
roughly from 1.27 to 3.81 cm in from a side all as shown in Fig. 3. The
thermocouple rake was located on one center line near the inner edge
of the interferometer beam. Temperature and concentration effects
on the index of refraction were calibrated independently so that by
knowing the temperature profile and the fringe pattern the concen-

2 Benchtop Interferometer, Optical Engineering Inc., Santa Rosa, Calif.
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tration profile could be calculated. The effects of the slightly non-
uniform Plexiglas test section walls were determined before each test
run and subtracted from the fringe pattern measured during a test.

Three different plate spacings (0.58, 1.19, 2.54 cm) were used which,
together with a range of initial concentration gradients, provided al-
most a four order of magnitude range in concentration Rayleigh
number. The allowable range of concentration gradients was limited
on the low end by the sensitivity of the interferometer and on the high
end by excessive refractive bending of the laser beam traversing the
test section.

To initiate a stability test, the tank was first filled with a de-
gassed-salt water solution. Then the porous plate assembly was low-
ered into place, with care taken to avoid trapping any air below the
plates, and the interferometer aligned. A picture of the interferometric
pattern was taken under these uniform density conditions to obtain
a record of the fringes introduced by the walls of the test section itself.
The picture was taken by removing the lens from a 35-mm camera and
allowing the interference image to fall directly on the film to make
the exposure. After the reference fringe picture was taken, the salt
solution above the top membrane was replaced with fresh, degassed
water. During this final filling process, some mixing occurred through
the top membrane into the test region which resulted in an initial
stabilizing concentration gradient between the plates. The experiment
was allowed to stand for several days after filling (usually two days
for the 0.58-c¢m spacing, three to four days for the 1.19-cm spacing,
and four to five days for the 2.54-cm spacing) while the concentration
step diffused to a near linear profile. A low voltage was supplied to
the heater during this period in order to maintain convective mixing
of the bulk fluid layers above and below the central test region.

Once a uniform concentration gradient was established the heating
rate was slowly increased to provide an increase in layer temperature
difference without appreciably altering the constant temperature
gradient. Records of temperature and fringe pattern pictures were
taken at several times during the heating cycle before the onset of
convection. The incremental step increases in the heating rate were
made especially small as the expected critical point was neared so that
the temperature and concentration gradients recorded just before
motion was observed would be very close to the critical values. The
critical point was defined by the appearance of oscillations in the
thermocouple output. Visible distortion in the refractive index profile
near the plate boundaries closely followed the onset of ternperature
oscillation. Further increase in the heating rate produced unsteady
convective motions in the layer. The temperature and concentration
gradients measured at the critical point were converted to thermal
and concentration Rayleigh numbers using property data tabulated
by the Office of Saline Water [6].

107
10’
c Linear Theory
Ro,
T3
Energy Theory

/
I&L}\ L Z 1 L !
10 10° 108 107 10
Ruc
Fig. 4 Comparison of experimental results with theoretical stabiiity
boundaries for Le = 95.4 and Pr = 6.27. Solid lines are for linear theory
(equation (2)) and energy theory (equation (4)) both using Ra, °° = 1708.
The symbols are for experiments with O: 0.58-cm gap, [0: 1.19-cm gap, A:
1.19-cm gap with double bottom plate and QO: 2.54-cm gap.
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Table 1 Conditions at the onset of convection

Test Spacing AC AT Ra Ra®
L{cm) (ppm) o) ¢ £

A1 0.58 o Q.36 4} 1504
A-2 0 0.41 0 1716

A-3 0 0.37 0 1575

A-4 110 0.69 1.08x105 2.99x103
A-5 150 0.69 1.47x10% 2.99x103
A-6 230 0.83 2,25x10% 3.59x103
A~7 310 1.09 3,03x105 4.69x103
A~8 4 440 1.53 4.31x10% 6.58x103
B-1 1.19 395 1.22 3.30x106 4,43x10%
B2 450 1.18 3.76x106 4.31x104
B-3 1100 2,28 9.19x106 8.31x104
B-4 1200 3.04 1.,00x107 1.11x10°
BD-1 479 1.3 4.00x1.08 4,89x10%
BD-2 740 2,16 6.18x105 7.87x10%
BD-3 1 1300 3.51 1.09x107 1.27x10°
c-1 2.54 865 1.82 6.95x107 6.45x105
c-2 ‘[ 1000 1.93 8,04x107 6.85x10°
c-3 1109 2,12 8.91x107 7.51x105

One series of three tests was run without any concentration gradient
to calibrate the apparatus. For these experiments the test section was
filled with fresh water and the heating rate was slowly advanced until
a distortion in the linear refractive index profile first appeared near
the plate boundaries. Since temperature oscillations were neither
expected nor observed under these conditions only changes in the
mean temperature profile could be used as a criterion for stability.

Results

The values obtained for the critical thermal Rayleigh numbers at
fixed concentration Rayleigh numbers for all of the runs are presented
in Table 1 and plotted in Fig. 4. For the three runs made in absence
of salt gradient, Ra, = 0, the critical values obtained, Ra,® = 1504,
1716, and 1575, agree more closely with those predicted for rigid
boundaries than for free boundaries [7]. Also shown in Fig. 4 is the
stability boundary according to energy theory for a layer with rigid
boundaries. The data fall well within the region open to instability
according to energy theory. For highly stratified layers (large Ra.)
the onset of convection was observed to occur under conditions of near
uniform layer density, Sy = 1.

Although no calculations are reported in the literature for the linear
problem with rigid boundaries the experimental data are well corre-
lated by linear prediction for free boundaries and constant gradients,
equation (2), when the value of Ra,®® = 657 is replaced by that ap-
propriate for rigid boundaries, Ra; ¢® = 1708. The oscillatory nature
of the instability is also in agreement with linear theory. Most of the
data were collected with the layer bounded above and below by single
porous plates. With this configuration the oscillation period was not
constant. Also, the interferometric fringe patterns showed that the
gradients in the layer following the onset of the oscillations were much
sharper near the lower plate than near the upper indicating pene-
tration into the layer of convecting currents from the mixed region
below the lower plate. The changes of period and phase caused by
these large disturbances precluded accurate determination of an os-
cillation frequency.

In order to eliminate this problem three tests at the 1.19-cm spacing
were repeated with the single lower plate replaced by a composite of
two porous plates with a thin layer of Pellon polyester felt sandwiched
between. With this added resistance several clean cycles of the tem-
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Fig. 5 Thermocouple records for test BD-2 at onset of convection

perature oscillation were obtained from which an oscillation period
could be determined. A record of the three thermocouple outputs
versus time at the onset of convection for one of these tests is shown
in Fig. 5. The critical Rayleigh number for the layer was not altered
by this lower boundary change (Fig. 4). The measured periods for
these tests are compared with the predictions of linear theory for free
boundaries, equation (3), in Table 2. Platten and Chavepeyer [8] have
calculated that for Soret driven instabilities the boundary conditions
do not influence the form of the period dependence on concentration
difference but that the magnitudes are different for fixed and free
boundaries.

Experimental Uncertainty

The uncertainty in the experimentally determined critical values
of the stability parameters can be assessed from estimates of the
possible errors in the terms which enter into the thermal and con-
centration Rayleigh numbers,

g8, L4dT/dZ
Raf e —
vD;
and
gB.L4dC/dZ
Ra, ——————
vD,

Errors in the determination of the temperature gradient at the critical

Table 2 Oscillation period at onset of convection—test "
series with double thickness lower plate

Observed Period calculated
Test period from equation (3)
No. (s) (s)
BD-1 94 61
BD-2 48 49
BD-3 30 37

562 / NOVEMBER 1976

point arise from three sources; uncertainty in the thermocouple cal-
ibration, uncertainty in the thermocouple position and resolution of
the point in time of the onset of convection. The amplified output of
the calibrated copper-constantan thermocouples operated in a dif-
ferential model was used to determine the temperature difference
between thermocouple pairs in the layer. With this arrangement
temperature differences could be determined to within +0.005-
+0.03°C depending on the magnitude of the difference. The uncer-
tainty in the thermocouple spacing was about +0.25 mm. The rate of
change of temperature difference near the critical point was main-
tained at a low level by minimizing the incremental changes in heating
rate. Considering all of the above factors the uncertainty in magnitude
of the critical temperature gradient was about +5 percent.

Errors in the concentration gradient measurement arise from un-
certainty in the fringe-concentration gradient calibration, uncertainty
in the fringe-temperature gradient correction and uncertainty in the
fringe count at the critical point. The sensitivity of the interferometer
system to temperature and concentration gradients was determined
by calibration. The concentration gradient during a test run could be
determined at any time prior to the onset of convection from the fringe
count by correcting for temperature effects using the measured
temperature gradient. The overall uncertainty in the concentration
gradient measurement considering the above sources for possible error
was about 315 percent. The change in concentration gradient over
the course of a test run was negligible compared to the uncertainty
in the measurement so an average of several measurements prior to
convection was used to characterize the gradient at the onset of con-
vection.

The uncertainty in the fluid property data used in the determina-
tion of the Rayleigh numbers was estimated to be about +5 per-
cent.

The source of the largest possible error in the Rayleigh numbers
is the uncertainty in the layer thickness. Although the spacer blocks
at the four corners of the plates set the gap at these locations to within
+0.13 mm the porous plates were not perfectly flat so the gap may
have varied by as much as 40.76 mm from the nominal value at other
locations. This uncertainty could introduce errors of up to £50 percent,
at the smallest layer thickness and £10 percent at the Iargest layer
thickness. However, since the length term appears in both Ra. and
Ra; the effect would be to move the data points in Fig. 4 along a di-
agonal line parallel to the Sy = constant curves except for the three
data points where Ra, = 0.

Conclusions

The results of these experiments on a linearly-stratified horizontal
fluid layer indicate that at high concentration Rayleigh numbers the
onset of convection occurs under conditions of near zero density
gradient. At low concentration gradients the observed instability
boundary deviates from the neutral density curve and, within ex-
perimental error, approaches the theoretical value Ra, = 1708 in
absence of concentration gradient. The conditions at the onset of
convection in these controlled experiments fall well within the region
open to instability according to energy theory and approach the
boundary predicted by linear theory for stress-free boundaries at high
Rayleigh numbers.The data are well correlated by the equation

(Le + 1)(1 + LePr) % 1+ LePr)
Prle? Le? ( 1+ Pr

The oscillatory nature of the instability has been observed. Limited
measurements of the oscillation period are in reasonable agreement
with the predictions of linear theory.

Raﬁ = 1708
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Axial Heat Conduction Effects on
Thermal Instability of Horizontal
Plane Poiseuille Flows Heated
From Below

A linear stability analysis is used to study the effect of axial heat conduction on the onset
of instability for longitudinal and transverse vortex disturbances for plane Poiseuille flow
in the thermal entrance region of a horizontal parallel-plate channel heated from below
with a constant temperature difference between two plates. The busic flow solution for
temperature (Graetz problem) incorporates axial heat conduction effects and the fluid
temperature is taken to be uniform at the far upstream location ¥ = —oto allow for up-
stream heat penetration through the thermal entrance X = 0. Numerical results for the
critical Rayleigh numbers are oblained for an entrance temperature parameter 8y = 1 (T,
= T3) and Peclet numbers 1,5, 10, 50. It is found that the transverse vortex disturbances
are preferred over the longitudinal vortex disturbances for Pe < 1 and Pr 2 1 (low Re) in
the developing regions upstream and downstream of the thermal entrance. For other con-
ditions, the longitudinal rolls have priority of occurrence. The Prandtl number effect on

Department of Mechanical Engineering,
University of Alberta,
Edmonton, Alberta, Canada

the onset of the longitudinal vortices is clarified.

1 Imntroduction

"Thermal instability of a plane Poiseuille flow concerned with the
onset of a secondary flow in the form of longitudinal vortex rolls in
the thermal entrance region of horizontal parallel-plate channels
heated from below was studied theoretically by Hwang and Cheng
[1]! considering the axial heat conduction term in the energy equation
for the basic flow. Recent studies by Hennecke 2] and Hsu [3] on the
Gracetz problem with axial heat conduction effects show clearly that
the usual thermal condition of a uniform entrance fluid temperature
at X =0 used in the classical Graetz problem is unrealistic for the low
Peclet number flow regime (Pe S 50) hecause of upstream heat pen-
etration through the thermal entrance at X = (; and that the fluid
temperature must be taken to be uniform far upstream at X = —o.
In view of the predominance of axial heat conduction effects near the
thermal entrance X = 0 for very low Peclet number flows, the insta-
bility analysis [1] based on a uniform entrance temperature at X =
0 for the basic flow solution must be regarded as an approximate one
when Peclet number is very small.

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
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A deductive analysis of the Graetz problem by Ostrach [4] clarifies
the importance of the axial heat conduction term in the energy
equation. However, for the very low Peclet number flow regime, the
problem is of the elliptic type and the concept of the therraal boundary
layer is not applicahle. Consequently, the thermal boundary-layer
thickness cannot be used as a characteristic length in normalizing the
equation. An explicit criterion for the neglect of viscous dissipation
is also clearly given in [4]. When the Reynolds number is very small,
a question of the priority of the occurrence of transverse rolls [5-7]
over longitudinal rolls arises. Recently, Kamotani and Ostrach [8]
determined experimentally the critical Rayleigh numbers for ther-
mally developing laminar channel flow and compared the experi-
mental results with results from linear stability theory [1]. A difference
as large as an order of magnitude between the two results is observed,
but apparently this is somewhat similar to the discrepancy between
the experimental [9] and theoretical [10-13] results for longitudinal
vortex instability of natural convection flow on inclined surfaces. The
difference can be attributed to infinitesimal disturbances in theory
and measurable disturbances in experiment. In the laboratory, dis-
turbances are never spatially distributed as in the theory, so mea-
surements can never really be made at the neutral limit. Measuring
instruments indicate the accumulated effect of a number of unstahle
disturbances, some of which are caused by the instrument itself and
others which are already amplified and convected with the base
flow [8].
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The purpose of this investigation is to study the effects of axial heat
conduction on thermal instability of a plane Poiseuille flow between
two horizontal flat plates where the lower plate is maintained at a
higher constant temperature T'; (X = 0) than the upper plate at T’y
which is identical with the uniform entrance fluid temperature T’ at
the far upstream (X = —). The mathematical formulation for the
basic flow in the thermal entrance region of the parallel-plate channel
heated from below is similar to that used by Hennecke {2] and Hsu
[3] which is considered to be the most rigorous analysis of the Graetz
problem. The onset of convective instability for both longitudinal and
transverse vortex rolls in the low Peclet number flow regime is studied
by using linear stability theory.

2 Temperature Solutions for Basic Flow
Neglecting viscous dissipation effects, the governing equations in

dimensionless form for the thermal entrance region problem (see Fig.
1) with axial heat conduction are [3]
2 86y 9%, < 8 )2 920,
Zu _°
30" a2 \3Pe/ ax'?

A0p1(x’, 1)/82’

= 30p1(x’, —=1)/92’ =0 for

(1)
Bp1(—=, 2’) = by,
—o <x' <0 (2)

Opa(x’, 1) =1,
Opa(x’, ~1) = =1 for

Opa(, 2’) = O,
0<x' <o (3)

051(0, 2} = 0p2(0, 2),

30510, 2')/3x" = 30p2(0,27)/3x" at x’' =0 (4)

where the dimensionless variables are defined in the Nomenclature.

and uy = (3/2)(1 — 2’2) for a plane Poiseuille flow.

Following the procedures outlined in [3, 14}, the temperature so-
lutions 8,1 and 2 in the adiabatic and heated regions, respectively,
which satisfy the conditions at x’ = - can be written as

Bp1{x’, 2") = 8o+ 3 BpY,(2') exp(an?x’)
n=1
+

ApF,(2") exple,2x’), —o <x' <0 (5)

3
its

Opa(x’, 2’) =2’ + i C,Rn(2') exp(—B,2x")

n=1

+ Y DoZy(2) expl—ya2x’), 0<z'<w (6)

n=1

where «,, ¢, and Y, F,, are the even and odd eigenvalues and ei-

Nomenclature

ADIABATIC WALL z'
\ T To=To
T=To(¢9=o) Uy, ¢g ¢9 ¢g ¢9 d=1/2 950
. o' X' I L
at X=-o A L
z
o) X, l T
T— 0 =1 f=1— 1!

—— ADIABATIC WALL
LONGITUDINAL ROWLS —

Fig. 1 Coordinate system and transverse and longitudinal vortex disturbances
for plane Poiseuille flow

genfunctions, respectively, for the adiabatic region. Similarly, 8, v,
and R,,, Z,, are the even and odd eigenvalues and eigenfunctions, re-
spectively, for the heated region. The details of the solution method
and the computed eigenvalues and eigenfunctions as well as the series
expansion coefficients for the case iy = 1 are given elsewhere {15, 16].
A fourth-order Runge-Kutta method [17] using 200 equal steps is
employed to obtain the eigenvalues and eigenfunctions from the nu-
merical solution of the characteristic equations and their boundary
conditions. The series coefficients are calculated by matching both
the temperatures and the axial temperature gradients at x = 0 after
constructing orthonormal functions from the nonorthogonal eigen-
functions [3]. In this study, the infinite series are truncated at n = 12
and 8 for Pe = 1, 5 and Pe = 10, 50, «, respectively. For the instability
problem, it is more convenient to shift the coordinate origin to the
lower plate as shown in Fig. 1. The basic temperature profile now
becomes ¢y = (1 — 05/2).

3 Perturbation Equations

The derivation of the perturbation equations is based on the
method of small disturbances (a linearization about the basic flow)
using the Boussinesq approximation. Introducing the sum of the basic
flow and the disturbance flowas U = Up(Z) + U, V=V , W=W,
T =Ty + ¢ and P = P, + P, subtracting out the basic flow equations
from the conservation equations for mass, momentum, and energy,

A, B, C,, D, = coefficients of infinite series
in equations (5) and (6)

ai, ag, a = wave numbers in x and y direc-
tions and (a2 + a52)1/2

¢ = amplification or damping factor, ¢ = 0 at
onset of instability

D =d/dz

Gr = Grashof number, g3(AT)L3/v2

& = gravitational acceleration

i=(~1)172

L, ¢ = height of channel and L/2

P, P, = fluid pressure (P + P’) and basic
flow pressure

Pe = Peclet number, 4U,,¢/a = RePr

Pr = Prandtl number, v/a

p = dimensionless perturbation pressure,
P’/(pr?/L?)

Ra = Rayleigh number, PrGr

Re = Reynolds number, 4U,, /v

T, Ty, Ty, Ty = fluid temperature (T + §),

Journal of Heat Transfer

basic flow temperature, (T, + T9)/2 and
uniform upstream temperature

T, Ty = constant lower and upper plate
temperatures

Up, Un, up = axial and mean velocities and
(Up/U) of basic flow

U, V!, W = disturbance velocity compo-
nents

u, v, w = dimensionless perturbation velocity
components (U, V', W)/ (v/L)

X, Y, Z = cartesian coordinates with origin
at lower plate

X', Z' = coordinates with origin at center of
channel

x,y,2=(X,Y, Z)/L

x’ 2" = (X'/(3/8)¢Pe, Z'/£)

X, z = transformed coordinates, (x/(3Pe/16),
z)

Yy, Rp, Fy, Z,, = eigenfunctions

a = thermal diffusivity

Qp, Bn, €, Yn = eigenvalues

B8 = coefficient of thermal expansion

6 = dimensionless disturbance temperature,
/AT

0y, 09 = dimensionless temperature and uni-
form entrance temperature, (Tp — T),)/
(To— Tw) and (To = Tin)/ (T2 — Th)

v = kinematic viscosity

p = density

¢u, ¢p = dimensionless basic velocity and
temperature profiles, (1/2)uy = 3(z — 2%),
(1 - 8s)/2

AT = (T1— Ty

Superscripts and Subscripts

! = perturbation quantity

+ = amplitude of disturbance quantity

* = transformed perturbation variable or
critical value

b = basic flow quantity in unperturbed
state

1, 2 = upstream and downstream regions

NOVEMBER 1976 / 565

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



one obtains the following disturbance equations after neglecting
nonlinear terms:

au’ oV’ 9w’

+ 4+ —=0 7
X oy oz @
au au, 1aP
Up ==+ W —=L= - =24 yv2 ®)
ax oz 06X
é‘_/_/—_,_]_'apl+ VQV/ (9)
Yax  pav
oW’ 1aP
Uy == = =24 yvew + g0’ (10)
Yox T poez " &b
a0’ aT aT
Up—+ U =24 w b= qv2y (11)
ax 0X 8z

where V2 = 3%/0X? + §2/9Y? + 92/3Z? and the disturbances are taken
to be independent of time [1, 8, 10].

After introducing the dimensionless variables, (x, ¥, 2) = (X, Y,
Z)/L, (u, v, w) = (U, V, W)/(v/L), p = P'[(pv?/L2), 0 = 6’/(AT) and
the parameter Gr = gB(AT)L3/v2, the disturbance equations be-
come

w w8
R D (12)
ox dy 9z

3 dé, 3
Re, 2+ Re 22y = — 2 1 g2y (13)
dx dz dx
3 3
Rety — = — £ 4 2 (14)
ox dy
P 3
Redy -2 = — 2 4 92 + Gro (15)
ax 9z
0 9 dpy 1
Reg o+ u 920 4 1y 990 _ 2 g2 (16)
o ox 9z Pr .

where ¢, = 32(1 ~ 2), ¢pg = (T ~ T2)/AT = (1 — 0,)/2 and the op-
erator is understood to be V2 = §2/9x? + §2/dy2 + 9%/922. The de-
pendent variables u, v, and p can be eliminated from the continuity
and three momentum equations and one obtains a single equation
as

2
d;d)_u_é% = V2V2w + GrV120

J
Re¢, — (V2w) — R
¢ ax( w) ed22 d9x

where

V12 =0%/0x2 + 02/0y?2 and V2= V.2 + §%/922 amn

A separable solution for w and 6 may be sought in the following form
[1]:

flx, ¥, 2) = [T (2) explex + i(a1x + azy)] (18)

where ¢ is the amplification factor and the wave numbers a; and aq
are real. Confining attention to neutral stability, one has ¢ = 0. After
substituting equation (18) for the disturbances w and 8, respectively,
into equations {17) and (16), one obtains

(D%~ a??w* —ia;Rep, (D2 — a?)wt
+ ia;Re(d2¢,/dz2)w™ = Gra26*
(D2 — a0t — ia1Pe¢p, 0" = Prlutdgs/ox + wtdge/oz]

(19)
(20)

where a2 = a42 + ay? and D = d/dz. The two foregoing disturbance
equations involve three unknowns and u remains to be specified. The
following two cases [6] are of interest in this study:

1 For longitudinal rolls (a1 = 0), and the x-momentum equation
(13) gives

(D2 —a?ut = Re(dog,/dz)wt (21)

It is noted that at neutral stability the x-dependence for the distur-
bance quantities can be neglected and one has dp/dx = 0.
2 For transverse rolls (a2 = 0), the continuity equation (12) gives

(6]

ut = iDwt/asy (22)
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At this point, it is more convenient to introduce the transforma-
tions, x = (3Pe/16)X, z = z, u™ = Reu*, w = w*, 0+ = Pr0*, u* = Re
u*, Ra = GrPr and one obtains:

1 Longitudinal rolls

(D2 — a92)2w* = Raag?0* (23)
(D? — ax?)u* = (dpu/dD)w* (24)
(D2 — ag)0* = (16/3Pr)u*d¢e/dx + w*dde/ 9z (25)
2 Transverse rolls
(D2 — a,%)%w* — ia;Re¢p, (D2 — a,Hw*
+ ia;Re(d %, /dZ2)w* = Raa20* (26)
u* = (i/aRe)Dw* 27)
(D2 = a;2)8* — ia1Ped, 0% = (16/3Pr)u*d¢y/dx + w*dps/dz  (28)

The boundary conditions at the rigid and highly conductive walls
applicable to the two foregoing types of disturbances are

w¥=Dw*=u*=0*=0 at Zz=0and1 (29)

In this study, the oblique modes (a; # 0, as # 0) are not considered
[6] since the two foregoing modes are observed experimentally. For
transverse rolls, the disturbance u* may be eliminated by substituting
equation (27) into equation (28) and only the real part of the distur-
bance equations is considered to have physical significance. It is seen
that equation (26) is the Orr-Sommerfeld type equation and is coupled
with the energy equation (28).

4 Method of Solution

Considering the expressions for the basic temperature profiles 65;
and fy, it is obvious that an analytical solution of the present char-
acteristic value problem is not practical. An iterative technique using
the higher order finite-difference scheme [18] is used for the simul-
taneous solution of the coupled disturbance equations [1]. The details
of the numerical solution method are described in [16].

5 Results and Discussion

The critical Rayleigh numbers at the onset of secondary motion are
of primary interest in this study. The graphical results are presented
in Figs. 2-7 and the numerical results are listed in [16] for the case 6
= 1. One notes that for heating from below, one obtains 8, > —1 but
only the case 8y = 1 (T'g = T'3) is considered in this study. The effects
of Prandtl number on the onset of longitudinal vortex rolls in both
the upstream and downstream regions are shown in Figs. 2-4 for Pe
= 1, 10 and 50, respectively.

For 6y = 1 and Pe = 1, the instability results for Pr = 0.7, 1, 10, 100,
and « are practically identical and the critical Rayleigh number de-

104

0.7,1,10,100,@ 0021‘ Pe=1

7
:

o
103

;

0001

CRITICAL RAYLEIGH NUMBER, Ra"

3
2

1 1 I ] 1 1 i | 1 [
-2 -1 0 1 2 3 4

DIMENSIONLESS COORDINATE, X

Fig. 2 Prandtl number effect on critical Rayleigh number versus X for 5 =
1and Pe =1
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Fig. 3 Prandtl number effect on Ra* versus x for §, = 1 and Pe = 10
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Fig. 4 Comparison of instability results between present work and [1] for
8o = 1 and Pe = 50

creases monotonically from the asymptotic value of Ra* = w at¥ ~
—6 to Ra* = 1708 at ¥ = 3.0 for a linear basic temperature profile. The
independence of the critical Rayleigh number Ra* on Prandtl numher
for Pr 2 0.7 in the case of Pe = 1 can be explained from the pertur-
bation equation (25). It is found that when Pe = 1, the relative mag-
nitude of the ratio R = (9¢¢/0%)/(d¢¢/9Z) is less than 1073 and con-
sequently the forcing term (16/3Pr)(3¢/0%)u* on the right-hand side
of equation (18) can be neglected in comparison with the term (d¢,/
dZ)w* for the range Pr = 0.7 ~ ». Thus, the coupled effect of the
vertical basic temperature gradient d¢s/0z and the vertical velocity
disturbance w* dominates. On the other hand, when Pe = 5 and 10,
the ratio R is found to be less than 10~2 and 1071, respectively. It is
thus seen that the instability result is independent of Prandtl number
when Pr > 10 for Pe = 5 and Pr = 100 for Pe = 10. The foregoing
argument assumes that the axial and vertical basic temperature
gradients, d¢p/dx and d¢e/dz are of the same order of magnitude which
is verified by the numerical results [15, 16]. From the foregoing dis-
cussion, it is also clear that the role of Prandtl number becomes in-
creasingly important as the Prandtl number decreases for a given
Peclet number. When Pr is small, the term (16/3Pr)u*d¢,/9% also
destabilizes the flow. As is seen from Figs. 2-3, a local minimum for
Ra* exists when the Prandtl number is small. This means that when
the Prandtl number is small, the region near the thermal entrance ¥
= 0 is more unstable than the fully developed region. The practical
implications are believed to be important for liquid metals. Noting
that the basic temperature profile ¢4 is a function of Peclet number
only, one sees that the effect of Prandtl number appears through the
disturbance equation (25) only.

The instability results for Pe = 50 are shown in Fig. 4 where the

Journal of Heat Transfer

103

»
2]
@ C
. B 84:1, Pe=5
[~ -
&a i THIS WORK
3 AN ———]
z \Qoo
T ]0\\
S 10tk AN
o o LPr=07 N
> = \\
< l: ~
—_ L Pr=10, 100 ~
< N
9] 0.7 \
=
ac
© 108 Lol IR vyl L1t
1073 1072 107 100

DIMENSIONLESS COORDINATE, X

Fig. 5 Comparison of instability resuits between present work and [1] for
0= 1andPe =1

*

o]

x

o

wl 10 8p21, Pr=07

% Pe=5

Z 104

5 50

Y 5

S

g 10

= L 30 1708
Y

= 103 1 L I 1 1 1 I

5 2 -1 0 1 2 3 4

DIMENSIONLESS COORDINATE, X

Fig. 6 Peclet number effect on Ra* versus x for 6, = 1 and Pr = 0.7

unpublished results related to the earlier analysis {1} based on the
assumption that the fluid temperature is uniform at the thermal en-
trance ¥ = 0 are also plotted for comparison. One should note that the
simplified model [1] predicts Ra* = « at ¥ = 0 whereas the present
model predicts a finite value for Ra* at ¥ = 0. At Pe = 50, the concept
of a thermal boundary layer is applicable [15, 16} and the lower Ra*
at a given X from [1] for a given Pr can be attributed to the larger
unstable thermal boundary layer thickness caused by the somewhat
artificial absence of the upstream heat penetration through ¥ = 0. The
effect of the axial heat conduction is seen to decrease the thermal
boundary layer thickness and the axial temperature gradient d¢y/6%.
One should note that at Pe = 50, the lower limit for Pr exists because
of the critical Reynolds number Re = 14,170. At Pr = 0.1, the entrance
region is seen to be more unstable than the fully developed region.
In order to examine critically the effect of upstream heat conduction
on the critical Ra*, the instability results for Pr = 0.7, 10, 100 and Pe
= 5 are compared in Fig. 5 with the unpublished results of the earlier
study [1] which neglected the upstream heat penetration through ©
= (. At Pe = 5, the earlier model is apparently inadequate to predict
Ra¥*. It is noted that the trend of the Prandtl number effect on Ra*
between the present and earlier analyses for Pe = 50 (see Fig. 4) and
Pe = 5 is just opposite. This is caused by the fact that at Pe = 50, the
problem is basically parabolic and the concept of a thermal boundary
layer is applicable whereas at Pe = 5, the problem is elliptic and the
heat from the lower plate already penetrates to the upper plate at x
= (0. It is then clear that the larger unstable fluid layer near ¥ = 0 from
the present physical model leads to the considerably lower Ra*.
The effect of Peclet number on Ra* for Pr = 0.7 (air) is shown in
Fig. 6. The Peclet number effect on Ra* in the upstream region is seen
to be opposite to that in the downstream region. The lower Ra* for
Pe = 1 in the adiabatic region is due to the larger unstable fluid layer
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caused by the axial heat conduction. The developing temperature
profiles shown in [15, 16] clearly confirm the foregoing statement. The
instability results for Pr = 10 (water) are also shown in Fig. 7. The
thermal entrance length for Pe = 1 is longer than those of Pe = 5, 10,
50 and correspondingly the asymptotic value Ra* = 1708 for a fully
developed basic flow with a linear temperature profile is approached
at a farther downstream location.

The case of transverse rolls is of special interest in this study and
the numerical results for Pe = 1 and Pr = 1, 100 are listed in [16]. The
graphical results are presented in Fig. 8 where the instability results
for the case of longitudinal vortex rolls are also plotted for comparison.
It is seen that the onset of the transverse rolls has priority over that
of the longitudinal rolls in the upstream region as well as part of the
downstream region (x < 1.2). Note that the case of Pr = 100 is more
unstable than that of Pr = 1 for transverse rolls but the opposite is
true for longitudinal rolls. It is also found that for Pe = 1, Pr < 0.1 the
transverse rolls have no priority over the longitudinal rolls. Similarly,
the numerical results reveal that Ra* for transverse rolls is higher than
that for longitudinal rolls at ¥ = O for Pe = 5. It is thus concluded that
the onset of the transverse rolls has priority over that of the longitu-
dinal rolls only when Pe < 1 and Pr 2 1 (or small Re) and it occurs in
the upstream and downstream regions near the thermal entrance ¥
= 0. For fully developed region, the longitudinal rolls appear to have
priority but the difference in Ra* is so small that the transverse rolls
may occur under certain conditions.

For a given Pe, as Pr — « one obtains Re — 0. The perturbation
equations for transverse rolls in the fully developed region then be-
come:

(D? = a,?)%w* = a,?Rad* (30)

(D2 — a2)20% — ja1Pe¢ 0% = w*d¢y/0z (31)

where 8¢¢/6Z = —1. The calculation for Pe = 1 gives Ra* = 1717.06
and a1* = 3.117. The fact that Ra* is larger than the value of 1708 for
longitudinal rolls suggests that the term involving Pe in equation (31)
may have a stabilizing effect.

The physical reasons for the priority of the “transverse-vortex
disturbances” over the “longitudinal vortex disturbances” under the
conditions stated earlier are not immediately clear from the study of
the disturbance equations and a consideration of the energy exchange
between the main flow and the perturbation. However, it appears that
when Re is large the transverse rolls tend to be washed out. In addi-
tion, one notes that the developing basic temperature profiles show
a negative axial temperature gradient near upper plate (Z ~ 0.6 ~1.0)
for x 2 —0.1 at Pe = 1 [15].'At Pe = 5, the region of negative axial
temperature gradient is rather small and negligible [15]. It appears
that the horizontal density gradients also play some role for the onset
of transverse rolls.

The streamline pattern of the transverse-roll type disturbances in
a longitudinal cross section is of particular interest. The secondary
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=
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Fig. 7 Peclet number effect on Ra* versus x for §p = 1 and Pr = 10
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flow field configuration at the onset of instability is shown in Fig. 9
for the fully developed condition with Pe = 1, Pr = 100, Ra* = 1717.07,
a;* = 3.117. The stream function is defined by u = —9y/dZ and w =
dy/0%. From the normal modes of disturbances, one has w = w*(3)
e'ai® and ¢ = y+(Z)ei®*, Noting that wt = w*, one obtains Y =
(w*/ia1)e‘®1* where only the real part is considered to have physical
meaning. The contour lines are based on |{¥y,.¢] = 1 and the dimen-
sionless wavelength A = 27/a; = 2.0156. The streamline pattern is
quite similar to that of the longitudinal rolls and the eyes of the vor-
tices are seen to be located at the center of the channel.

6 Concluding Remarks

1 The effects of axial heat conduction on the thermal instability
of horizontal plane Poiseuille flow heated from below are studied for
both longitudinal and trangverse vortex disturbances. It is found that
the transverse rolls with axes normal to the main flow are the pre-
ferred mode of disturbances for the very low Peclet number regime
(say Pe < 1) with Pr 2 1 (or low Re) in the developing regions up-
stream and downstream of the thermal entrance. For other conditions,
longitudinal rolls with axes parallel to the basic velocity are the pre-
ferred mode of disturbance. The observed Peclet number effect on
the disturbance modes is consistent with experimental results for
combined free and forced convection in porous media [21, 22].

2 For a given entrance temperature parameter 6, and Peclet
number, the instability mechanism relating to the Prandtl number
effect on the onset of longitudinal vortex rolls in the thermal entrance
region is clarified by studying the relative order of magnitude of the
forcing terms involving axial and transverse basic temperature gra-
dients in the energy disturbance equation (25).
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Fig. 9 Streamline pattern of transverse vortex disturbance for fully developed
flow at 6, = 1, Pe = 1, Pr = 100, Ra* = 1717, and a* = 3.117

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



3 For the low Peclet number regime (say Pe < 50), the assumption
of uniform entrance fluid temperature at the thermal entrance ¥ =
0 for the basic temperature solution is not valid because of upstream
heat penetration through ¥ = ) into the upstream adiabatic region.
At Pe = 5and 6y = 1, the predictions of critical Rayleigh number for
longitudinal vortex rolls show considerable discrepancy between the
two models with and without upstream heat penetration. The dis-
crepancy increases with the decrease of Peclet number.

4 The present instability results can be used in predicting the
onset of free convection effect on laminar heat transfer in wide hori-
zontal rectangular channels [8]. For Ra > Ra*, one has a finite am-
plitude thermal convection problem and the classical Graetz formu-
lation for the thermal entrance region problem in a parallel-plate
channel is not applicable. It should also be noted that the existence
of stationary longitudinal vortex rolls is confirmed by experiment [8).
However, the case of transverse vortex rolls remains to be confirmed
by experiment.

5 The numerical experiments using 20 eigenvalues are also carried
out to confirm the accuracy of the present numerical results. For ¥
> 0.1, the accuracy of Ra* is within 1 percent for Pe = 1, 5, 10, 50 and
at X = 0%, the error of Ra* is about 1 percent for Pe = 1,5 and 2 per-
cent for Pe = 10. The convergence of the numerical solution is thus
confirmed.

6 Physically, as a low velocity main flow is imposed on Benard
cells “transverse-vortex disturbances” appear first. With a further
increase of the steady main flow velocity, “longitudinal vortex dis-
turbances” appear. The effect of superposed steady flow on unstable
fluid layers described in [5, 23] is consistent with the present theo-
retical results.

7 Viscous dissipation effects are neglected within the scope of
present work but should be studied in the future. Apparently, thermal
radiation effects and other thermal boundary conditions such as
convective boundary conditions are also of practical interest.

Acknowledgment

This work was supported by the National Research Council of
Canada through grant NRC A1655 and a postgraduate scholarship
to R. 8. Wu.

References

1 Hwang, G. J., and Cheng, K. C., “Convective Instability in the Thermal
Entrance Region of a Horizontal Parallel-Plate Channel Heated From Below,”
JOURNAL OF HEAT TRANSFER, TRANS ASME, Series C, Vol. 95, 1973,
pp. 72 77.

2 Hennecke, D. K., “Heat Transfer by Hagen-Poiseuille Flow in the
Thermal Development Region With Axial Conduction,” Warme-und Stoffii-
bertragung, Vol. 1, 1968, pp. 177- 184.

3 Hsuy, C. J, “An Exact Analysis of Low Peclet Number Thermal Entry

Journal of Heat Transfer

Region Heat Transfer in Transversely Nonuniform Velocity Fields,” AIChE
Journal, Vol. 17, 1971, pp. 732-740.

4 Ostrach, 8., “Role of Analysis in the Solution of Complex Physical
Problems,” Proceedings of the Third International Heat Transfer Conference,
AIChE, Vol. 6, 1966, pp. 31-43.

5 Ostrach, S., “Laminar Flows With Body Forces,” Theory of Laminar
Flows, F. K. Moore, ed., Princeton University Press, Princeton, N. J., 1964, pp.
624 627.

6 Hart, J. E., “Stability of the Flow in a Differentially Heated Inclined
Box,” Journal of Fluid Mechanics, Vol. 47, 1971, pp. 547-576.

7 Weber, J. ., “On Thermal Convection Between Non-Uniformly Heated
Planes,” International Journal of Heat and Mass Transfer, Vol. 16, 1973, pp.
961--970.

8 Kamotani, Y., and Ostrach, S., “Effect of Thermal Instability on
Thermally Developing Laminar Channel Flow,” JOURNAI. OF HEAT
TRANSFER, TRANS. ASME, Series C, Vol. 98, 1976, pp. 62 66.

9 Lloyd, J. E., and Sparrow, E. M., “On the Instability of Natural Con-
vection Flow on Inclined Plate,” Journal of Fluid Mechanics, Vol. 42, 1970,
pp. 465-470.

10 Haaland, S. E., and Sparrow, E. M., “Vortex Instability of Natural
Convection Flow on Inclined Surfaces,” International Journal of Heat and
Mass Transfer, Vol. 16, 1973, pp. 2355-2367.

11 Hwang, G.J., and Cheng, K. C., “Thermal Instability of Laminar Natural
Convection Flow on Inclined Isothermal Plates,” Canadian Journal of
Chemical Engineering, Vol. 51, 1973, pp. 659 666.

12 Lee, J. B,, and Lock, G. S. H., “Instability in Boundary-Layer Free
Convection Along an Inclined Plate,” Transactions Canadian Society for
Mechanical Engineering, Vol. 1, 1972, pp. 197-203.

13 Kahawita, R. A., and Meroney, R. N., “The Vortex Mode of Instability
in Natural Convection Flow Along Inclined Plates,” International Journal of
Heat and Mass Transfer, Vol. 17, 1974, pp. 541.-548.

14 Hatton, A. P., and Turton, J. S., “Heat Transfer in the Thermal Entry
Length With Laminar Flow Between Parallel Walls at Unequal T'emperatures,”
International Journal of Heat and Mass Transfer, Vol. 5, 1962, pp. 673-
679.

15 Wy, R. 8, and Cheng, K. C., “Low Peclet Number Heat Transfer in the
Thermal Entrance Region of Parallel-Plate Channels With Unequal Wall
Temperatures,” Canadian Journal of Chemical Engineering, to be pub-
lished.

16 Wu, R. S., PhD thesis, Department of Mechanical Engineering, Uni-
versity of Alberta, Edmonton, Alberta, Canada, 1976.

17 Collatz, L., The Numerical Treatment of Differential Equations, 3rd
ed., Springer-Verlag, Berlin, 1960, p. 63.

18 'Thomas, L. H., “The Stability of Plane Poiseuille Flow,” Physical Re-
view, Vol. 91, 1953, pp. 780 783.

19 Forsythe, G. E., and Wasow, W. R., Finite-Difference Methods for
Partial Differential Equations, Wiley, New York, Sec. 24.8, 1960.

20 Froberg, C. K., Introduction to Numerical Analysis, Second ed., Ad-
dison-Wesley, Reading, Mass., 1969, p. 117.

21 Combarnous, M. A,, and Bia, P., “Combined Free and Forced Convection
in Porous Media,” Society of Petroleum Engineers Journal, Vol. 11, 1971, pp.
399-405.

22  Combarnous, M. A., and Bories, 8. A., “Hydrothermal Convection in
Saturated Porous Media,” Aduvances in Hydroscience, Vol. 10, V. T. Chow, ed.,
Academic Press, 1975, pp. 231-307.

23 Chandra, K., “Instability of Fluids Heated From Below,” Proceedings,
Royal Society, London, Series A, Vol. 164, 1938, pp. 231 242.

NOVEMBER 1976 / 569

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



P. H. Oosthuizen

. Professor,
Department of Mechanical Engineering,
Queen’s University,

Kingston, Ontario, Canada

Numerical Study of Some Three-
Dimensional Laminar Free

Convective Flows

Three-dimensional buoyancy-induced flows over plates and cylinders have been consid-
ered. The three-dimensional flow results either from the fact that the body is inclined to
the horizontal or from the fact that there is a longitudinal acceleration component. Both
the cases where this acceleration component is constant and the case where it varies lin-
early with the distance along the body have been considered. The study is based on the
use of the constant-property boundary-layer equations. These equations have been re-
written in terms of dimensionless variables, and thus the resulting equations do not ex-
plicitly depend on the nature of mechanism causing the three-dimensional flow. These
equations have been solved numerically using finite-difference methods, with heat-trans-
fer distributions for various representative situations being deduced.

Introduction

The present study is concerned with three-dimensional
buoyancy-induced flows over plates and cylinders that lie in a vertical

plane. The three-dimensional flow considered results either from the -

fact that the body is inclined with respect to the direction of the gra-
vitational acceleration or from the fact that there exists a longitudinal
acceleration component f, as indicated in Fig. 1. This acceleration

" component would normally be the result of bulk rotation of the fluid
and the body. Of course, in such a case, f will vary linearly with the
coordinate z as shown in Fig. 1. However, if the distance of the body
from the axis of rotation is large compared to the length of the body,
f can be treated as constant.

The solution procedure adopted can be applied to a cylinder of
relatively arbitrary cross-sectional shape, as indicated in Fig. 1.
However, results will be discussed only for flow over a circular cylinder
and a flat plate. For these two types of bodies the solutions for the
limiting cases of gravitational flow over horizontal bodies (¢ = 0 deg)
and vertical bodies (¢ = 90 deg) are known (e.g., see references [1, 2]%),
and the solutions for these two values of ¢ are the same in the case of
a flat plate. Several studies of two-dimensional flow in the case where

! Numbers in brackets designate References at end of paper.
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the gravitational acceleration component is negligible compared to
the longitudinal acceleration component are also available [3, 4]. No
comprehensive studies of three-dimensional free convective flows of
the type being considered here appear to be available. However,
approximate solutions for a variety of such flows have been presented

[5].

Governing Equations

The present study is based on adoption of the boundary-layer as-
sumptions and the assumption that curvature effects are negligible.
Because of this the governing equations can be written in terms of the
coordinate system shown in Fig. 1. Therefore, assuming steady lam-
inar flow and constant fluid properties, the governing equations
are

d a i)
wmL L (1)
dx dy 9z
du du du %u
u—+tv—+tw—=p—
Ix dy ) dy?
+ B|(T ~ Tw)(g cos p — fsin ¢)| sind  (2)
dw ow dw 3%w

" 6y+w;z~=VS;;+B(T—TW)(gsin<j)+fcos¢) (3)
v 32T

aT T oT
—tw_—=—"" (4)
9x dy dz Pray?
It should be noted that the body shape affects the solution only

through the term sin 9. It should further be noted that the direction
of the x-coordinate is by assumption in the direction of flow. There-
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Situation under consideration

Fig. 1

fore if the longitudinal acceleration component f sin ¢ is larger than
the gravitational acceleration component g cos ¢, the x direction will
be opposite to that shown in Fig. 1. For this reason the modulus is
included on the buoyancy term in the x-momentum equation.

The boundary conditions on equations (1)-(4) are assumed to be

2=0u=0, w=0, T=T., forallxandy

y=0u=0, v=0, w=0,T=T, forallxandz

ylarge:u —0, w—>0, T—T. forallxandz (5)

Ty is the wall temperature, which here is assumed to be uniform.
However, the solution procedure adopted may easily be extended to
deal with uniform surface heat flux.

In addition, boundary conditions at x = 0 are required. For a cyl-
inder these are

dw aT

u=0,—=0, —=0 forallzandy (6)
dx dx

x=0

while for a plate they are

x=0; u=0,w=0, T=T, forallzandy (V2]

Dimensionless Equations for Constant f. The case where the
longitudinal acceleration component f can be assumed constant will
first be considered. If D is some convenient representative dimension
of the body, the following Grashof number is introduced

G = ’,B(Tw — T)(g cos ¢ — f sin ¢) D3
D= 2

(8)

v
and the following dimensionless variables are then defined:

@) @k

v GDO.ZS

Nomenclature

gcos¢—fsing
gsing+ fcos¢

_ wD 1 — T-T.
- () TG
v/ Gpos T,—T.
—__x  _ Y )
== =({=)Gp02 9
= 5=(3) @ ©
_ <z> g cos ¢ — fsin ¢
z={—) |—————
D/ igsing +fcos¢
In terms of these variables, the governing equations introduced in
the previous section become

v oW
ZrZ+Z=0 (10)
dx dy 9z
on  _ou om 9% —
T+ D—+ T ="t Tsinf (11)
% vy dz  Iy?
_ow _ow _ow 0% —
T—+0—+—=— (12)
d% dy 9z dy?
aT _aT _ 4T 1 9°T
u—to—+u—=— (13)
ox oy dz Pr ay2

The boundary conditions in terms of these variables are basically
the same as given in equations (5)—(7). Thus the above set of equations
show that &z, U, @, and T are functions of only X, ¥, and z for a given
body shape and a given Prandtl number, with the values of f/g and
¢ not explicitly entering the solution.

The heat-transfer rate at the surface is given by applying Fourier’s
equation, which gives

o7

ay ly=0

N
Quw = —k — ie., D_ (14)

ay y=0 G D 0.25
where Np is the local Nusselt number based on D). This shows that
Np/Gp®2 is a function of only X and z for a given body shape and
given Pr.

Flat-Plate Solution. As mentioned in the introduction, results
will be considered here only for flow over a flat plate and a circular
cylinder. For a flat plate, sin 8 is everywhere equal to 1, and the x-
momentum equation, i.e., equation {11), for this case becomes

(15)

Comparing this with equation (12) shows that in this case & = ),
so that the flow direction relative to the z direction (i.e., to the leading
edge of the plate), which is equal to tan™! (u/w), will be given by using
the definitions of T and @ by
gsing¢ + fcos ¢
gcos¢p—fsing
at all points. The flow in this case is therefore essentially two-di-
mensional and is in the direction of the resultant acceleration vector.
The heat-transfer rate for this case is therefore given by the well-

known solution for two-dimensional flow over a vertical flat plate with
a horizontal leading edge with f = 0, except that in the present case

arctan (16)

Pr = Prandtl number
D = representative dimension of body

qw = local wall heat-transfer rate

equations (9) and (22)
B = coefficient of cubical expansion with

f = longitudinal acceleration component

fo, [; = coefficients in expressions for f, see
equation (21)

g = gravitational acceleration component

Gp = Grashof number, see equations (8) and
(22)

k = conductivity

Np = Nusselt number based on D, i.e.,
qu/k(Tw - Tm—)

£ = axial length of cylinder

7= ¢/(D tan ¢)

Journal of Heat Transfer

T = temperature
Ty = wall temperature
T. = ambient temperature

T = dimensionless temperature, see equation

(9)

u, v, w = velocity components in x, y, and z -

directions, respectively
t, U, w = dimensionless velocity components,
see equations (9) and (22)
x, ¥, z = coordinate system used, see Fig. 1
X, ¥, Z = dimensionless coordinates, see

temperature
¢ = angle of inclination from horizontal
# = surface angle
v = kinematic viscosity

Subscripts

m = based on mean heat-transfer rate

H = valué given by horizontal cylinder solu-
tion for given 7

V = value given by vertical plate solution for
given7
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Fig. 2 Flow regions for flat plate with constant f

the distance from the leading edge in the direction given by equation
(16) is used in place of the vertical distance. The above conclusions
may, of course, be regarded as obvious, since the boundary-layer forms
of the governing equations are being used. Their adequacy is essen-
tially confirmed by visual studies of free convective flow over plates
with nonhorizontal leading edges [6] showing that despite the lead-
ing-edge inclination the flow direction remains vertical.

For flow over a plate, therefore, the heat-transfer rate will be in-
dependent of Z except for a region indicated by ABC in Fig. 2 near the
“lower” edge of the plate (i.e., edge AB in Fig. 2) where this edge forms
the “leading” edge for the flow. In region ABC the heat-transfer rate
will vary in the Z-direction but not in the %-direction. Because of the
way in which Z is defined, line AC is simply given by Z = X. The two-
dimensional flow solution, of course, still applies in this region pro-
vided the distance from the “lower” edge (i.e., edge AB) is used as the
distance from the leading edge.

Stagnation-Point Solution. For flow over a circular cylinder,
the heat-transfer rate in general will depend on both ¥ and zZ. How-
ever, in the vicinity of the leading edge, # is near zero, and thus sin ¢
~ § = 2%, with the reference length D being in this case, of course,
taken as the cylinder diameter. In this case, if a new dimensionless
velocity u* = /% is defined, the solution becomes independent of X,
and the governing equations reduce to

o oW
Ut —4—=10 amn
y 9z
* ou  d%u* _
wer i g CE o7 (18)
y z ay?
8 0w 0w
Ay LA (19)
9y 0z  dy?
aT aT 1 9°T
P = ——— (20)

& 9 Proy?
In this case, then, the solution does not depend on ¥, and the
heat-transfer rate will therefore be such that, for a given Prandtl
number, Np/Gp®25 is a function of Z above.
Dimensionless Equations for Variable f. Here, as discussed
in the introduction, it is being assumed that the longitudinal accel-
eration component varies linearly with z, i.e., it is assumed that

z
()
f fo+f, D
with fo and f; being constants.
The dimensionless variables used are basically the same as in the

constant-f case except that here Gp, W, and Z are based on fo, i.e.,
here

(21)
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14

B(T,, — T=)(g cos ¢ — fosin ¢) D3
Cp = ’ :
. qwD 1 Jgcos¢~—fosing
v= <T> Gp%5 lgsin ¢ + fo cos ¢

. _ (2 gcecos¢— fosing
7= (5) [somo T ioeoss
The continuity equation (10) and the energy equation (13) are the

same as in the constant-f case. However, the X¥- and Z-momentum
equations in the present case become

(22)

ing+
+Tsino|1—fisin¢w'f)—z 23)
(g cos ¢ — fo sin ¢)2
oW om _ow %W 3
ﬁ—?+a%+w—Lf=Tw+Tl1+———fc—(ls—L—«z (24)
ax ay 9z Iy? (g cos ¢ — fo sin ¢)

The boundary conditions are, of course, basically the same as in
dimensional form.

For the variable-f case, results will be given only for a horizontal
body, i.e., for ¢ = 0. In this case, the dimensionless variables reduce
to

Ty - Tw)gD?
GD=‘ﬁ(w : )2

D 1
= ern) TG6E) @
v 1 Gp%5\f, D/ \fo
and the X- and Z-momentum equations are
i} au d a2 _
2 s = Ting (26)
ox Iy dz  9y?
i a ow % — i
R g T(1+’f£s> @7
% Iy dz 2 g

Solution Procedure

Solutions to the sets of equations outlined in the previous two
sections have been obtained numerically. A set of grid planes normal
to the Z axis was introduced. On each of these planes a set of grid lines
parallel to the ¥ and ¥ directions was then introduced. Finite-differ-
ence approximations written in terms of this grid system were then
introduced into the governing set of partial differential equations,
reducing them to a set of algebraic equations.

The first of the boundary conditions given in equation (6) gave the
conditions at all points on the grid plane at Z = 0. Using these, the
solution on the next grid plane was obtained, with this solution ad-
vancing in the X-direction from ¥ grid line to ¥ grid line starting from
the known conditions at the ¥ grid line at x = 0 that are given in
equations (6) and (7). Once the solution on the second grid plane had
been obtained in this way, the solution was advanced, using the same
procedure, to the next grid plane and so on. Basically the procedure
used is the same as that used for two-dimensional flows [7]. It involves
the use of three-point difference approximations for the y-direction
derivatives and two-point approximations for those in the - and
Z-directions. An implicit difference scheme was used, with the y-
derivatives being expressed in terms of conditions on the ¥ grid line
to which the solution was advancing. The coefficients in the convective
terms, such as U in the w(d%/0%) term, were also evaluated on this grid
line to which the solution was advancing. However, in order to work
with a set of linear algebraic difference equations, these coefficients
were dealt with iteratively. They were first approximated by the
values on the line from which the solution was advancing, and the
resultant set of equations was solved using the Thomas algorithm.
This solution was then used to give the second approximation for the
coefficient terms, and so on until convergence was achieved. In order
to stabilize this iterative procedure, pseudo-time-derivative terms
were introduced in the two momentum equations. The number of
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Fig. 3 Results for flow over cylinder with constant f for conditions indicat-
ed

iterations required to achieve convergence varied with coordinate
position from a minimum of about three to a maximum of about ten.
The basic procedure has previously been applied to a number of
two-dimensional flow problems [7-9].

Variable grid spacing was used in all three coordinate directions.
Calculations with various grid spacing and numbers of grid points
were undertaken. However, because of the three-dimensional nature
of the problem, it was not practical to explore in detail the effect of
grid size and distribution on the solution. However, sufficient calcu-
lations were undertaken to indicate that the solutions given below are
independent of grid spacing i.e., they are not unique to.the spacing

used. Typically, about 40 grid points were used in both the ¥ and the

% direction. Because of the form of the difference approximations
used, the solution at any stage involved only conditions on two adja-
cent grid planes.

The above procedure gave the values of Z, D, @, and T at all grid
points. Using this calculated distribution of T, the distribution of the
dimensionless heat-transfer rate could be derived.

Results

Consideration will first be given to results for the case where f is
constant. As shown earlier, the flow over a plate in this case is two-
dimensional. Results will therefore be given only for flow over a cir-
cular cylinder. In this case, as was shown earlier, the dimensionless
heat-transfer rate is a function of ¥ and z for a given Pr. The calculated
variation for two values of Pr is shown in Figs. 3 and 4. In presenting
the results in these diagrams, 6 = arcsin 2%, where D is the cylinder
diameter, has been used instead of %. It will be seen from the results
for Pr = 0.7 in Fig. 3 that at small values of z the results for all 4 tend
to coincide, while for large Z the results tend to be independent of z.
This is, of course, an obvious trend, since it will be seen from the form
of the governing equations and the definition of Z given in equation
(9) that Z = (2/D) (ratio of net x-acceleration component to net z-
acceleration component). Hence at small Z values, the z-acceleration
dominates and the flow is effectively the same as that for two-di-
mensional flow in the 2z direction. If the x-acceleration component
is entirely negligible, the well-known solution for two-dimensional
flow over vertical surfaces gives
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Fig. 4 Results for flow over cylinder with constant f for conditions indicat-
ed

N.
Gz 0.25

where A as indicated is a function of Prandtl number alone, N, is the
local Nusselt number based on z, and G, is given by

_ |B(Tw = T=)(g cos ¢ — f sin ¢) 23

(28)

= A(Pr)

G; (29)
2
Rearranging equation (28), therefore, gives
AP
Np  A(Pr) (30)

Gpo26 7025

The variation of Np/Gp®2% with Z given by this equation for the
appropriate values of Pr is shown in Figs. 3 and 4, and it will be seen
that the results for small Z tend to the variation given by this equa-
tion.

Similarly, at large values of Z the X-acceleration component dom-
inates, the flow is effectively two-dimensional and normal to the Z axis,
and Np/Gp©25 for a given value of ¢ ceases to vary with z. For Pr =
0.7 these results for large values of Z are in agreement with the results
of analytic studies of two-dimensional flow over horizontal cylinders
[1].

Thus the results for constant f indicate that for a cylinder set at an
arbitrary angle to the horizontal the heat-transfer rate near the bot-
tom of the cylinder (i.e., for small z) will be effectively the same as if
only the flow parallel to the z-axis existed, while for large 2 it will be
effectively the same as if only the flow normal to the axis existed.

Turning next to the case where f varies with Z, results will be given
only for Pr = 0.7 and for two values of f;/g. The results for a cylinder
are given in Figs. 5 and 6, and those for a plate are given in Figs. 7 and
8. In the case of a plate, results are given for ¥ up to 1, with D here
being taken as the “height” of the plate. The results for variable f show
the same basic trends as those for the flow with constant f. Comparing
these results with those for constant f shows that if the actual local

. [ at any Z is used in place of the constant value of f, the constant-f

results give a fairly good description of the variable-f results.

The only experimental results that appear to be available for
comparison with the present numerical results are the measurements
of mean heat-transfer rates from essentially isothermal inclined cyl-
inders that were obtained in an associated study that is described
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Fig. 5 Results for flow over cylinder with variable 7 for conditions indicat-
ed

elsewhere in this issue of the journal [10]. In that study the longitu-
dinal acceleration component f was zero, and for that case Gp reduced
to [Bg(Ty ~ T=)D3 cos ¢]/v? and % to z/(D tan ¢). In order to compare
the numerical and experimental results it is necessary to derive the
mean heat-transfer rate for a cylinder of given axial length from the

YA

Fig. 7 Results for flow over flat plate with variable f for conditions indicat-
ed

local heat-transfer rate variations discussed above. This is obtained
by noting that
1 I4 /2 N D
(J,

No | _1 —2_ix) dz
Cp®Blm 7 Jo G025 x) 2 31)

where 7 = ¢/(D tan ¢), with ¢ being the axial length of the cylinder.
Thus for a given Pr, by integrating the numerical derived variation

1.0
Cylinder Flat Plate
Pr=07 Pr =07
08 - — 08
X
Mo No 0.l
.2
Gp 2] 6o

0° 02

0.6 60° 06— 04
° .

90 07

|20° e

150°
04 04
0.2 I | 0.2 | ]

0.l 1O 10.0 0.l 1.0 10.0
z z
Fig. 6 Results for flow over cylinder with variable f for conditions indicat-  Fig. 8 Results for flow over flat plate with variable f for conditions indicat-
ed ed
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Fig. 9 Mean heat-transfer rate for cylinder with constant f

4
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of Nj/G %2 with ¥ and z, the variation of Np/Gy) %25 ,,, with 7 can
be derived; the variation for the case of Pr = 0.7 is shown in Fig. 9.
From this figure it will be seen that for small 7 the variation tends to
that given by the vertical plate solution, which is given by equation
(28) as 4A/37°%5, Similarly, for large values of ¥ Np/G,%25|,, becomes
constant, i.e., the horizontal cylinder solution applies. From Fig. 9 it
will be seen that the “vertical” plate solution applies for 7 less than
about 1, and the “horizontal” cylinder solution applies for 7 greater
than about 10. This conclusion is identical to that reached in the ex-
perimental study. Further, it has been found that the experimental
results between these two limits can be fitted by the following equa-
tion:

(Np/Gp®2] )8 = (Np/Gp 3| ,v)? + (Np/GpO 2| n)?  (32)

The variation given by this equation is also shown in Fig. 9, with
the horizontal and vertical solution values being those given by the
numerical results indicated in the figure. In the experimental deri-
vation of equation (32) the experimentally derived horizontal and
vertical cylinder results were used, and these variations were roughly

Journal of Heat Transfer

10 percent higher than those derived numerically. It will be seen from
Fig. 9 that equation (32), which was derived originally from the ex-
perimental results, describes the numerical results to well within the
scatter of the experimental data. Therefore it is to be concluded that
at least for the particular case of f = O the forms of the numerical and
experimental results are in excellent agreement.

Conclusions

The governing equations for both constant and variable longitu-
dinal acceleration have been written in terms of dimensionless vari-
ables that reduce them to a form that does not explicitly depend on
the mechanism causing the three-dimensional flow. It is shown that
for constant f the flow over a plate is two-dimensional, as is obvious
from the form of the basic equations used. The numerical results
obtained indicate that for small and large dimensionless z values the
heat transfer is effectively given by two-dimensional flow solutions
and that between these limiting situations the region of truly three-
dimensional flow exists.
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Mixed Convection On a Vertical
Plate With an Unheated Starting
Length

The effect of an unheated starting length on combined forced and natural convection ad-
Jjacent to a vertical plate has been investigated by solving the nonsimilar laminar bound-
ary layer equations. The solutions were carried out numerically for prescribed values of
the governing parameters which include the starting length Reynolds number Rey, a
mixed convection parameter gB(AT)v/U?, and the Prandtl number (which was asstgned
a value of 0.7). The local heat transfer resulls show that the presence of the unheated
starting length can significantly accentuate the effects of buoyancy relative to the case
of no starting length. The degree of accentuation of the buoyancy effects is strongly in-
fluenced by the magnitude of gB(AT)v/U 3 When this parameter is on the order of 1073,
the natural convection contribution to the heat transfer coefficient is markedly increased
owing to the starting length. On the other hand, when gB(AT)v/U.% is about 1075, the
buoyancy contribution is essentially unaffected by the starting length. The shape of the
velocity profile is also found to be highly responsive to the interaction between the
buoyancy and the starting length. As a by-product of the research, the accuracy of a well-
known integral momentum/energy solution for pure forced convection with a starting
length was established. In addition, velocity profiles for mixed convection without a start-
ing length were compared with those of experiment in order to appraise a proposed expla-
nation for a disparity that had been previously identified in the literature.

Department of Mechanical Engineering,
University of Minnesota,
Minneapolls, Minn.

Introduction

It is well-established that buoyancy.forces have only a modest effect
on the heat transfer from the lower portion of a heated vertical plate
situated in a forced convection upflow. This is because the forced
convection freestream velocity persists very close to the plate surface
(due to the small thickness of the houndary layer) and the natural
convection velocities are small (owing to the short length of run along
the plate). These characteristics correspond to the situation where
both the hydrodynamic and thermal boundary layers originate at the
leading edge of the plate. This case is the only one that has so far been
investigated ([1-3]! are representative of the recent literature).

It can be reasoned that the presence of an unheated hydrodynamic
starting length should enhance the relative importance of the

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
June 16, 1976.
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buoyancy forces by thickening the velocity boundary layer prior to
the onset of heating and thereby reducing the velocities near the plate
surface. The present investigation was undertaken to assess quanti-
tatively the effect of an unheated starting length on the heat transfer
characteristics of a buoyancy-affected forced convection flow on a
heated vertical plate. The presence of a starting length activates two
additional dimensionless parameters (in addition to the Prandtl
number). One of these is the Reynolds number Rej that characterizes
the starting length. The second is a group g8(AT)»/U ? which is an
index of the relative strengths of the natural and the forced convec-
tion, but does not contain a length scale. It is, therefore, independent
of the ratio Gry/Re, 2 ~ x, which serves the dual function of a position
variable and an index of natural to forced convection in the case where
there is no unheated starting length.

The problem does not yield an analytical solution, so a numerical
technique was employed. Results were obtained for starting length
Reynolds numbers ranging from 1000 to 20,000, for g8(AT)v/U." of
103, 10~4, and 10~%, and for a Prandtl number of (.7. For each of these
cases, local heat transfer coefficients are presented for Gr,/Re, 2 be-
tween 0.01 to 10. Representative velocity profiles are also plotted to
illustrate the buoyancy effects.
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Fig. 1 Inset: schematic diagram of the physical problem; Graph: appraisal

of the accuracy of hyy from the integral momentum/energy solution for pure

forced convection

In addition to the just-described main focus of the paper, two re-
lated subjects were examined. The first is the case of pure forced
convection heat transfer in the presence of an unheated starting
length. In this case, we have assessed the accuracy of a well-known
solution [4] based on the integrated momentum and energy equations.
The second related subject is a comparison of computed velocity
profiles for combined forces and natural convection without a starting
length with those of experiment [1]. In [1], the lack of precise agree-
ment in a limited comparison between the data and a numerical so-
lution [5] was conjectured to be due to a restrictive velocity condition
in the numerical procedure. A detailed examination of this matter
undertaken here provides the opportunity of resolving the issue.

Analysis

A schematic diagram of the problem under consideration is shown
in the inset of Fig. 1. As pictured there, a vertical plate is unheated
over an initial length L. For surface locations above this initial length,
the plate is at a uniform temperature T',,. The origin of coordinates
was selected to coincide with the position at which heating begins. The
freestream velocity and temperature are U, and T, respectively.

The governing equations are the incompressible boundary layer
equations for x-momentum and energy, plus the continuity equation.
The first of these includes the buoyancy force per unit mass g8(T —
T'»). The boundary conditions can be stated as

u=v=0 aty=0, u—>U. asy—> (1)

T=T, aty=0, T—>T, asy > (2)

Equation (2) is relevant only for x > 0. Thermal boundary conditions
need not be stated for —L¢ < x < 0since T' = T'», throughout that re-
gion.

The solution of the problem was carried out numerically by the use

of the Patankar-Spalding technique [6]. Special care was needed
because of the great disparity in the thicknesses of the velocity and
thermal boundary layers in the range of small x values. If grid points
uniformly spaced across the velocity boundary layer were to be em-
ployed in a case where the thermal layer is much thinner than the
velocity layer, too few points would fall within the thermal layer to
provide an accurate solution. T'o deal with this situation, a nonuniform
distribution was employed such that a greater density of points was
concentrated near the plate surface. Extensive testing involving
several candidate distributions was carried out in order to insure that
high accuracy was obtained in the face of the steep temperature gra-
dients near the wall. From these tests, it was concluded that the heat
transfer results are accurate at least to one in the third significant
figure, that is, to about 0.2 percent or better.
Nondimensionalization of the governing equations and boundary
conditions revealed the presence of three independent parameters

g8(AT)»/U.3, and Pr (3)

The dimensionless x coordinate selected for presentation of the results
is Gr./Re,?

Gr,/Re, 2 = (gB(AT)x3/v?)/(Uwx/v)? (4)

Rep (=UxLo/v),

where it is emphasized once again that x is measured from the start
of the heated section.

The local heat transfer results will be expressed by the local coef-
ficient h = q¢/(Ty — T»). To obtain a presentation which clearly de-
lineates the effects of buoyancy, the ratio hpc/hrc will be employed.
In this ratio, hapc is the local heat transfer coefficient for mixed con-
vection (combined natural convection and forced convection) and hg¢
is the local coefficient for pure forced convection. Both hasc and hpe
correspond to the same unheated starting length and to the same

Nomenclature

k = thermal conductivity

T, = plate surface temperature

Gr, = Grashof number, g8(AT)x3/v2

g = acceleration of gravity

h = local heat transfer
Q/ (Tw - Tm)

hme = local coefficient for mixed convec-
tion

hre = local coefficient for pure forced con-
vection

A rc = forced convection coefficient from in-
tegral solution, equation (7)

coefficient,

Journal of Heat Transfer

Ly = unheated hydrodynamic starting
length

Pr = Prandtl number

q = local heat transfer per unit time and
area

Reo =
UxLe/v .

Re. = Reynolds number based on heated-
section coordinate, U«x/v

T = temperature

starting length Reynolds number,

T« = freestream temperature

U. = freestream velocity

u = streamwise velocity component

v = transverse velocity component

x = streamwise coordinate along heated
section, Fig. 1

y =*transverse coordinate

B8 = thermal expansion coefficient

AT = temperature difference, T, — T

» = kinematic viscosity
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streamwise location x. Therefore, the departure of hpc/hre from
unity is a direct measure of the augmentation of the forced convection
heat. transfer coefficient due to buoyancy.

The values of hpc needed for the evaluation of the aforementioned
ratio were also determined from numerical solutions. Since hp¢ (ac-
tually Nugc) depends on the local Reynolds number Re, for a fixed
value of Rey, it is necessary to interrelate Re, and Gr,/Re,2so that
both hc and hpc correspond to the same x location. This interrela-
tion is provided by

Re; = (Gry/Re.2)/(gB(AT)v/U?) (5)

Thus, for given coordinate and parameter values for the mixed con-
vection solution, Gry/Rey 2 and gB(AT)»/U -3, respectively, the Re,
for the forced convection solution can be deduced from equation

(5).

Results and Discussion

Heat Transfer Coefficients. The local heat transfer results are
presented in Fig. 2. The figure is subdivided into three graphs, re-
spectively, parameterized by values of g8(AT)v/U.3 = 1075, 1074,
and 1073 (lower to upper). In each graph, the ratio hpsc/hre is plotted
as a function of Gry/Re. 2 Semilogarithmic coordinates are used in
recognition of the fact that the range of hasc/hre is much smaller than
that of Gr,/Re,2 The individual curves in each graph correspond to
various unheated starting lengths characterized by Rep ranging from
zero to 20,000. The curve for Rey = 0 is the same in each graph, that
is, it is independent of gB(AT)»/U 3. Left- and right-hand ordinate
scales are employed as indicated to avoid overlap among the
graphs.

In addition to the computed curves for hac/hrc, asymptotes for
pure forced convection and pure natural convection are plotted in the
graphs as dashed lines. The former is a horizontal line with an ordinate
hae/hre = 1, whereas the latter is an upsloping curve whose equation
is (for Pr = 0.7)

hacelhre = 1.207 (Gry/Re, 2)H4 (6)

Equation (6) was derived for the case of no starting length (Rep = 0).
It will also serve as the asymptote for the Reg > 0 cases since, for large
values of Gr./Re,2, the results become insensitive to the presence of
a starting length.

The effect of the unheated starting length in enhancing the im-
portance of buoyancy may be readily identified by comparing the
curves for Rep > 0 (finite starting length) with that for Reg = 0 (no
starting length). From such a comparison, it is seen that the buoyancy

contribution to the heat transfer coefficient, as witnessed by the de-
parture of hyc/hrc from unity, is markedly greater in the presence
of a starting length when gB8(AT)»/U.3 = 1073, For example, at
Gr,/Re.2 = 0.5, the respective values of hac/hrc are 1.24 and 1.84
for Reg = 0 and Reg = 20,000. Clearly, the starting length plays a role
of first-order importance.

As gB(AT)v/U? diminishes, so also does the effect of the starting
length. At gB8(AT)v/U3 = 1074, a comparison at Gr,/Re,? = 0.5,
shows that the hpsc/hre values are 1.24 and 1.42 at Reg = 0 and 20,000,
respectively. Thus, although the effect of the starting length on the
buoyancy contribution has diminished, it is by no means negligible.
At a value of g8(AT)v/U.3 = 10~5, the buoyancy contribution to the
heat transfer coefficient in the presence of a starting length is, per-
centagewise, about the same as that for the case of no starting
length.

The effect of a starting length on the buoyancy contribution de-
creases both at small and at large Gr,/Re, 2 When Gr, /Re, 2 is small,
the buoyancy contribution is also small, both in the presence and in
the absence of a starting length. On the other hand, at large Gr,/Re. 2,
natural convection is the dominant transfer mechanism, Since pure
natural convection is not affected by a starting length, the modest
influence of a starting length in a buoyancy-dominated flow is plau-
sible.

For the case of gB(AT)v/U.3 = 1073, the substantial effect of the
starting length already in evidence at Gr,/Re, 2 = 0.01 would logically
motivate solutions for lower values of Gr,/Re. 2 However, as dem-
onstrated by equation (5), such solutions would correspond to values
of Re, <10 and, therefore, to Re, Pr < 7. At such low values of Re. Pr,
the neglect of streamwise heat conduction cannot be justified by the
customary order of magnitude arguments of boundary layer theory.
Therefore, solutions were not performed for Gr,/Re, 2 below 0.01.

To employ the results presented in Fig. 2, it is necessary that values
be available for the local heat transfer coefficient hzc for pure forced
convection in the presence of a starting length. As noted earlier, values
of hpc were determined from a numerical solution for each Reg.
Rather than plot this information directly, a more compact presen-
tation will be made by employing the algebraic representation which
describes the end result of an integral momentum and energy solution
of the problem [4], that is

Brc(x + Lo)/k

= 0.332Pr3(Re, + Reo)l/z/[l _ < Lo )3/4]1/3
x + Lo

Gr,/Re,.

Fig. 2 Local heat transfer coefficients for mixed convection in the presence

of an unheated starting length
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Since equation (7) is based on an approximate analysis, Apc is
subject to error. The errors were assessed by comparisons with the
numerical solutions for hrc, whose accuracy is about 0.2 percent (as
mentioned earlier and to be confirmed shortly). For such a compari-
son, [(hpc/firc) — 1] is plotted as a function of (Re, + Reg)/Reo. Such
a plot was found to be independent of Reg to within a tenth of a per-
cent. It is presented in Fig. 1. Inspection of the figure shows that Apc
is low by about 2 percent when (Re, + Reg)/Reg ~ 1. With increasing
values of this parameter, the error in fzc decreases and then changes
sign, finally levelling off at a value [(hpc/Rrc) — 1] = —0.0085.

The use of equation (7) in conjunction with Fig. 1 enables hzc to
be evaluated for subsequent application in Fig. 2. In light of the ap-
proximate nature of the analysis which led to equation (7), the rela-
tively small errors in fipc are worthy of note.

Fig. 1 also contains horizontal lines which represent limiting values
for small and large (Re, + Reg)/Req. The limit as (Re, + Reg)/Reg —
1is due to Spalding (7) and is based on a Leveque-type model. At large
values of (Re, + Reg)/Reo, the limit is provided by the classical exact
similarity solution for a plate without a starting length (e.g., [8]). The
close agreement of the present results with these limits confirms the
accuracy (about 0.2 percent) of our numerical solutions.

The heat transfer results can be viewed from another perspective
in addition to that thus far discussed. Consider first the case of pure
forced convection and let hrc/(hpc) denote the ratio of heat transfer
coefficients with and without a starting length, where both h values
correspond to the same distance x from the onset of heating, It is
readily verified (e.g., from equation (7)) that hrc/(hpc)o < 1. Next
consider the ratio hase/(harc)o, where again the two h values are for
the same x as well as for the same value of g8(AT)v/U 3. By making
use of Fig. 2, it can be shown that

1> hae/(hasc)o > hre/(hrc)o €)]

Thus, the mixed convection results are less sensitive to the presence
of an unheated starting length than are those for pure forced con-
vection.

Velocity Profiles. The shapes of the velocity profiles are highly
responsive to the interaction between the unheated starting length
and the buoyancy. The hydrodynamic development which precedes
the onset of heating causes the velocity boundary layer to be sub-
stantially thicker than the thermal boundary layer. As a consequence,
the buoyancy force is confined to the inner portion of the velocity
boundary layer. In contrast, in the absence of a starting length, the
thicknesses of the two boundary layers are very nearly equal for Pr
= (.7, so that the buoyancy force is active all across the velocity
boundary layer.

Fig. 3 has been prepared to illustrate these characteristics. The
figure is subdivided into two parts. A left-hand graph contains results
for a starting length situation characterized by Rey = 10,000 and
gB(AT)v/U? = 1073 and a right-hand graph which corresponds to
no starting length (Reg = 0). In each graph, u/U.. is plotted against
yV Uo/v(x + Lg), which is the forced convection similarity variable

Re,=10,000
9BIATIV/Ug>=10”

3

¥/ Un/v(x+1,)
Fig. 3 Representative velocity profiles for mixed convection with and without
an unheated starting length

¥/ U /v(x+L,)
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based on the distance (x + Lo) measured from the start of hydrody-
namic development. Such a coordinate cannot correlate all the results
onto a single curve because of the effects of buoyancy and of the
starting length, but its use tends to suppress large variations in
boundary layer thickness and thereby avoids presentation difficulties.
Since Ly is finite for the left-hand graph and zero for the right-hand
graph, a comparison of the abscissa scales of the two graphs does not
yield a direct comparison of the boundary layer thicknesses for the
two cases. However, the desired .comparisons of the profile shapes can
readily be made.

In each graph, the successive curves are parameterized by increasing
values of Gr,/Re, 2, corresponding to increasing downstream distances
from the onset of heating. The Blasius velocity profile for pure forced
convection is included for reference purposes (dashed line).

Inspection of Fig. 3 reveals marked differences in the shapes of the
profiles with and without an unheated starting length. For small and
intermediate values of Gr,/Re, ?, the profiles for the starting length
case have a local maximum in the region near the plate surface, re-
flecting the fact that the buoyancy force is confined to that region.
Even at large Gr./Re, 2, the peaks in the profiles are relatively narrow.
In contrast, the profiles for the no starting length case are fuller and
the peaks are broader, indicating that bouyancy is active across the
entire boundary layer. It may also be noted that the peaks are higher
in the absence of a starting length. This is because the forced con-
vection velocities on which the natural convection is superposed are
larger for the no starting length case.

As a final matter with respect to the velocity profiles, attention will
be turned to a comparison with the experimental data of Gryzagoridis
[1] for combined forced and natural convection on a vertical plate
without a starting length. In [1], velocity profile data are plotted for
five values of Gr,/Re,2 = 0.46, 0.93, 2.73, 4.33, and 8.74. A comparison
was made with a computed velocity profile from [5] corresponding
to Gry/Re, ? = 2.35. The level of agreement between the data for 2.73
and the computed profile for 2.35 was satisfactory, but not perfect.
As an explanation for the absence of precise agreement, it was sug-
gested that, whereas the buoyancy-induced flow actually starts ahead
of the leading edge, the boundary layer solution method of [5] assumes
that the condition u = U, prevails at the leading edge. We, however,
anticipate that, for the case of combined forced and natural convec-
tion, this leading edge effect is likely to be small, especially at the
larger values of Gry/Re, 2 To confirm this expectation, we actually
obtained elliptic solutions (by a method derived from [9]) for a cal-
culation domain which included the region upstream of the leading
edge and thus provided an account of the leading edge effect free from
the boundary layer assumptions. The calculated velocity profiles
matched almost perfectly with the profiles from the boundary layer
solution. Further, our solutions agreed closely with those of [5]. Thus,
the flow, if any, induced ahead of the leading edge does not seem an
important factor. Moreover, the agreement between the present el-
liptic and boundary layer solutions as well as those of [5] suggests that
the calculated velocity profiles are correct representations for the
physical situation that was analyzed (nonstratified environment;
uniform, vertical freestream velocity; constant property, nondissip-
ative flow; isothermal plate).

The comparison of our numerical solutions with the experimental
data of [1] is shown in Fig. 4. At the lowest value of Gr,/Re,? (= 0.46),
the agreement between the computed and experimental results is
excellent. However, at larger values of Gr,/Re, 2, the data consistently
tend to fall below the computed curves. The extent of these deviations
is moderate; for instance, at the peak of the curve for Gr,/Re, 2 = 4.33,
the data lie about 8 percent below the curve.

We believe that the level of agreement evidenced in Fig. 4 is satis-
factory, although the systematic deviation between analysis and ex-
periment is a matter of some concern. The deviation might well be due
to the fact that the experimental conditions do not coincide with the
analytical model that was detailed in the paragraph just above the
preceding one. In particular, experiments involving natural convection
are known to be error prone owing to their susceptibility to extraneous
influences from the surrounding environment.
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Concluding Remarks

The local heat transfer results have shown that the effects of
buoyancy on laminar forced convection adjacent to a heated vertical
plate are accentuated by the presence of an unheated starting length.
The degree of accentuation is governed by the parameter g8(AT)
v/U.". When the parameter is on the order of 1073, the presence of
a starting length markedly increases the importance of the natural
convection contribution to the heat transfer coefficient. On the other
hand, when g8(AT)w/U .3 is on the order of 1075, the buoyancy con-
tribution is essentially unaffected hy the presence of a starting
length.

The shapes of the velocity profiles are highly responsive to the in-
teraction between the buoyancy and the starting length. In the
presence of a starting length, the buoyancy induced peak in the ve-
locity profile takes the form of a local maximum in the near-wall re-
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gion when Gr,/Re,? is small. At intermediate and large values of
Gr./Re,?, the velocity profiles are more skewed toward the wall than
are their counterparts for the case of no starting length.

As a by-product of this investigation, we have established that the
heat transfer results from a well known integral momentum/energy
solution for pure forced convection with a starting length are accurate
to better than two percent. In addition, the present velocity profile
results for mixed convection without a starting length were compared
with those of experiment in order to assess a proposed explanation
for a previously noted disparity. Our findings corroborate an earlier
numerical solution.
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Transient Natural Convection of
Water in a Horizontal Pipe With
Constant Cooling Rate Through 4°C

A theoretical analysis is carried out to study the influence of an anomalous density-tem-
perature relationship of water on the transient natural convection in horizontal cylinders
with wall temperature decreasing at a uniform rate. Numercial solutions are obtained for
three cases involving different cooling rates, pipe diameters, and initial uniform water
temperatures for temperature conditions between 0 and 7°C. The transient flow and tem-
perature fields, and local and overall heat transfer rates are presented to study the inver-
sion of flow patterns caused by the maximum density at 4°C. The numerical results are
compared with the experimental measurements and predictions of a quasi-steady bound-
ary-layer model reported by Gilpin [2], and generally a good agreement is observed. Some
implications on the subsequent freezing process are pointed out.

1 Introduction

The satisfactory design and operation of a water distribution system
in continuous or discontinuous permafrost regions requires an accu-
rate prediction of water temperature in the system under various
thermal boundary conditions. It is also necessary to estimate the
amount of heat to be added to the water so that the water upon
passing through the entire system and after remaining static during
the maximum allowable time would not drop below a certain per-

missible minimum temperature [1].! For the computation of heat loss .

in a water system, one may consider the flow and nonflow situations.
During the static period when water does not move through the pipes,
the heat transfer between the water and the pipe wall takes place
through the transient natural convection process. It is thus seen that
the cooling of water in a horizontal pipe with, or without, main flow
to the point at which the freezing process occurs is of considerable
practical interest. The occurrence of the maximum density of water
at 4°C introduces an additional interesting complexity in the study
of the transient natural convection heat transfer. The anomalous
behavior of water is also known to be the cause of some very striking
and important natural phenomena such as limnetic waters.
Recently, Gilpin [2] carried out an experimental investigation on
cooling of water in a horizontal cylinder with wall temperature de-

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
June 14, 1976.
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creasing at a constant rate through the maximum density point at 4°C
and identified four flow regimes (transient, quasi-steady, inversion
and quasi-steady states) before occurrence of the freezing process.
Gilpin’s approximate theoretical analysis {2] employed a quasi-steady
boundary-layer model. In view of the experimental information
provided by Gilpin’s study and the approximate nature of the
boundary-layer approximation, a numerical solution of the transient
natural convection problem considered by Gilpin is apparently in
order. The numerical solution to the governing Navier-Stokes and
energy equations yields a complete time-dependent velocity and
temperature fields thus enabling one to study the flow pattern, and
local and overall heat transfer characteristics in detail up to reasonably
high physical parameters (105 < GrPr 2 2 X 10°). Specifically, the
present investigation is concerned with the numerical simulation of
the transient natural convection problem in horizontal pipes studied
experimentally by Gilpin [2].

For recent literature on the effects of maximum density on free
convection phenomenon, one may cite the works by Vanier and Tien
[3, 4], Tien, Yen, and Dotson [5], Desai and Forbes [6], Watson [7],
Forbes and Cooper [8], and Seki, Fukusako, and Nakaoka [9] for
reference. Without the maximum density effects, the problem under
consideration was studied experimentally by Deaver and Eckert [10]
and numerically by Takeuchi and Cheng [11]. One notes that Quack’s
perturbation solution [12] is valid only for very low Rayleigh number
regime which is not important practically.

2 Analysis

2.1 The Temperature-Density Relationship. With its maxi-
mum density at 3.94°C (usually approximated as 4°C), water
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undergoes a normal thermal expansion from that temperature up-
ward, and an inverse thermal expansion from that point downward
(see Fig. 1). The density-temperature relationship for water can be
approximated by the following equation for the temperature range
0~ 20°C [13].

Vp = (1/po)(1+ BT + B2T2 + BT + B4T*) 1)

where po = 0.9998396 (g/cm?), 8 = —0.678964520 X 1074 (1/°C), B2
= ().907294338 X 1075 (1/°C?), B3 = —0.964568125 X 10~7 (1/°C?), and
B4 = 0.873702983 X 10~° (1/°C4). Fujii [13] notes that the foregoing
expression agrees with the tabulated data of Landolt-Bornstein [14]
with an error of less than one unit at the last digit.

2.2 Formulation of the Problem. Consideration is given to the
two-dimensional transient convective motion generated by the
buoyancy force on the water in a long horizontal circular cylinder (see
Fig. 1) with wall temperature decreasing at a constant time rate as Ty,
= Ty — Ht. Initially the water is assumed to be at a uniform temper-
ature higher than 4°C and cooling continues until T,, = 0°C is
reached. In this analysis, the Boussinesq approximation is made so
that density variations only modify the body force term. Using the
coordinate system shown in Fig. 1 and neglecting frictional heating,
the dimensionless equations governing the problem with the maxi-
mum density effects can be shown to be:

o 9t v 3 P

LS S S (gi> Pr?AT [sind> Z (K10 + Ko

a7 o rdg v2 ar
) ,

+ Kyf® + Ky0%) + 39—835; (K10 + Kob? + Ko + K404)] ©
r
E=VH ' (3)
Nomenclature

a6 a0 v a0
™ u;+;£=v29+1 4
where
Ky = (81 + 2B2Tw + 3B3Tw2 + 484T,%) /K
Ko = (89 + 383T, + 684T,HAT/K
K= (B3 + 484 Tu)(ATY?/K
Ky = B4(ATP/K
K=14 1Ty + B2Tw? + BsTw? + B4T* (5)
and

r=«t/a r=R/a,u=alU/k,
v=aV/g, ¥ =¥/« £ =a?Q/x,
0= (T — T,)/AT, AT = a®?H/x, U = 3¥/Ra¢,
V= —9¥/oR, @ = —(1/R)[0(RV)/3R — 3U/d¢],
u=90Y/rdp,v=—3Y/or, V2 =3%/ar2 + a/ror + 3%/r?0¢4* (6)

All other symbols are defined in the Nomenclature.
The initial and boundary conditions are

u=p=y=§f=0=0 atr=0
u=v=yYy=0Y/or=0=0 atr=1(wall)

v=0uldp =y =Ef=0a0/dp =0 along ¢ =0, r (symmetry) (7)
The characteristic temperature difference AT is defined using the
constant wall cooling rate H and the physical parameter (ga®/v?)
represents the size of the cylinder. In view of the complex nature of
the problem, a numerical solution appears to be the only practical
approach for the present problem without employing the boundary-
layer approximation. The peripherally average wall heat flux g at any
time can be computed by considering the wall temperature gradient
(88/9r), -, or the time rate of change of water temperature (—34/97).
The dimensionless average wall heat flux, ¢/ = (ga)/(ATk), is then
obtained as

7 = (/) j; " (—~30/r),=1d b,

§o’ = (1/2) + (1/x) ‘f;” j;l(—BG/a'r)rdrdqﬁ (8)

The time deperident Nusselt number is defined by
Nu = (2ag/k)/(Ts — Tw) = 2q'/95,

8y = (2/7) j; " j; "ordrdd  (9)

3 Numerical Solution
In this study, the explicit DuFort-Frankel method is employed for
the finite-difference solution of the parabolic-type equations (2) and

a = inside radius of pipe

Gr = Grashof number, equation (12)
g = gravitational acceleration

H = constant wall cooling rate

K, Ky, .. K4 = constants, equation (5)
k = thermal conductivity

Nu = Nusselt number, equation (9)
Pr = Prandtl number

g = average wall heat flux

g4 = local wall heat flux

R = radial coordinate

r = dimensionless radial coordinate, R/a
T = temperature

Ty = mixed mean temperature
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Ty, = wall temperature

To = uniform initial water temperature

t = time

U, V = velocities in R and ¢ directions

u, v = dimensionless velocities in R and ¢
directions, equation (6)

[8]lm = effective mean thermal expansion
coefficient, equation (11)

B1, . . B4 = constants, equation (1)

6 = dimensionless temperature, (7' ~ T,)/
AT

« = thermal diffusivity

v = kinematic viscosity

¢ = dimensionless vorticity, a2Q/x

p = density

7 = dimensionless time (Fourier number),
«t/a?

¢ = polar coordinate

¥ = stream function

¥ = dimensionless stream function, ¥/«

Q1 = vorticity

AT = characteristic temperature difference,
a?H/x

Subsecripts

b = mixed mean value
i, J = space subscripts of a grid point
w = value at wall
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Table 1 Physical parameter, Ar and A7
3,2 Ar
Case  Tp AT QN Pr G408 0810 AT
1o7°c 1s°c 1x107 10 1715 1/20 130 sx107t
nm s 15 x0® w0 1/1s 1/25 150 sx1074
8 r=0~0.6 r=0.60.8 r=0.8-1.0 -4
o6 60 2.5x0° 10 T o ;85070 %10

(4) and a line iterative method is used for the elliptic equation (3).

Some details on numerical solution procedures are given in [11].
Considering Gilpin’s experimental data [2], numerical results are
obtained for three cases (I, II, III) shown in Table 1 where the para-
metric values for ga3/v? correspond approximately to 2a = 2.54, 5.08,
7.62 em (or 20 = 1, 2, 3 in.), respectively. The grid spacing used is
uniform (A¢ = #/20) in the ¢-direction but in the r-direction three
regions of different uniform mesh sizes are used with the grid lines
more closely spaced near the wall than near the center (see Table 1).
One notes that as the parameter (ga3/v2) increases, a boundary-layer
type flow appears and the velocity variation near the wall becomes
large. During the initial period immediately after the start of cooling,
the variation of the temperature field with time is large and a con-
tinually increasing smaller time step At is required for an accurate
solution. After the initial cooling period, the uniform time step shown
in Table 1 is used to increase the computational efficiency. The sin-
gularity at the origin of the polar coordinates is avoided by using a
finite-difference equation in Cartesian coordinates there.

The iteration for the stream function at any time step using a re-
laxation factor 1.5 is terminated when the following convergence
criterion is satisfied.

El (1//5J)”+1 - (\//[,j)"!/zl (\l’i,j)n+1| <0.5X10°3 (10)

The number of iterations required decreases rapidly from 30 imme-
diately after the start of the cooling to 2-4 for most other time steps.
It is found that the number of iterations also reaches as high as 20
when the maximum density effect appears. The total time steps range
from 900 to 1160 and the corresponding computing time is from 18
to 25 min on the IBM 360/67 depending on the initial temperature
T and the parametric value ga®/v2 Two independent (alternative)
means of calculating the average wall heat flux provide a means of
checking the accuracy of the numerical solution. In evaluating §’ from
equation (8), five-point and three-point finite difference approxi-
mations are used for (96/dr),=1 and (36/37), respectively, and Simp-
son’s rule is used for numerical integration. The agreement between
g1’ and ¢’ is found to be within 1 percent but a maximum difference
of 2.5 percent is observed when the maximum density effect is sig-
nificant.

4 Results and Discussion

4.1 Flow and Temperature Fields. The imposed time-de-
pendent wall temperature T\, center-line temperature T, and mixed
mean temperature T = T, + (2AT/7) f o™ fo! Ordrd¢ for the three
cases under consideration are shown in Fig. 2. The calculation is ter-
minated when the wall temperature reaches the freezing temperature
0°C. For Case II, the time history of T, and T}, exhibits a fluctuating
phenomenon near the final stage and the numerical results are not
presented. 1t is felt that a stable solution may be obtained by using
a smaller time increment but the numerical solution obtained is suf-
ficient to understand the maximum density effect. For Cases I and
111, the value of the cooling parameter Cp = 2aH*/5(v/gk3)1/5 =
2AT45/(Prga3/v?)l/5 for the temperature difference (T, — Tw)
proposed by Gilpin [2] becomes 0.438 and 0.698, respectively. Con-
sequently, Cases I and Il may be considered to correspond approxi-
mately to Cases C2(2a = 26 mm, Cr = 0.41) and B1(2¢ = 75 mm, Cp
= 0.69) in Gilpin’s experiment (see Fig. 8 of [2]).

The time-dependent temperature solution for T, clearly exhibits
the four flow regimes (transient, quasi-steady, inversion and quasi-
steady states) identified by Gilpin before the onset of freezing process
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Fig. 2 Transient distributions of wall temperature T,,, center-line temperature
T, and mixed mean temperature T},

(see Fig. 4 of [2]). At quasi-steady state, the water temperature de-
creases approximately at the same time rate as the wall temperature
and the inversion regime near 4°C is unique to water possessing
maximum density. It should be pointed out that the definition of
quasi-steady period in which flow patterns, velocities and the tem-
perature difference between the water and the wall remain relatively
constant follows that of [2]. One notes that Gilpin’s theoretical model
[2] is based on the existence of two quasi-steady states before and after
the inversion. It is pointed out that the quasi-steady regime before
the freezing has special implication for the ice formation problem.
When the initial temperature T’ is much higher than 4°C, one expects
that the period of the initial quasi-steady regime may be quite long
and a considerable computing time is required to reach the inversion
regime. It is also expected that under a quasi-steady state the char-
acter of the governing equations (2) and (4) changes from parabolic-
type to elliptic-type since the unsteady terms, 8£/dr and 86/9+, become
negligible in comparison with other terms. As a result, a serious nu-
merical difficulty may arise. Because of the reasons noted previously,
the initial temperature close to 4°C is selected for numerical calcu-
lation in this study.

A quasi-steady state may be considered to be reached when the
temperature variation with time at center, T, becomes approximately
parallel to that at wall 7',,. For Cases Il (Tg = 5°C) and III (T, = 6°C),
the initial quasi-steady regime cannot be distinguished clearly since
the initial temperature T is quite close to 4°C. It is interesting to note
that the variation of the mixed mean temperature T with time does
not provide any informatiorron the existence of the four flow regimes
noted by Gilpin [2]. Tt is clear that the curves shown in Fig. 2 can be
extrapolated to the supercooled region. In present investigation, the
period 7 = 0.1 ~ 0.25 preceding the inversion and the period between
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7 = 0.4 and the onset of ice nucleation for Case I shown in Fig. 2 may
be regarded to be quasi-steady states.

The streamline patterns and isotherms corresponding to the par-
ticular times noted by different symbols in Fig. 2 for Cases I and III
are shown in Figs. 3 and 4, respectively. In Fig. 2, a circle on the cen-
ter-line temperature curve indicates the regular flow pattern with a
pair of counter-rotating vortices and a dot represents the flow pattern
with two pairs of vortices. The dots and circles indicate the time steps
with computer output for flow patterns and isotherms but only those
identified by symbols are presented here. The temperature profiles
along the horizontal and vertical axes corresponding to the flow and
temperature fields for Case I shown in Fig. 3 are plotted in Fig. 5. One
notes that the streamline patterns, isotherms and velocity profiles
at 7 = 0.1492(A) and 0.4492(C) for Case I (see Figs. 8 and 5) are quite
similar. This observation confirms the existence of the two quasi-
steady states before and after the inversion.

The parametric values for Case III (see Table 1) are higher and the
temperature profiles along the vertical and horizontal axes (a), ve-
locity profiles for u and v along the horizontal axis (b), and the di-
mensionless local wall heat flux distributions (c¢) for the particular

*=00799(D)
0.31¢, 001°C

200849 (E)
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T 200999 (H)

¥ 200949 (G)

Fig. 4 Transient streamline patterns and isotherms for Case il
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times noted in Figs. 2 and 4 are presented in Fig. 6 in order to study
the maximum density effect during the inversion process. After
passing through the transient regime (A4), a boundary-layer type flow
appears and one notes large downward velocity and temperature
variations near the wall. In the core region, the water becomes strat-
ified with a vertical temperature gradient. Near the top of the pipe,
the warmer water in the core region is continually transported upward
and the isotherms are closely spaced indicating larger local wall heat
flux (see Fig. 6(c)). On the other hand, the cooler water near the wall
is transported downward and the isotherms in the lower portion are
sparsely spaced indicating poor wall heat-transfer. At 7 = 0.0449 (see
Fig. 4(A)), the isotherm for 4°C already appears. It is thus seen that
in a layer hetween the isotherm 4°C and the wall the buoyancy force
changes sign and the lower portion is potentially unstable because of
a top-heavy situation. With the growth of the unstable layer, an ad-
ditional pair of vortices rotating opposite to the existing earlier one
will eventually be set up near the bottom. The onset of instability
oceurs at T',, = 3°C, Thus, the inversion process begins.

The growth of the lower vortices and the decay of the upper vortices
with time are clearly seen in Figs. 4 (B), 4(C), and 4(D). It is useful
to note that the intensity of the vortex motion is indicated by the
maximum absolute value of the stream function . In the region near
the wall where the two vortices meet, the cooler water near the wall
will be carried directly into the core region and the isotherms become
distorted and sparsely spaced (see Fig. 4(C) and curve C in Fig. 6(c)).
Since the warmer core water is carried downward in the lower portion
of the pipe, the heat transfer rate at the lower wall improves subse-
quently as shown in Fig. 6(c). At r = 0.0799 (Fig. 4(D)), the weak
original vortices are seen to be completely engulfed by the strong
vortices with a reversed circulation pattern. At r = 0.0849 ¥ig. 4(F),
the original vortices disappear completely and the direction of the
circulation is reversed. Thus, the inversion process ends. In Figs. 4(#),
A4((7), 4(H), the core temperature is higher in the lower region and the
stratification is opposite to the earlier one. It is interesting Lo note that
at r = 0.0999, Fig. 4(H) a boundary-layer type flow with large upward
velocity near the wall is formed and the situation is seen to be com-
pletely opposite to that of sketch Fig. 4(A). It is of interest to note that
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(c)

Fig. 6 Transient temperature (a) and velocity (b) profiles and dimensionless
local wall heat flux distributions (c) for Case Il
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the vortex motions for the two quasi-steady states before and after
the inversion process are opposite in direction but otherwise similar
in character. In Fig. 6(c), the occurrence of the local minimum wall
heat flux is caused by the maximum density effect.

For Case I shown in Fig. 3, the formation of the boundary-layer type
flow is not apparent because of the smaller parametric values for ga3/
v?and AT but the occurrence of the inversion process is quite similar.
One notes that in sketch E of Fig. 8, the isotherms are nearly con-
centric and are similar to the pure conduction case. Furthermore, the
flow pattern and isotherms shown in sketch (Fig. 3(G)) may be re-
garded to be the inverted ones of sketch (Fig. 3(A)) about the hori-
zontal axis. This observation is also confirmed by the temperature
profiles A and G shown in Fig. 5. In interpreting the graphical results,
it is useful to recall that the symbols in each case refer to the same
instants of time and the plottings may be contrasted to each other.
Although the flow patterns during the inversion regime shown in Fig.
7 of [2] are not very distinct, one may conclude that the flow patterns
from the present numerical solution agree with Gilpin's experimental
observations [2].

4.2 Heat Transfer Results. The time-dependent temperature
difference, Tp — Ty, the dimensionless average wall heat flux ga/kAT
and the Nusselt number for the three cases are shown in Fig. 7 where
a circle denotes a flow pattern with one pair of vortices and a dot in-
dicates that with two pairs of vortices. It is seen that a local minimum
value exists for the Nusselt number (or §’) and this coincides nearly
with the complete decay {end of the inversion regime) of the original
regular vortices near the center. Subsequently, the Nusselt number
increases until the freezing process sets in. For Cases I and II, the local
maximum exists for the temperature difference (T, — T') and it
occurs after the disappearance of the original vortices.

Gilpin’s presentation of the relationship between the temperature
difference, T, — T, and the wall temperature T, (see Figs. 2 and 8
of [2]) provides a considerable physical insight into the inversion
process. The results from this analysis are shown in Fig. 8 together
with Gilpin’s experimental results plotted for comparison. As noted
earlier Gilpin’s Cases C2 and B1 can be compared approximately with
Cases I and III, respectively, in this study. The initial temperature
in experiment [2] is higher (T's > 10°C) than that of the present study
{near 4°C) but the agreement near the dividing line between the two
results is good. In Fig. 8, the dash-dot line represents the dividing line
between the two quasi-steady states obtained by Gilpin [2] from the
quasi-steady model and boundary-layer approximation. The iso-
therms in Fig. 4 and the temperature profiles in Fig. 6 for Case I1I
clearly show that the location of the instant maximum water tem-
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Fig. 8 Relationship between (7. — T, ) and T,, and comparison with Gilpin’s
results [2] during the inversion process

perature shifts from a point near the top to a point near the bottom
along the vertical axis as the cooling process proceeds from the initial
quasi-steady state to the final quasi-steady state. The local maximum
for (T, — Ty) is apparently caused by the inversion of the thermal
stratification in the core region during the inversion process. Nu-
merical results from this study show that the local maximum occurs
only after the complete decay of the original vortices.

Since the relationship between the density and water temperature
is approximately symmetric with respect to the maximum density
point at 4°C, the curve for (T, — T,) versus T}, in the case of heating
starting from the initial temperature near 0°C is expected to be the
mirror image of that shown in Fig. 8 about the line through T, = 4°C.
Because of the anomalous thermal expansion of water at about 4°C,
one may define the effective mean thermal expansion coefficient [8]
by the following relationship considering the average buoyancy force
inside the pipe.

cem {7 0w = p)/plrdrdg = glBlm(Ts — Tw) (1)

where the buoyancy force is based on reference state at wall temper-
ature. The condition for which [f],, is zero is denoted by a cross in Fig.
8. From Fig. 8, one may infer that the inversion process starts when
[8]:» becomes zero. The Rayleigh number can now be defined by the
following equation.

GrPr = 8(ga®/v?) - | [Blm| - (Ts — Tw) - Pr (12)

The relationship between the Nusselt and Rayleigh numbers s
shown in Fig. 9 for Cases I, IT and ITI where the results from [11] for
the quasi-steady state without the maximum density effects are also
plotted for reference purpose. As noted earlier, the condition [8],, =
0 represents the start of the inversion process and the Rayleigh
number becomes zero at the threshold point. One may regard the
regime with [8],, > 0 as the initial period and that with [8],, < 0 as
the final period of the cooling process. For quasi-steady state the
Nusselt number Nu = 8 for pure conduction is approached as GrPr
— 0 [11]. However, for the present unsteady problem the state with
[Blm = 0 (GrPr = 0) is passed through instantaneously and the lim-
iting Nusselt number Nu = 8 will not be approached. For the region
with [8],» < 0, one notes that a quasi-steady state [11] is approached
from below after passing through the minimum Nusselt number point.
This asymptotic behavior before the onset of ice nucleation as well
as the approach toward the minimum Nusselt number clearly indi-
cates the existence of two quasi-steady states.
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5 Concluding Remarks

1 The transient natural convection problem in a long horizontal
pipe with maximum density effect can be approached by a numerical
method. It is expected that a numerical difficulty (stability or con-
vergence) will arise for cases with large parametric values for ga3/v?
and AT. The cases with higher parametric values were not attempted
in this study because of higher computing cost caused by the necessity
of using smaller Ar, A¢ and Ar. The numerical solution yields detailed
streamline patterns and isotherms readily for flow visualization. The
numerical method used can be extended to the transient natural
convection problem with various other time-dependent thermal
boundary conditions.

2 The present theoretical results generally confirm the experi-
mental findings and the theoretical predictions based on the quasi-
steady model and boundary-layer approximation reported by Gilpin
[2]. The numerical results obtained in this study provide further in-
sight into the inversion process which is unique to water possessing
a maximum density at 4°C.

3 Based on the present theoretical results, it is clear that for the
prediction on the rate of ice formation in a long horizontal cylinder
with the initial liquid temperature higher than the freezing temper-
ature, one must consider the natural convection effect. In this respect,
the transient natural convection in a horizontal cylinder for the su-
percooling regime is also of considerable practical interest since in the
experiments [2] supercooling of the water was observed at tempera-
tures as low as —7°C before the ice nucleation occurs. The ice for-
mation problem with free convection effect is an important technical
problem which remains to be solved theoretically in the future.

4 In atheoretical and experimental study on the effect of liquid
solidification in-atube upon laminar-flow heat transfer and pressure
drop, Zerkle and Sunderland [15] pointed out the importance of free

- convection on. their experimental results. It is very likely that the

Journal of Heat Transfer

inversion process due to the maximum density effect may have some
effect on their experimental results but this possibility has apparently
not been pointed out in the literature.
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Turbulent Fluctuations and Heat
Transfer for Separated Flow
Associated With a Double Step at
Entrance to an Enlarged Flat Duct

An experimental study on heat-transfer in separated, reattached, and redevelopment re-
gions behind a double step at entrance to a flat duct is presented. Measurements of turbu-

lent fluctuation in a free shear layer are made by using a hot-wire anemometer. The ex-
periments are carried out under a condition of uniform heat flux with the test fluid of air.
Reynolds number ranges approximately from 4 X 10% to 2.5 X 10°, and a step height ratio
h/L is varied between 0.035 and 7.0. It is found that the heat-transfer rate in the separated
region is closely connected with the behavior of transported heat to be represented by the
product of velocity and temperature fluctuations in the free shear layer. An empirical
equation is also proposed for the local Nusselt number in the separated and reattached

regions.

Introduction

A study of heat-transfer characteristics of separated flow is of
considerable importance in industrial practice. Although many in-
vestigations of separated flow have heen reported, a complicated
feature of the basic heat-transport mechanisms makes it difficult to
grasp the characteristics of the tlow clearly. Separation of flow occurs
in various duct configurations, but most of the previous investigations
have heen performed mainly on ducts of circular and rectangular cross
sections. For example, Ede, et al. [1]' investigated the heat-transfer
rate in a circular duct with abrupt convergence or divergence, whose
diameter ratio was %. Their experiments were carried out with a
uniform heat flux, the test fluid being water. They reported that the
heat-transfer rate in the region downstream was considerably affected
in abrupt divergence rather than in abrupt convergence. Krall and
Sparrow [2] measured the heat-transfer rate with water under a
constant heat flux for a variety of diameter ratios of pipe and orifice.
Their results show that the heat-transfer rate at the reattachment
point is about 3 ~ 8 times as large as that in the field of a fully devel-
oped flow in circular pipe. On the other hand, in case of a rectangular

! Numbers in brackets designate References at end of paper.
Contributed hy the Heat Transfer Division for publication in the JOURNATL OF
HEAT TRANSFER. Manuscript received by the Heat T'ransfer Division March
16, 1976.
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cross-sectional duct with a double backward-facing step, Abbott and
Kline |3] demonstrated that two stalls quite different in length were
formed on the opposed duct walls downstream of the double step.
Filetti and Kays [4] experimented with air for such a configuration
under a constant wall temperature; their results show that the heat-
transfer rates at the two reattachment points for the long and short
stalls were different. Recently, Seki, et al. [5] examined the heat-
transfer rates of the long and short stalls in a wide range of step height
ratio h/L, for a rectangular duct with air under a constant heat flux.
They found that the heat-transfer rate at the reattachment point was
well correlated with the distance between the reattachment point and
the step.

The purpose of the present investigation is to examine the effect
of heat transported by turbulence in the free shear layer on heat-
transfer in the separated region and to propose an empirical equation
for the local heat-transfer rate in the separated and reattached re-
gions. Measurements are carried out with air under the condition of
uniform heat flux in a rectangular duct having a double step at the
entrance to the enlarged part. Reynolds number ranges approximately
from 4 X 103to 2.5 X 10%. Namely, entrance velocity U and step height
ratio /1. range from 4.4 m/s to 22 m/s and from 0.035 to 7.0, respec-
tively.

Experimental Apparatus
{xperiments were performed by using a Gottingen type of wind
tunnel; the test section consists essentially of the contraction, steps,
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and heated plates. The data are obtained for two kinds of enlarged
height (248 and 150 mm) of the wind tunnel, whose cross-sectional
aspect ratios are 1.6 and 1.0, respectively. Stainless steel foils of a-
thickness of 50 u are used as heaters; power is supplied by a-c electric
current for heating the test section; the foils are fixed onto the walls
of the test section by a binding agent. Heat loss to the surroundings
is kept low by covering the test section with thermal insulating ma-
terials; the uncertainty of the data for the heat flux is estimated to be
3.2 percent of 2330 W/m2 based on the measurement of the heat loss
that leaks toward the rear side of the heating surface.

For the purpose of reducing the heat flow of the heater in a
transverse direction, the heating section is divided into five segments
as shown in Fig. 1; however, only the central one is used to measure
wall temperatures. The heat flux from the walls is evaluated by the
readings of both voltmeter and ammeter. Air, as a test fluid, is heated
under the condition of uniform heat flux. The output of Cu-Co ther-
mocouples, to measure the temperatures of the heated plates, were
recorded with a self-balancing potentiometer.

The reattachment point, where heat-transfer rate shows a maxi-
mum value, is estimated from the temperature distribution of the wall.
Two-dimensionality of flow in the reattached region is examined with
thermocouples and confirmed by a flow visualization using an oil film
method. )

A Cu-Co thermocouple of 0.1 mm dia was put into the test section
from a side wall to measure the temperature profiles of the flow field
in order to prevent undesirable flow disturbances.

A Pitot-static probe was used, in all runs, to assure the uniformness
of entrance velocity in the vertical direction with which Reynolds
number was defined.

The fluctuations of \/ﬁ —u’v’, and VT’ are measured with a
hot-wire anemometer by using a method reported by Shigetomi and
Seki [6].

At a certain area of the separated flow region, the existence of in-
stantaneous reverse flow originating from a large eddy motion of
turbulence often makes it difficult to detect the fluctuation values
precisely. However, such an area is carefully examined during the

preliminary surveys of flow direction by a wool tuft method.

Seven cross sections in a flow direction are prepared for the mea-
surement of turbulence fluctuation, temperature, and velocity dis-
tributions. These stations have a distance of 30, 85, 145, 205, 330, 470,
and 660 mm from the step. All of the measurements are performed
in a steady state.

Results and Discussion

Turbulence Behavior. Representative results for a short stall
obtained by a hot-wire measurement at the aforementioned seven
sections in the flow field are shown in Figs. 2 and 3, for a step height
ratio of h/L = 0.265 and for an entrance velocity of U = 12 m/s (Re
= 1.25 X 105), Fig. 2 indicates the measured values of u’2/U? together
with those of —u'v’/U?2, where u’ and v’ are the components of fluc-
tuating velocity parallel and normal to the mean streamlines, re-
spectively. As a flow separated at the step edge forms a free shear
layer, the turbulence generated in a mixing region passes through an
exciting stage just after the step and then reaches a developed one in
the separated region. After these stages, the turbulence decays
gradually until the turbulence structure reaches a characteristic state
of a fully developed duct flow.

In the studies of separated flow, many works related to velocity
fluctuation in the free shear layer have been reported. Among them,
Tani, et al. [7] reported the velocity fluctuations in a separated flow
for a backward facing step, while Mueller and Robertson [8] measured
the velocity fluctuations generated by a two-dimensional roughness
element. The present results shown in Fig. 2 indicate the same trend
as their publications.: A tendency that:the| values. of u/&. and
—u’v’ max are approximately proportional to U? is also confirmed.
However, in the present experiment regarding to an inner flow, the
decay of turbulence in the redevelopment region occurs more rapidly
than in their results owing to the deceleration of mean velocity caused
by an abrupt change in area of the duct. )

The convective heat-transfer rate at a wall may have some corre-
lation to these velocity fluctuations. However, more directly speaking,
it is evident that the most important factor contributing to the tur-
bulent heat-transfer is the heat exchange rate, which is dependent
on the fluctuation normal to the mean flow. Hence, it follows that the
investigation for a value of g, = Cppv’t’ becomes an essential subject
on such a problem.

Fig. 3 shows the typical results of v’ distributions at each section
for an entrance velocity of U = 12 m/s and a wall heat flux of q,, =
2330 W/m2, where v’ is made nondimensional by both U and the
difference between wall temperature ¢,, and temperature on the center
line of flow field ¢.. It is seen that the position for maximum value of
v’t’ approximately coincides with the mean dividing streamline just
after the step, similarly as the distributions of velocity fluctuation
does, but it deviates outward near the reattachment point thereafter,
approaching the wall gradually. Sufficiently for downstream, the
distribution of v't’ is seen to approach that characteristic of fully
developed flow in a duct.

The maximum values of the product of velocity and temperature
fluctuations, vt max, seem to have a tendency to be minimal in the

Nomenclature

T =
Cp = specific heat t M gulL
fr = function defined by equation (2)
h = step height
L = entrance height
Nuy, = local Nusselt number, oL /A

mean flow
u'y’ =

nondimensional temperature, (¢, —
u’ = velocity fluctuation in the direction of

average of the product of velocity
fluctuations parallel and normal to mean

x = distance from a step

xr = distance between reattachment point
and step

x* = nondimensional distance, x/xp

« = local heat-transfer coefficient

A = thermal conductivity

g, = heat transported by turbulence in the ~_ flow » = kinematic viscosity
direction normal to mean flow, Cppv’t’ v’t’ = average of the product of velocityand  p = Jensity

g = heat flux from wall temperature fluctuations normal to mean

Re = Reynolds number, UL/ flow Subscript

t = temperature U = entrance velocity

Journal of Heat Transfer

max = maximum value
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reattached region, unlike the case of velocity fluctuations. A physical
reason for these results could be understood from an inspection of
measured results of T" as shown in Fig. 4, where T' is a nondimensional
temperature. It is seen in the free shear layer that the temperature
gradient just after the step is particularly steep but changes gradually
to a gentle one as the reattachment is approached, as shown in Fig.
4. As the temperature difference between the fluid mass elements
associated with a turbulent mixing motion to exchange heat is small
under such a gentle gradient of temperature distribution, it seems that
U’?max becomes smaller in the reattached region. In the separated
region, as is observed from Fig. 4, the temperature gradient is steep
inr the vicinity of the wall, but a gentle gradient occurs farther from
the wall, returning again to a steep gradient in the free shear layer.
From this phenomenon it may be concluded that the variation of
temperature gradient in the free shear layer has a relation with that
of temperature distribution in the entire separated region. Conse-
quently, provided that the heat transported by turbulence in the free
shear layer has a close relation with the heat-transfer rate from the
wall, the increase of the heat transported by turbulence in the free
shear layer in a normal direction to the mean flow might result in an
increase of the convective heat from the wall through the recirculating
flow as a medium. Then, a dependency of heat-transfer from the wall
ON 'E ay is successively discussed on behalf of the heat transported
by turbulence in the free shear layer.

In Fig. 5, values of 0'F yax are plotted as a function of local heat-
transfer coefficient at six sections, for a value of h/L = 0.265. The
heat-transfer coefficient is defined as

1)

where gy, t,,, and ¢, are the heat flux from wall, wall temperature, and
center-line fluid temperature, respectively.

A line with a slope of unity (+1) is also shown in Fig. 5 for reference.
It is shown in the separated region (x* = 0.348, 0.594, and 0.840) that
the value of 17t max 18 approximately proportional to the heat-transfer
coefficient in spite of a certain distance between the position of 0% max
and the wall, where x* is a nondimensional distance. That is, the heat
convected by a recirculating flow reversed from the reattachment
point is to be dissipated to the main stream by a velocity fluctuating
motion normal to the mean flow. As a result, the relation that v_’t7max
is approximately proportional to « is obtained.

On the other hand, in the redevelopment region (x* = 1.351, 1.925,
and 2.700), the measured results show a slope exceeding the value of

a = Qw/(tw — L)

590 / NOVEMBER 1976

unity (+1). These results seem to mean that the effect of the variation
of U1’ max 0B the heat-transfer rate from the wall is not larger than the
case in the separated region. This may be due to a state that the po-
sition of vt/ max is a little distance from the wall in the redevelopment
region, as can be seen in Fig. 3, and therefore, the effect of heat ex-
change by a velocity fluctuation on the heat-transfer rate does not
reach the wall so much as the case in the separated region.

From these considerations, it is found in the separated region that
the heat-transfer coefficient is deeply connected with the heat
transported by turbulence in the free shear layer. Namely, v/t ax 1S
proportional to « in the present experimental range.

Fig. 6 shows a plot of 07t max as a function of U under the same ex-
perimental conditions as described in Fig. 5 together with a solid line
with a slope of two-thirds (+2). These results are interesting in
comparison with those of velocity fluctuations. In the present ex-
perimental range the maximum values of /,2ax and —4’0’ max at each
section in the separated region are shown to have a proportional
relation with U2, However, the value of vt’ 1ax has a tendency to be
approximately proportional to U?/3 at each section in the separated
region. Therefore, it might be suggested that the heat transported by
turbulence in the free shear layer increases in proportion to U%/3, and
a relation of o « U?/3 is predictable in the separated region by taking
the result shown in Fig. 5 into consideration.

On the other hand, the plotted results of v’/ max versus U in the
redevelopment region show a little larger slope than the value of
two-thirds (+2). That is, the variation rate of v’t’ max against U in-
creases gradually with increasing x*. In the redevelopment region,
it seems that the position of 07 .y shifts slightly to the wall with
increasing U for the lack of intermediation like a recirculating flow
in the separated region. As a consequence, the increasing rate of
0t nax against U has a larger value than the case in the separated
region.

Nusselt Number. Recently, Seki, et al. [5] examined the relation
between the Nusselt number at the reattachment point and xz in a
wide range of /L with air. Fig. 7 shows the increase of xp with in-
creasing h/L, which indicates a good agreement with the result of
Abbott and Kline [3]. It is already obtained in reference [5] that the
Nusselt number at the reattachment point can be represented in
terms of xp as

0.161

NUL max/Re?/3 = 0.446 — 0.238 (fL—’i) = fr ©
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for all the stalls without any distinction of short and long ones, where
subscript “max” means a value at the reattachment point and Nu,
is defined as

Nug, = aL/A (3)

in which X is the thermal conductivity of air.

~Since it can be seen in Figs. 5 and 6 that the local heat-transfer
coefficient is proportional to U2/3 in the separated region, the ex-
perimental data may be arranged under a relation such as Ny, «
Re?/3, Obviously, the value of a function defined as F(x*) = Nu./
frRe?/3 becomes unity at a reattachment point. A close examination
of F(x*) — x* relation, obtainable by recasting the experimental re-
sults shown in Fig. 8, gives an empirical formula as F(x*) = 0.9
exp[—1.7(x* — 1)2] + 0.1. It must be noticed here that the empirical
formula thus given must satisfy F(x*) = 1 at x* = 1. In Fig. 8, the
abscissa indicates a value of x *Re and the ordinate is Nuy /frF(x*)
multiplied by a function of x* of the form of x*2/3[1.0 + (0.7x*0.133)
5102 This function can be approximated to x*2/3 in a separated region
and to x*98 in a fully developed region. This formula is determined
to satisfy the relations as Nuz, « Re?/3 in the separated and reattached
regions and Nuy, «= Re®8 in the fully developed region, with reference
to the method of Churchill and Usagi [9].

Present experimental data for long and short stalls.are indicated
in Fig. 8. The range of the present experiments for a long stall was
limited to h/L < 1.5 because of the streamwise length of the experi-
mental apparatus. It can be seen that the Nusselt number in the
separated and reattached regions is well correlated by the following
empirical equation:

x*=0.348 x*=0.594 x* =0.840
1.0F F o
osf o o H
— Slope(+1) ° 596
a %
;‘ Slope(+1)
(] Slope(+1)
.g 0'] L ) [ 1 1 1
5
N
is x* =1.361 x*=1.925 x* =2.700
1.0F o o
osl N 3 g:o 3
d‘o ¢
Slope(+1) Slope(+) Slope(+1)
0] I ) 1 1 1 L
’ 50 100 50 100 50 100

« (W/m?deg)

Fig. 5 Relation between ;’_IT,,“,, and local heat-transfer coefficient for h/L
= 0.265
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Nuy, = fg{0.9 exp[~1.7(x* — 1)2] + 0.1}Re?/3 (4)

However, this equation should have the same range of application as
for equation (2), that is,

4X10°=Re =8 X 10t (5)
0.2 = xz/L = 16.0 (6)

Further, just after the step, Abbott and Kline [3] reported the exis-
tence of a three-dimensional flow region; therefore, the experimental
data in the range of x* < 0.2 are eliminated from the results in Fig.
8. The proposed proportional relation between Nu;, and Re2/2 in the
present report is satisfied in the following range with an uncertainty
of less than +20 percent as is estimated in this figure:

02=x*=13 (7
In the redevelopment region, Nu;, deviates from a relation propor-
tional to Re?3, as can be seen from the measured results by Knight
[10]. In addition, the Nusselt number in the fully developed region
is reported by Kays and Leung [11], which is shown in Fig. 8 in a
broken line. Their prediction indicated for reference, however, cannot
strictly be compared with the authors’ results due to the difference
of the definition of Nusselt number. The experimental data deviate
significantly from the present empirical equation (4) in the redevel-
opment region and may approach the broken line with a slope of +0.8
in the fully developed region. Furthermore, the representative results
obtained by Krall and Sparrow [2] for an orifice in a circular tube with
water, and those obtained by Filetti and Kays [4] for a rectangular
cross-sectional duct with air, are also shown in Fig. 8. It is not always
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Fig. 6 Relation between Wma, and entrance velocity for h/L = 0.265
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possible in a strict sense to compare their results with the present ones
owing to the differences in experimental conditions. However, the
trends could be compared with the authors’ results by plotting their
data so that they meet the present empirical equation (4) at the
reattachment point. It should be noticed that their results have a
similar feature to the present results. However, the data of Krall and
Sparrow [2] indicate a little larger value in the separated region than
the present ones and also show a different behavior in the redevel-
opment region. This difference might be caused by a difference in the
behavior of v’t” distribution for each cross-sectional shape of duct.

Summary and Conclusions
Measurements are provided for the heat-transfer rate in the sep-
arated, reattached, and redevelopment regions behind a double step

at the entrance of a two-dimensional duct, under the condition of a
uniform heat flux. Simultaneously, the fluctuation of ’#’ in the free
shear layer is examined with a hot-wire anemometer. The test fluid
is air and the range of Reynolds number is approximately 4 X 102 to
2.5 X 105. The following conclusions hold for the experimental range
or measurements.

1 The behavior of heat-transfer rate in the separated region is
correlated with the measurement of heat transported by turbulence
in normal direction to a mean flow in the free shear layer.

2 The heat transported by turbulence in the free shear layer in-
creases proportionally with the % power of entrance velocity and with
the heat-transfer rate in the separated region.

3 The local heat-transfer coefficient in the separated and reat-
tached regions is represented by an empirical equation (4), of which
the uncertainty is within 320 percent and the applicable range is given
by equations (5), (6), and (7).

Acknowledgment
The authors gratefully acknowledge Professor M. Arie, Hokkaido
University, for his many suggestions to improve the manuscript.
The authors are grateful also to Mr. H. Kawabe for his contribution
in the experimental measurements and Mr. K. Sawada for his assis-
tance in installing the experimental apparatus.

References

‘1 Ede, A.J., Hislop, C. 1., and Morris, R., “Effect on Local Heat Transfer
Coefficient in a Pipe of an Abrupt Disturbance of the Fluid Flow: Abrupt
Convergence and Divergence of Diameter Ratio 2/1,” IME Proceedings, No.
38, 1956, pp. 1113-1130.

2 Krall, K. M., and Sparrow, E. M., “Turbulent Heat Transfer in the
Separated, Reattached, and Redevelopment Regions of a Circular Tube,”
JOURNAL OF HEAT TRANSFER, TRANS. ASME, Series C, Vol. 88, 1966,
pp. 131-136. )

3 Abbott, D., and Kline, S., “Experimental Investigation of Subsonic
Turbulent Flow Over Single and Double Backward Facing Steps,” Journal of
Basic Engineering, TRANS. ASME, Series D, Vol. 84, 1962, pp. 317-325.

4 Filetti, E. G., and Kays, W. M., “Heat Transfer in Separated, Reattached,
and Redevelopment Regions Behind a Double Step at Entrance to a Flat Duct,”
JOURNAL OF HEAT TRANSFER, TRANS. ASME, Series C, Vol. 89, 1967,
pp. 163-168.

5 Seki, N., Fukusako, S., and Hirata, T, “Effect of Stall Length on Heat
Transfer in Reattached Region Behind a Double Step and Entrance to an En-
larged Flat Duct,” International Journal of Heat and Mass Transfer, Vol. 19,
1976, pp. 700-702. )

TT T UELELUR R RR] | T T T T T T T TTTT .//| T
Present experiments /ﬁ//f _
105 short stall //;é/,cf ytd 7
o 2 y 1
E Re  hiL Y 1
L © 6350 7.0 ;///// e ]
o 3 e 4360 7.0 v s 1
- - ° 22860 2.0 . 7 1
o~ L © 11200 1.38 e 4
8 @ 31400 0.75 /
S, © 46200 0.44 e
% 10 E 3 —
= o 63900 0.1 .
o o Long stall ]
kY - ® 31400 0.75 1
— F 4
R i o 46200 0. Krall and Sparrow 121 i
S © 20400 O.
M L © 63900 O. & Re=10200 , h/L=0.5 i
x for circular tube with water,
=~ 3 constant heat flux.
Red 10 E Filetti and Kays (4] E
L. o 3
W r ~O— Long stait Re = 69600, ]
- —o— Short stall hiL = 0.5625 E
r for rectangular duct with air, -
| constant wall temperature.
2 2/3 Kays and Leung {111
102k Nu =g {0.9expl-1.7(*1)%1 + O.I}Re ~== for fully developed flow ,
o constant heat flux. 3
Lol Loyl vl R | el Lo
10° 10¢ 10° 108 107
x
x Re

Fig. 8 Local heat-transfer results in the separated, reattached, and redevelopment regions

592 / NOVEMBER 1976

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



6 Shigetomi, F., and Seki, N., “"The Behavior of the Temperature-Velocity
Fluctuations and the Turbulent Prandt! Number in the Developing Thermal
Turbulent Boundary Layer on a Flat Plate,” Bulletin of the JSME, Vol. 17,
1974, pp. 351-358.

7 Tani, L, luchi, M., and Komoda, H., “Experimental Investigation of Flow
Separation Associated with a Step or a Groove,” Aeronautical Research Insti-
tute, University of ‘T'okyo, Report No. 364, 1961, pp. 119-137.

8 Mueller, 'T' J., and Robertson, J. M., “A Study of the Mean Motion and
Turbulence Downstream of a Roughness Element,” Developments in Theo-
retical and Applied Mechanics, Plenum Press, Vol. 1, 1963, pp. 326-360.

Journal of Heat Transter

9 Churchill, S. W, and Usagi, R., “A General Expression for the Correla-
tion of Rates of 'I'ransfer and Other Phenomena,” AICHE Journal, Vol. 18,
1972, pp. 1121-1128.

10 Knight, H. R., “Heat Transfer in Separated Flows,” Imperial College,
Mechanical Engineering Department, SF/TN/3, 1966.

11 Kays, W. M., and Leung, E. Y., “Heat Transfer in Annular Passages- -
Hydrodynamically Developed Turbulent Flow With Arbitrarily Prescribed
Heat Flux,” International Journal of Heat and Mass Transfer, Vol. 6, 1963,
pp. 537-557.

NOVEMBER 1976 / 593

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



A. F. Emery
F. B. Gessner

Department of Mechanical Englneering,
University of Washington,
Seattle, Wash.

The Numerical Prediction of
Turbulent Flow and Heat Transfer
in The Entrance Region of a Parallel

Plate Duct

Velocity and temperature profiles were computed for turbulent flow, both in the entrance
region and the fully developed state, in a duct with heated parallel plates. By starting the
calculations at the duct inlet and using a finite difference technique and a three-dimen-
sional mixing length originally defined for corner flows, it was possible to predict axial
flow behavior and the nonasymptotic approach to fully developed flow with and without
associated heat transfer.

Introduction

The ability to predict turbulent boundary layer growth in narrow
angle diffusers and converging passages is of interest in several en-
gineering applications. Many current prediction methods are of the
integral type where the equations of motion are solved by integrating
across the stream after auxiliary equations are introduced which in-
clude empirical information. Other solutions involve using transport
equations for the Reynolds stresses, turbulent kinetic energy, and
dissipation rate. Alternate methods are based on the numerical so-
lution of the equations in differential form in which the only empiri-
cism is associated with a description of the apparent viscosity of the
turbulent fluid. Spalding and co-workers [1-2|! have employed iter-
ative numerical methods with a law-of-the-wall approach in com-
puting many flows, including internal duct flows. Stephenson [3]
followed Spalding’s approach but employed transport equations for
the turbulent kinetic energy and dissipation rate to treat the parallel
duct problem, because it was felt that a mixing length model would
not be adequate for predicting nonasymptotic flow development in
the duct. In this paper we shall show that by appropriately defining
the mixing length and beginning the computations from the duct inlet
with no special starting procedures, it is possible to predict the
nonasymptotic development of the duct flow. Pletcher [4, 5] utilized

! Numbers in brackets designate References at end of paper.
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the duFort-Frankel method and a mixing length model for similar
computations and presented a very good summary of the background
and the present state-of-the-art. The testing of these approximate
numerical techniques for two-dimensional duct flow is best done for
parallel-sided, two-dimensional ducts to facilitate comparisons with
previous theoretical work and with experimental data. Inasmuch as
the accuracy of numerical methods for laminar flow is well-estab-
lished, the questions about the applicability of these techniques to
turbulent duct flow rests upon the ability to describe turbulent shear
stress hehavior and the complications introduced in the difference
equations by the strong spatial effects due to turbulence.

The present state of knowledge of friction factor behavior for fully
developed flow in rectangular ducts is relatively complete. Empirical
correlations have been developed which apply over a wide range of
operating conditions [6]. Some data on local flow conditions in the
entrance region of rectangular ducts are available, and fairly extensive
turbulence and mean flow data have been obtained for developing and
fully developed flow conditions [7-9].

The most complete experiments for both friction factors and heat
transfer in developing rectangular duct flows are reported by Sparrow,
et al. [10, 11] for asymmetric heating and by Byrne, et al. [12] for
symmetric heating. Byrne, et al. also give a momentum integral
computer solution based upon the law-of-the-wall and report that
there is no significant difference in results for isothermal and constant
heat flux wall conditions. Their experiment involved heating one side
only, and they inferred from the results for this condition, results
which apply for both walls being heated.

The results reported herein apply for developing turbulent flow in
a two-dimensional duct and were obtained as the first part of a study
related to developing turbulent flow along a streamwise corner.
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Numerical Approach
The field equations which represent the incompressible, two-
dimensional flow between parallel walls are,

ou  dv
—+—= (1)
dx  dy
a a 10p LK v’
u—y- v—u=———p+u<—lﬁ>—<auv) (2)
ox Ay p dx Jdy?2 dy
aT aT 2T T
u—+v—=a—r— (3)
ax dy dy?  dy

where v is found from the continuity equation, (1), and u and p are
determined from equation (2) by using the technique of Patankar and
Spalding [2]. We have further assumed that the axial velocity, u, is
affected only by the spanwise-averaged axial pressure gradient. By
introducing Prandtl’s mixing length, we can express the turbulent
shear stress as,

o 0u du

ay tayl’
where « is an empirical constant which may or may not equal von
Karman’s constant (0.40 or 0.41) depending on the prescribed vari-
ation for £. When three-dimensional duct flow is treated, then v and
w must be calculated by using their respective momentum equations
and permitting the pressure gradients dp/dy and dp/dz to vary with
v and z as described in [2]. For this two-dimensional problem, we used
the staggered grid shown in Fig. 1, where the axial and transverse
velocities are defined at different positions in the mesh. This mesh,
as contrasted to the mathematical grid (where all the variables are
defined at the same nodal position), permits one to derive a finite
difference approximation to the equations which ensures conservation

=—¢, ty =« (4)

Nomenclature.

of mass in the y-direction. Although some errors in mass conservation
are normally not important, they were observed to cause significant
errors when v was calculated using the y-momentum equation instead
of equation (1). Laminar flow calculations showed that either equation
(1) or the y-momentum equation were satisfactory when the staggered
grid was used. The computations were begun at the duct inlet by as-
suming that the mixing length model applies for x > 0 and using only
the conditions u(0, y) = Uy and u(x, 0) = 0, v(x, 0) = 0 forx = 0. The
transverse nodal spacing varied across the duct width, but was con-
stant down the duct. The nodal spacing was much denser near the wall
than at the midpoint to permit acceptable definition of the boundary
layer thickness.
The appropriate difference equations are then,

Uit+1j+1 =~ Vi+1; _

Uity — Wit
i+1j ij + 0 (5)
Ax Ay
i Uit1j = Uij + vy Wij — Uij—1 _ 1P+~ Di
Ax Ay P Ax
v Uil — Uy v Wy T U1
* Rijrin Ay? Hij—172 Ay? (6)
where
. _ _ Uij+1 — Uij
Binp = ut = pt+plp® Ty
and Tj; satisfies a similar equation to that for w;;.
Recasting equation (6) in the general form,
ajuitay + B = Pir1 )

we may integrate to obtain

m= f pui+1;dy = Pivt f idy - f &pdy (8)
25} aj

Since m is constant, P;+1 may be obtained from equation (8). Then
by substitution into equation (6), the values of u;+;; may be obtained,
and from equation (5) the values of v;1;;. Equation (6) uses the upwind
differencing form for the transverse advection even though this is
known to damp the high frequency oscillations of u. Its use was jus-
tified on the basis that: (a) the explicit differencing was used only to
obtain a starting solution for the region 0 < x < 0.1 H; (b) the profiles
thus obtained for flat plate simulation were in better agreement with
known flat plate solutions; (c) these starting profiles provided a
smoother transition to the duFort-Frankel scheme used further
downstream; (d) the method has the correct advection characteristics
(see reference [13]). After the starting solution was obtained, the
difference equations were changed to the duFort-Frankel method
which was first used by Pletcher [5] for developing flow in a pipe. All
calculations for x > 0.1 H used the duFort-Frankel equation given
as:

Uiy —Ui—1j | _ Wij+1 — Wij—1
i J 4 T 3
2Ax 2Ay

a = duct half-width

A% = empirical constant

C; = fully developed skin friction coefficient
(10/1/2pUp?)

Cy: = local skin friction coefficient (7,/1/
2pUs2%)

Cp = specific heat

H = duct width

£ = mixing length

€p, €pa = Prandtl’s mixing length, with
damping

& = wall heat flux per unit area

D, D = static pressure, spanwise averaged

Journal of Heat Transfer

Rep = bulk Reynolds number (UzH/»)

Re, = local Reynolds number (Upx/v)

St. = local Stanton number (§,/[pCpUp (T
- T)]

T, Ty, T’ = temperature, bulk temperature,
fluctuating component

u, Up, u’ = axial velocity, bulk velocity,
fluctuating component

Uy = center-line velocity

u, = friction velocity

v, v’ = transverse velocity, fluctuating com-
ponent

%, y = rectangular coordinates (x = — x; at
the duct inlet, y = 0 at the wall)

xs = starting length

y* = normalized coordinate (yu,/v)

1, u; = dynamic viscosity, turbulent viscosi-
ty

p = density

§ = boundary layer thickness

6* = displacement thickness

7 = fully developed wall shear stress

Twe = local wall shear stress

» = bulk kinematic viscosity

6 = momentum thickness

« = thermal diffusivity
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__1Pu1—Pima +a Ujj+1 — Wij
= s
o 2Ax ij+1/2 Ay2
. Wij — Uij—y
Hij-17 Ay? (€)
where
— _bgritog o o Uit Ui-y
Vij = 9 y i = 9

The stability criterion for a constant ¢* is found by the usual von
Neumann Fourier [14] analysis to be,

Uj Ax < uijAy (10)
For a variable u*, equation (2) can be rewritten as,
du du*y du 19p 9%
Sy (Y10, O
o at / ay o dx dy?
and a conservative stability criterion is then easily seen to be,
<U,~j + [— ) Ax <uy; Ay . 11)
y 1ij

For the turbulent flows considered herein the term |du*/dy| was
found to be the dominant form. )

A similar analysis shows that the duFort-Frankel method is never
stable when upwind differencing is used. Equation (9) is then im-
plemented in the same way as was equation (6) in forming the terms
«j and B; and integrating to obtain p;.1.

Two further problems were encountered with the above differ-
encing system. First, when the axial pressure gradient was large, the
fransverse spacing was not important, but for small pressure gradi-
ents, the axial flow velocities near the wall would eventually become
zero because of an inadequate momentum transfer from the outer
portion of the flow. The cure to this was simply to make Ay small
enough. Furthermore, flat plate calculations showed that if the first
transverse node was placed within the zone y* < 5 and the axial

spacing was restricted to Ax < 0.68, this problem did not occur. While

larger values of Ay and Ax were permissible, poor flat plate results
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Fig. 2 Mixing length distribution in the entrance-region of a two-dimensional
duct, Re, = 1.0 X 10°
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would result. Unlike Pletcher’s pipe flow calculations, it was not
possible to initiate the calculations without using an explicit starting
calculation. Second, the turbulent computations always became
unstable after a sufficient distance x. This was resolved by expressing
u; as a weighted average of u; values computed at the closest and next
closest pair of nodal points according to the following form,

+y Ugj+2 — Uij—1
Ay 3Ay

(€pDije1/2 [Wijer — Uij

Rejiorn = 1+~ [ }(05751)
The best performance was obtained when v = 1. This agrees with

Pletcher’s expression for the turbulent viscosity for a mathematical

grid [5].

Mixing Length Model

In order to complete the system of equations an adequate mixing
length model must be specified. Gessner and Emery {15. 16] have’
proposed a three-dimensional mixing length model for developing
flow in rectangular ducts of arbitrary aspect ratio which reduces to
the following limiting form for two-dimensional duct flow:

2k

% = 1
T Fiy*) + K(x%)G(y®) a2,
where
F *)_2[1+ 1 ]1/2+2[1+ 1 ]1/2
yh = (y*)2 2 —y*)?
7
GlyM) = L Call + (1]
K(x*) = 1 — Cg {1l + tanh [Co(x* — x¢*)]}
where

x* = x/H, y* = y/§, and,
Lo =¢/5,0<y/6<1
p¥ = £(y=08)/5,y/6>1

and «, xo* and Cj through Cg are empirical constants, the same as
those specified for the three-dimensional model, namely

k=045 C;=115718 Cs=-10.65843 C,;=—10.36380
xp* =46 Cg=21.32706 C5=17.29654 Cg=04
Co=—1.29982 C3=-20.60664 Cs=16.08880 Cy=0.11

The function F was originally developed by Buleev [17}; G is a
polynomial function designed to alter the asymptotic value of £,* in
the outer region of the flow for agreement with experimental results.
K is a development length function which enables the asymptotic
value of £,* to increase monotonically as fully developed flow is ap-
proached. Figs. 2 and 3 indicate the agreement between the mixing
length model and results obtained by operating on the data of Dean
[18] and Comte-Bellot [19]. The present model also agrees well with
the model of Acharya and Reynolds [20] for fully developed flow
conditions: £,/ = (%) [1 — (1 — y/6)3] and with the experimental
data.of Hussain and Reynolds [21]. In order to apply equation [12]
in the viscous sublayer, van Driest’s damping function was used.

Lpa* = Ep* [1 —exp (—yt/A*)] (13)

Flow Results

Initial computations were performed for zero pressure gradient flow
over a flat plate in order to select an appropriate value for A" in
equation (13). These calculations and those for the duct were started
from x = 0 without matching experimental inlet conditions and with
¢, applying from the inlet. On the basis of comparison with Kleba-
noff’s results [22], A* was selected to be 29. This selection agrees with
the recommendations of Hussain and Reynolds {21], who suggest that
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Fig. 4 Predicted and measured mean velocity profiles in the near wall region
of some two-dimensional boundary layer flows

k= 0.45 and A* = 29 form a suitable combination for modeling fully
developed flow in a two-dimensional duct. Fig. 4 shows that the near
wall velocity distribution measured by Klebanoff agrees well with the
distribution predicted by the proposed model. This figure also indi-
cates that the prescribed mixing length variation models near-wall |2
velocity profile behavior in two-dimensional duct flows reasonably
well, both in the developing (20 < x/H < 59) and fully developed (x/H
= 225) regions.
The predicted variation of axial center-line velocity with devel-
opment length for two-dimensional duct flow is compared with ex- 11
perimentally measured profiles in Fig. 5. Additional comparisons
between predicted and measured distributions of displacement
thickness, momentum thickness and shape factor (6*/6) are shown
in Fig. 6. Predictions based on the shear layer interaction model

START OF CALCULATIONS [15 ]

proposed by Bradshaw, et al. [23], as presented by Dean [18], are also 1LOf O EXPERIMENT, Rep= 1.0x (0°[18) 7l
shown in order to demonstrate that the overall level of agreement D EXPERIMENT, Rep= 1.1 x 105[12]
between theory and experiment is comparable for both models. Dean’s a PRESENT MODEL. Re. - s

results are based on computations which start at x/H = 26.5 with an =} : \ » Rep=1.0x10 5

L . . : . o < —— —BRADSHAW'S MODEL, Rep=1.0x10°[18]
initial velocity profile matched to the experimental profile measured Shek =

at this location. Computations referred to the present model were
begun at x/H = 0 with uniform flow assumed at this station. Both
models predict the local peaking of U, 6*, and 8 observed at x/H = 40
quite well. The present model also predicts the approach of each
variable toward a constant (fully developed) value'in a manner which
agrees well with experimentally observed behavior. The model pro-
posed by Bradshaw, et al., is not well-suited for this purpose, however,
because of intrinsic numerical errors which lead to continued x-
dependence of predicted quantities in the fully developed region [23].

These errors, in turn, lead to difficulties in determining fully devel- 1.OF & EXPERIMENT, Re,=2.4x10°[19 ] —
oped values of the x-dependent variables, and are responsible, in part ] _ PRESENT MODEL
for the tail-up behavior observed in Figs. 5 and 6 when x/H > 80. M
Fig. 7 compares mean velocity profiles predicted in the developing T j
flow region with those measured by Dean [18]. In general, Dean’s 0 10 20 30 40 5;(3: 60 70 80 90 100
X

predictions and profiles predicted by the present model are in good
agreement with the experimental results. It is evident, however, that  Fig. 5 Predicted and measured distributions of axial center-line velogity for
the experimental profiles tend to develop more rapidly than distri-  developing flow in a two-dimensional duct .
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Fig. 7 Predicted and measured mean velocity profiles for developing flow
in a two-dimensional duct, Re;, = 1.0 X 105
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Fig. 8 Predicted and measured wall shear stress distributions for developing
fiow in a two-dimensional duct

butions predicted by the present model. Similar behavior can be seen
in Figs. 5 and 6 where the experimental values tend to “lead” the
predicted profiles. In order to determine the reason for these consis-
tent differences, additional computations were performed by using
a starting length. A value of x,/H (= —3.8) was chosen to give the best
agreement with Dean’s results at x/H = 2.2 for 6 and the u-velocity
profile. Note that this has the effect of shifting the predicted distri-
butions in Figs. 5 and 6 an increment x/H = 3.8 to the left, which leads
to improved agreement between predicted and measured results.

Fig. 7 shows that velocity profiles computed from a matched ve-
locity profile at x/H = 2.2 are in excellent agreement with their ex-
perimental counterparts at x/H = 8.3, 14.3, and 20.4. This behavior
implies that the proposed mixing length model is not responsible for
the differences observed in Fig. 7. A similar behavior was noted when
the predictions were compared with the velocity profiles measured
by Comte-Bellot at Rep = 2.4 X 105, These comparisons imply that
the experimental data of Dean and Comte-Bellot are not represen-
tative of developing turbulent flow in a two-dimensional duct which
starts from an essentially uniform flow at the inlet. Caution must be
observed, therefore, when model predictions are compared with their
experimental results.

In. Fig. 8, the streamwise variation of wall shear stress, as measured
by Dean, is compared with values determined by Byrne, et al. [12] and
predictions referred to the present model and Dean’s predictions. The
wall shear stress values referred to the data of Byrne, et al., were
evaluated in two ways: (1) by means of a Clauser plot, and (2) by
means of velocity profile integration via the momentum integral
equation. Inasmuch as both methods are an indirect means of eval-
uating local wall shear stress, it is reasonable to presume that Dean’s
experimental results, which are based on a more direct method of
measurement, are representative of actual behavior. This conclusion
can be justified somewhat by noting that values of 1, evaluated by
means of a Clauser plot are apparently too high in the near entrance
region (x/H < 20), whereas values of r,, based on the momentum in-
tegral equation exhibit unacceptable tail-up behavior when x/H >
60. If Dean’s results are adopted as a standard for comparison, then
predictions referred to either the present model or the one proposed
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Fig. 9 Comparison of fully developed skin friction

by Bradshaw, et al. [23] are in good agreement with experimentally
observed behavior. The apparently low values of 7, predicted by the
present model when x/H < 50 may not be directly comparable to
Dean’s experimental results, inasmuch as the predictions are based
on assumed uniform flow at x/H = 0, whereas in accordance with
earlier considerations, Dean’s results are based on flow which has
already developed to some extent at this location. Additional caleu-
lations with « = 0.45 and A* = 26 yielded wall shear stress values
which were in better overall agreement with the measured results, but
computed velocity profiles in the near wall region did not agree well
with the experimental profiles shown in Fig. 4.

Predicted fully-developed skin friction values are shown in Fig. 9
and compared to Dean’s predictions and the mean of the presently
available data as tabulated by Dean. Good agreement is seen to exist
over a Reynolds number range from 104 to 2.4 X 105, which encom-
passes most of the experimental data.

Thermal Results

Temperature profiles were computed simultaneously with the ve-
locity profiles for three cases: (1) constant wall temperature; (2)
constant heat flux; (3) a constant heat flux with an unheated starting

0,01

\

wegral solution {12]

w

B Da!a\)\

Quw ovp"’] : \.\ Q,, (heating starts at x/2Hs=.5)

T

st

length. For these calculations, the turbulent Prandtl number was
taken as 0.9. Fig. 10 compares the predicted Stanton number distri-
butions with the data and integral method predictions of Byrne, et
al. [12]. The predicted Stanton number had a minimum at x/H = 24,
in comparison to Byrne’s minimum value which occurred between
x/H = 20 to 30, and a slight downstream increase for x/H > 20 which
was comparable to Byrne’s measured behavior. Fig. 11 shows the
Reynold analogy factor. Since there is a fundamental relationship
between the skin friction and the heat transfer through the analogy
and since the integral prediction of the wall shear stress is high when
compared to the data of Dean (Fig. 8), it is reasonable to assume that
the Stanton number predictions will also be high. However, the pre-
diction agrees well with the heat transfer data, which is much easier
to obtain accurately than the wall shear stress. On the other hand, the
numerical prediction is low for both wall shear stress and heat
transfer. The shear stress discrepancy may be attributable to the
difference between the experimental inlet profile and the assumed
numerical profile, as noted in the previous section. A thermal com-
putation was made with an unheated starting length to approximate
Byrne’s experimental conditions. Fig. 10 shows the improved agree-
ment. ’

0.001 1 " A A
0.4

X/2H ,

Fig. 10 Local heat transfer along the duct for constant heat flux (Qw ) or
isothermal wall ( Ty ) conditions as compared to the results of Byrne, et al.,

for Re, = 1.0 X 105
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Conclusions

Numerical computations based on a two-dimensional mixing length
model are shown to be capable of predicting local flow behavior in the
entrance region of a two-dimensional duct. There is a difference be-
tween measured and predicted results, but if a boundary layer starting
length is used for the calculations, the agreement improves. The
predicted heat transfer results are consistently low in the entrance
region. This agreement is improved if an unheated starting length is
matched to the experimental conditions.

Further improvements would depend upon the ability to match 6,

6*, 0, Cy, u, and heat transfer conditions at the inlet to-experimental.

data. However, the mixing length model will not accommodate such
a detailed matching. Although more detailed matching is possible with
the transport equation models, predictions based upon such models
are costly and more difficult to perform.
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K. N. Astill

An Analysis of Laminar Forced
Convection Between Concentric
Spheres

A numerical solution for predicting the behavior of laminar flow and heat transfer be-
tween concentric spheres is developed. Axial symmetry is assumed. The Navier-Stokes
equations and energy equation are simplified to parabolic form and solved using finite-
difference methods. Hydrodynamic and energy equations are uncoupled, which allows
the hydrodynamic problem to be solved independently of the heat-transfer problem. Ve-
locity and temperature are calculated in terms of the two spatial coordinates. Solutions
depend on radius ratio of the concentric spheres, Reynolds number of the flow, Prandtl
number, initial conditions of temperature and velocity, temperature distribution along
the spherical surfaces, and azimuthal position of the start of the flow. The effect on flow
and heat transfer of these variables, except surface temperature distribution, is evalu-
ated. While the computer solution is not restricted to isothermal spheres, this is the only
case treated. Velocity profiles, pressure distribution, flow losses, and heat-transfer coeffi-
cients are determined for a variety of situations. Local and average Nusselt numbers are
computed, and a correlation is developed for mean Nusselt number on the inner surface
as a function of Reynolds number, Prandtl number, and radius ratio. Flow separation is
predicted by the analysis. Separation is a function of Reynolds number, radius ratio, and
azimuthal location of the initial state. Separation was observed at the outer surface as
well as from the inner surface under some conditions. In cases where separation occurred,
the solution was valid only to the point of separation.

Professor,

Department of Mechanical Engineering,
Medford, Mass,

Mem. ASME

Introduction

Geometries incorporating concentric spheres frequently arise in
systems requiring heat transfer, One example is the gimbals used in
a gyroscopic guidance system. For the precise temperature control
requirements, heat must be transferred from inner gimbals, primarily
by free or forced convection, through air between the concentric
spheres. A simple model for the forced-convection case is to introduce
cooling air at one pole of the outer sphere, blow the air through the
annular space between the spheres, and remove the air at the opposite
pole. A sketch of this configuration is shown in Fig. 1. Heat is trans-
ferred from the inner sphere to the air and from the air to the outer
sphere. ) '

Cobble [1]! treated the problem by assuming a tangential velocity
distribution of the form vy = C(r sin 8)~1 and then calculating heat

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
April 12, 1976.

Journal of Heat Transfer

transfer from the energy equation. Bird, Stewart, and Lightfoot [2]
solved for velocity profiles in creeping flow, neglecting inertial terms.
Ward [3] demonstrated that the velocity profile cannot be predicted
by assuming axial symmetry and a one-component flow. Unless the
radial component of velocity is included, the solution leads to a con-
tradiction. Heat-transfer coefficients between the inner surface and
the air were measured for forced convection by Rundell, Ward, and
Cox [4]. Correlations were obtained for two sets of spheres: one with
an outer sphere having an inner diameter of 33.7 cm with radius ratios
(RO) of 1.2 and 1.1, the second with an outer sphere having an inner
diameter of 21.6 cm and radius ratios of 1.2 and 1.1. The correlation
had the form
Nu = C[Re%2RO]"Pr'/3Re w(ro2 — 1;2)

where the values of C and n were established as

C =39.7ft"2 n = -2.39 (small spheres)
C =106.2ft=2 n = —3.69 (large spheres)

This study apparently was for Reynolds numbers between 400 and
2000 for the large spheres. Flow visualization studies with air and
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Fig. 1 Concentric spheres, flow model

water were included. Flow separated from the inner wall for all flows
examined. Separation occurred at an angular location of 4 = 45 deg
for both air and water.

Bozeman and Dalton [5] presented photographs of separation of
flow between concentric spheres using water with fluorescein dye.
Jetting of the fluid against the sphere at the inlet contributed to the
separation and vortex formation. It was pointed out that local heat-
transfer coefficients would be high in the region upstream of the
separation point. Reynolds numbers ranged from 208 to 4020.

A program was initiated at the Charles Stark Draper Laboratory
to study heat transfer between concentric spheres, both analytically
and experimentally in forced and free convection. This paper presents
a numerical analysis of laminar forced convection.

Formulation and Solution of Problem
Analytical Model. The model is based on the configuration of
Fig. 1. Air enters at a pole and flows along meridians to the opposite

pole, where it is exhausted; thus flow is axisymmetric. It is necessary’

to describe the temperature distribution on the spherical surfaces as
a function of the angle 8 (see Fig. 2) as well as the initial conditions
" of velocity, pressure, and temperature at ;. As shown in the sectional
view in Fig. 2, flow is from the entrance conditions at #; to the exit

Nomenclature

Fig. 2 Spherical coordinate system

conditions at 6. It is not possible to treat the flow at § = 0 or § = =, as
singularities arise. The flow is steady, incompressible, and laminar
and is described by the Navier-Stokes equations, continuity equa-
tions, and the energy equation in spherical coordinates with axial
symmetry.

To transform these equations into dimensionless form, it was first
necessary to introduce a reference velocity, V, defined as the mean
velocity at the equator, 8 = 90 deg. '

- m

V=s—r— 6))

pw(re? = r;?)

The following dimensionless variables were formed:

Ve w=2p=L_I0
v

Vv V2
L —t
R=landT=-"2 )
r; ti"to

The reference pressure pg will be examined later. As a result of these
definitions, the radii of the inner and outer spheres are 1 and RO,
respectively, while at § = 6; the dimensionless temperatures of the
inner and outer surfaces are 1 and 0, respectively.

These dimensionless variables were inserted into the Navier-Stokes
continuity and energy equations written for steady incompressible
flow and axial symmetry.

po = reference pressure

C = a constant
cp = specific heat at constant pressure
h = heat-transfer coefficient

Pr = Prandtl number, %

3 W = dimensionless tangential velocity
6 = boundary-layer thickness

k = thermal conductivity

L =loss factor

m = mass flow rate

n = constant exponent

NR = number of radial nodes

NTHET = number of nodes in angular di-
rection

h(ro—r;
Nu = Nusselt number, M

P = dimensionless pressure
p = pressure
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Re = Reynolds number,

R - dimensionless radius

RO = radius ratio, ro/r;

r = radius :

T = dimensionless temperature

t = temperature

U = overall heat-transfer coefficient
V = dimensionless radial velocity

V = mean velocity at equator

v, = dimensional radial velocity

vy = dimensional tangential velocity

= angular coordinate

61 = initial angular location
1 = viscosity

v = kinematic viscosity

p = density

Subscripts

i = inner sphere; also used with j to designate
grid location in difference equations

m = mean value

o = outer sphere

0 = local value at ¢

1 = initial value
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Using the traditional Prandtl boundary-layer assumptions [6], an
order-of-magnitude analysis was made, dropping terms of order 4,
where § is a dimensionless boundary-layer thickness. The four gov-
erning equations were simplified to the following forms:

w2 9P
= ®
R R
6W+E§_V£__lilz (RO—I)[ W 26W] @
AR R a6 R a0 2 ROR
)% vV 198W
W g Y LW, oo X g (5)
doR R R.30 R
O, WO _ROI[ T 301 ©
dR R 80- RePr LOR? ROAR
These equations require the restriction that
RO -1
~ O[62 7
——~ 0 ™

and Pr > O [1].

The transformation of the equations by the order-of-magnitude
analysis has reduced the system from elliptic form to a set of parabolic
partial differential equations in the unknowns W, V, P, and T. So-
lution requires initial conditions at 8; for W(R), V(R), and T'(R) and
boundary conditions at B = 1 and R = RO for W(8), V(6), and T(8).
Notice that for a given set of W, the radial gradient of pressure is
uniquely determined by equation (3).

Initial and Boundary Conditions. While any prescribed set of
boundary or initial conditions does not seriously complicate the
problem, the present study was confined to simple cases. Flat entrance
profiles of velocity and temperature were assumed. Initial radial
pressure distribution was calculated from equation (3). Values of
pressure were obtained by setting P(8;, 1) = 0. This guarantees a
stable flow condition at the start, which may be difficult to obtain in
a real situation. No-slip conditions governed the velocity boundary
conditions at B = 1 and R = RO. Isothermal walls were assumed to
establish the temperature conditions T'(6, 1) = 1 and T'(6, RO) =

Numerical Solution of Governing Equations. Equations
(3)-(6), along with appropriate initial and boundary conditions,
comprise a complete set of parabolic partial differential equations in
the unknowns W(R, 8), V(R, 8), P(R, §), and T(R, 0). They are non-
linear but are tractable using finite-difference techniques. Finite
differences must be selected in a form to make the resulting algebraic
equations linear in the new values of the unknowns at 6 + Af. The
solution is produced by marching forward in the 8 direction starting
with the initial conditions at ;.

With values known at ), the equations are solved for the new value
at 0 + A, or 0;41. Variables with j + 1 subscripts are unknown in the
finite-difference equations. A complete description of the difference
forms is given elsewhere [10].

Concentrating first on the hydrodynamic problem, the finite-dif-
ference representations of equations (3), (4), and (5) can be arranged
with the unknowns (j + 1 values) on the left-hand side.

Wi,j + Wi—l,j) AR

5 (Wi 41

Piopjri= Pijer + (

;- —

2

+ Wi_ij+1) =P

Vi, /RO—1y /1 R;A8
i [0 (5 G )]
s ‘1"“[ 2 Re AR R/1 R

—Pi; (8

W;:; AR 2 RO—-1 R1A6
+Wu+1[ A +—< )] !
Re AR

R, A8 AR

Vi; SJRO—1y /1 1
Wi |5 (5 Gr ) |
T Ty Re AR R
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;AR
=P+ (W;;)2 (9)

R; - - AR
Vij+1 1 Vicvjrr— (Wijrr + Wic i)
R, +- AR
2
1+ Af cot 8 AR 1 AR
__._—CO___..-Z+_1 —_— 4 Wi,j + Wi—l,j —_— <—)
1 200 1 200
R; + 5 AR R; + é‘R

The radial nodes are numbered beginning with 1 at B = 1 and ending
at NR at R = RO.

Solution Procedure. Equations (8) and (9) form a set of equa-
tions in W and P. However, it is only possible to write equation (8)
ati=2,3,4,..., NR and equation (9) at{ = 2,3,4,...,NR — 1.
Consequently there are only 2NR — 3 equations in 2NR — 2 un-
knowns (W; ;11 and P; j.1). Following the procedure first suggested
by Bodia and Osterle [7] and extended by Coney and El-Shaarawi [8],
the additional equation can be formed from the integral form of the
continuity equation. For a given angular location 8, the volume flow
can be written in dimensionless form as

RO
f WRAR =
1 2

Integration across the gap with Simpson’s rule converts equation (11)
to the algebraic expression

(RO?~-1) (11)

sin 0;

AR
? [RiW+ 4RoWo + 2R3 W3+ 4R Wi+ ... + 2RNp—2WnNR—2

+ 4RNr-1WiNr-1 + RNeWar] = (RO2-1) (12)

] 2sin 0;

This imposes the restriction that NR must be odd. There is some
simplification because W1 = Wyg = 0. There are now a total of 2NR
— 2 equations in 2NR — 2 unknowns. The system formed from
equations (8), (9), and (12) was solved using a Gauss-Jordan reduction
procedure for P;jy; and W, ;1. Having determined the values of
Wi j+1 it is possible to calculate the V; ;41 with equation (10) starting
at the inner surface V;_1 j+1 = 0 and working toward the outer sur-
face.

Boundary conditions are built into the equations, as indicated
above. For the solution executed, Vi; = Vyr;= W, ;= Wng,; = 0. The
initial conditions were based on a uniform velocity profile for vy, with
V = 1. For conservation of mass,

1
sin 6,
V,"1 =0

3!
(13)

Initial pressures were found by calculating P; with equation (3)
written in finite-difference form. Calculations began at the inner
surface, [ = 2, setting P; = 0, and proceeding outward to { = NR.
Temperature Calculation. Having found the velocity and
pressure values at j + 1, temperatures were calculated from equation
(6) in finite-difference form. Equations can be written for radial mesh
pointsi = 2,3,4,..., NR —1 providing NR — 2 equations for the NR
- 2 temperatures at the next step in theta. Boundary conditions T; ;
= land T; yp = 0 are incorporated directly into the equations. Initial
values of T'9,1, T'3,1, . . ., T'Nr—1,1 must be supplied to the program.
Calculations were made for uniform temperature profiles, either

T;1=0 or T;1=05

A routine was used for solving systems of linear equations with tri-
diagonal coefficient matrices as described elsewhere [9].

Heat-Transfer Parameters. The local heat-transfer coefficient
from the inner surface h;, is defined by the expression

dqig = hip(t; — tm)r;2d6 2w sin § (14)

Expressing the heat flux dg; y in terms of the wall temperature gra-
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dient at the inner surface, the heat-transfer coefficient can be deter-
mined. In dimensionless form, the Nusselt number at the inner surface
is

- <£> (RO - 1)

Nu;p = o (15)

o= 1-T,

At the outer surface, the Nusselt number is
aT
- (—) (RO - 1)

AR/ R=1

Nypg=~——""—""— (16)

T

To evaluate the Nusselt number, it is necessary to evaluate the tem-
perature gradient and the mean temperature from the numerical re-
sults. The derivative was obtained by fitting a second-degree poly-
nomial to the temperature at the wall and differentiating it. As a re-
sult, the derivatives were dependent on the wall temperature and the
first two temperatures in the fluid.

The mean or mixing-cup temperature of the fluid was defined in
the usual way, which in dimensionless form is

RO
f TR dR
1

Thp=——""""0 17)
RO
WR dR

1
Integration was done numerically using Simpson’s rule.

With local Nusselt numbers computed, it is useful to know the mean
Nusselt number from the entrance, #;. This is the single Nusselt
number that can be applied from the entrance to transfer the same
heat as the integral of local values. Thus for the inner surface

Nui,odl‘)
Noim = 0
A similar expression obtains at the outer surface. Integration was done
numerically using Simpson’s rule. This requires that mean values of
the Nusselt number be computed, at best, at every other step in the
calculation.

Fluid Flow Losses. As the flow progresses from the entrance
toward the equator, the flow passage acts as a diffuser. After the
equator, the area diminishes as the fluid approaches the other pole.
Consequently the flow never reaches a developed state in the usual
sense. There are a number of factors that affect pressure in the flow.
Along the meridian, pressure changes because of (1) the diffusion
effect, (2) wall frictional effects, and (3) the changing shape of the
velocity profile. As there is curvature of the flow, the pressure is not
uniform in the radial direction. As a result, it is not possible to express
losses in terms of pressure drop or friction factors. Instead, the loss
is expressed as the defect in total energy integrated across the gap.
Putting the result in terms of the dimensionless variables, the loss
from the initial condition to some yalue of 8 is

sin 6 f < (W; vy )
sin 6, I%ﬁ J: PleR’

Integration was done in the computation using Simpson’s rule in both
numerator and denominator.

Computer Solution. The finite-difference equations were solved
by implicit techniques to reduce stability problems. It was determined
that the solution was stable when A6 < AR. The solution was unstable
when this condition was not met.

Supplied to the program were radius ratio RO, starting and terminal
theta #; and 6y, number of steps NR and NTHET, and Reynolds and
Prandtl numbers. To compute for nonuniform inlet velocities or wall
temperatures would require minor program modifications.

The program periodically printed velocity and temperature dis-

(18)

RdR

(19)
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Fig. 3 Tangential velocity development, RO = 1.36

tributions as the calculation progressed. Results were given at specific
values of 8 for radial positions and corresponding values of W, V, P,
and T'. At the completion of the calculations, 8 = ¢, Nusselt numbers
and loss factors were computed.

Discussion of Resulis

While the computer program is primarily for evaluation of designs,
it is useful to make observations from specific sets of results. Several
areas merit special attention, including the development of velocity
and temperature profiles, flow separation, heat transfer, and limita-
tions of the analysis.

Velocity Profiles. As the hydrodynamic equations are not
coupled to the energy equation, it is convenient to discuss these results
first.

To determine the effect the mesh size AR had on the solutions, runs
were made with NR = 21 and NR = 11. These results are compared
in Fig. 3 for a Reynolds number of 20 at a radius ratio of 1.36. Velocity
is graphed at several radial positions as a function of angular position.
There is a small difference between the results from ¢ = 6, to a value
of 8 = 0.9, After that point the difference is not discernible. Calcula-
tions were made with NR = 11.

Fig. 3 also illustrates the effect of the change in cross section on the
tangential velocity. The velocity decreases as the flow approaches the
equator (0 = 1.57), where the cross section normal to the flow is a
maximum. At that point the mean velocity (shown as a dash line in
the figure) reaches unity. From that point on the flow accelerates.

In addition to the built-in assumptions, such as the initial velocity
and pressure distributions, it is possible to vary the results by changing
radius ratio, Reynolds number, or starting point #;. Examples of the
effect these variables have on velocity profiles are given elsewhere
(10].

In Fig. 4 velocity profiles are plotted along the mendlan for a radius
ratio of 1.36 and a Reynolds number of 20. The spherical boundaries
have been shown as parallel straight lines. Flow progresses from the
initial state §; = 0.2 to 8; = 2.8 without separation. As the flow pro-
gresses the boundary layer thickens, and the profiles flatten as the
equator is approached. The flow then accelerates as it goes through
the other hemisphere. Note the appearance of an inflection in the
profile near the inner wall in Fig. 4. Increasing the Reynolds number
to 200 (Fig. 5) causes these inflections to grow into regions of reverse
flow. When separation occurs (negative W) the computer results
become meaningless, as the flow downstream is then affecting a pre-
viously calculated flow. This could only be examined by solvmg the
equations in elliptic form.

The choice of the starting point of the calculation, 6y, is important.
In addition to altering profiles and pressure distribution, it is possible
for flows that separate when started at §; = 0.2 to flow unseparated
when started at larger angles.
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Fig. 4 Tangential velocity profiles along a meridian, RO = 1.36, Re = 20,
and 8, = 0.2 .

Radial Velocity., While .the flow does not achieve a state that
could be described as fully developed, it does reach a near-concentric
flow pattern in that the radial component goes to zero. This is illus-
trated in Fig. 6, drawn from RO = 1.36 and Re = 20. In the early part
of the flow there is a strong flow away from the inner sphere. This
promotes the possibility of separation from the inner surface. The
radial component has nearly disappeared at 6 = 0.6 radian and es-
sentially is zero beyond that. This is typical of the cases studied.

In the case where the flow was started near the equator, the area
changes are less severe, and the radial component behaves more nearly
like a parallel-flow situation.

Pressure Distribution. Initial pressure distribution is calculated
from equation (3) to provide a stable flow. No attempt was made to
predict flow behavior for nonstable pressure distributions. As the flow
progresses two factors affect the pressure. There is a tendency for the
pressure to change because of the change in area, as well as a tendency
for the pressure to fall because of wall shear. . .

The behavior of the pressure on the spheres along the flow path is
shown in Fig. 7. Pressure on the outer sphere is always larger than that
on the inner sphere. A comparison for the two cases illustrated at Re
= 20 shows that the viscous effects dominate the flow in the narrow
gap, causing the dimensionless pressure to go negative in the case
shown. An increase in Reynolds number for the case RO = 1.1 causes
the pressure rise from diffusion to overcome the viscous effects and
the pressure to remain positive throughout the flow after going neg-
ative briefly on the inner sphere. These are representative of other
cases computed.

If the pressure terms become negative and dominate the numerator
of equation (19), the loss L can exceed unity. This means that the
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Fig. 5 Tangential velocity profiles along a meridian (showing flow separation
at inner surface), RO = 1.36, Re = 200, and #; = 0.2

initial state is incorrect [P(1, 1) = 0]. An additive constant of pressure
would correct this. But the loss factor times the net energy loss would
not be altered by this change. The net energy loss, which is the de-
nominator of equation (19), is a function of radius ratio and 8 only.
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Fig. 6 Radial velocity, RO = 1.36, Re = 20, §, = 0.2
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The effect of Reynolds number on loss is shown in Fig. 8 for cases
that did not separate at a radius of 1.1.
Separation. As noted earlier, the flow separates from the inner

or outer wall for a particular geometry when the Reynolds number’

reaches a large enough value. A survey was made to map the separa-
tion as a function of Reynolds number and radius ratio. A test was
made on W in the program to determine when it became negative. A
negative in W for NR = 11 would obviously occur later in the calcu-
lation than it would for NR = 21. All results were compared on the
basis of NR = 11; so in that respect they are consistent. Several
computations were made at radius ratios of 1.1 and 1.36 to determine
the angle at which separation occurred. These are shown in the graph
of Fig. 9. Notice that the point of separation becomes independent
of Reynolds number for large Reynolds numbers. This is consistent
with the visual studies of Rundell, Ward, and Cox [4]. The radius ratio
of 1.1 was surveyed to establish the minimum Reynolds numbers for
which separation occurred. It was determined as 98. Below that value
the flow did not separate.

30
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1 t 1 1
0 20 40 60 80
REYNOLDS NUMBER

|
100
Fig. 8 Total loss factor as a function of Reynolds number for RO = 1.1
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Fig. 9 Separation angle as a function of Reynolds number for two radius
ratios

A series of computations was made at a Reynolds number of 200
for several radius ratios. The results are shown in Fig. 10. Below RO
= 1.15 separation occurred at the outer surface. Above 1.15 it occurred
at the inner surface. No separation appeared at a radius ratio of 1.15.
The velocity along the meridian for this case was close to separation
along the inner surface at § = 0.92 radians, but the flow began to ac-
celerate near the wall at that point. That is not to say that a calculation
with a smaller mesh would not have shown separation. One would
expect separation from the inner surface due to centrifugal effects and
would guess that larger radius ratios are more apt to have separated
flows. It is not clear why there is a separation at the outer surface for
smaller radius ratios. A computation at a radius ratio of 1.03 and a
Reynolds number of 200 did not show flow separation.

Separation occurs during the diffusion process. Treating the flow
area as a conical diffuser, it is evident that the diffusion angle is more
severe for larger radius ratios. Furthermore, the diffusion angle de-
creases as the equator is approached.

Limitation of the Analysis. There are two limitations in the
analysis. Flow separation imposes an upper limit on the Reynolds
number. The lower limit is a result of the order-of-magnitude analysis,
which requires

RO -1
Re

from equation (7). Assuming a maximum value of the boundary layer
& to be one-half the gap, (RO — 1)/2, minima can be found for Re from
the expression Re = 4/(RO — 1). Minimum Reynolds numbers range
from 11 at RO = 1.36 to 133 at RO = 1.03. With room air as a fluid,
these correspond to mean velocities V of 0.02 m/s and 2.9 m/s, re-
spectively. Smaller Reynolds numbers are valid in the early part of
the flow.

Temperature Profiles.
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Fig. 10 Effect of radius ratio on separation at Re = 200
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Fig. 11 Temperature profiles between concentric spheres, RO = 1.36, Re
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the velocity profiles, temperature is also dependent on the Prandtl
number and the inlet temperature distribution. Profiles are shown
for a uniform inlet temperature of 7; = 0 in Fig. 11. Profiles are shown
developing along the meridian. Prandtl number is 0.7. Profiles for
other Prandtl numbers and other initial states are given elsewhere
[10].

In the case where the initial temperature was set at 0.5, energy was
transferred from the inner surface to the outer surface. Very little
energy was stored in the coolant, as indicated by the small change in
mean temperature.

Heat Transfer. At each point in the calculation several Nusselt
numbers were computed. These were local and mean values on the
inner and outer surfaces, as described in equations (15), (16), and
(18).

A comparison of mean Nusselt numbers on the inner surface is
shown in Fig. 12. All results are for an initial coolant temperature of
0.5 and a Prandtl number of 0.7. It is apparent that the Nusselt
number increases with an increase in Reynolds number and is larger
for large gap than for small gap.

The effect of Reynolds number on the mean Nusselt number can
be seen in the graph in Fig. 13. Inner, outer, and overall Nusselt
numbers are plotted against Reynolds number for the spheres having
a radius ratio of 1.1. These were calculated for an initial temperature
of 0.5 and a fluid having a Prandtl number of 0.7, The overall Nusselt
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number is based on the overall heat-transfer coefficients U between
the inner and outer spheres.

I 1 1

Ul ho(RO) (20)

U h

For flow at low Reynolds numbers it is possible that free convection
can become significant. Calculations were made by extrapolating
experimental correlations for free convection between concentric
spheres. For spheres of 25 cm diameter and radius ratio 1.36, with
room temperature air in the gap, a temperature difference between
spheres of about 4 C is required to produce a Nusselt number of 2. At
the minimum Reynolds number for this case, approximately 11, the
mean Nusselt number on the inner sphere was 2.9. The question of
which mode of heat transfer (including gaseous conduction) domi-
nates as the gap is reduced is currently being investigated by the au-
thor.

Initial Conditions. Assigned initial conditions of velocity,
temperature, and starting angle affect the heat-transfer results and
separation conditions. Normally the initial conditions will be chosen
to model experimentally determined properties.

A set of calculations was made using initial conditions determined
experimentally. With an initial angle of 0.35 radians the gap tem-
perature was uniform, with 7'y = 0, and the tangential velocity profile
was nearly triangular, being large near the inner surface. Comparing
these results to 8; = 0.2 and 71 = 0.5, flow separation was detained
due to the larger angle at the start. Using uniform profiles, Nusselt
numbers on the inner surface were about 20 percent larger for Ty =
0 than for T = 0.5.

Triangular profiles of initial tangential velocity were used. In one
case the maximum velocity was near the inner sphere, and it was near
the outer sphere in a second case. In both cases separation was ag-
gravated by the skewed profiles. Heat transfer was enhanced with
peak velocity near the inner surface and impaired with the peak near
the outer sphere. The change was about 13 percent compared to re-
sults with a uniform profile. Velocity profiles and local Nusselt
numbers were different among these cases near the initial state, but
they tended toward the same values in the upper hemisphere.

The program will handle any initial velocity profile of tangential
velocity that is one-dimensional. The question of extending the
analysis to cope with flow separation, while important, is difficult
because equations must be solved in elliptic form.

Correlation. As noted earlier, Rundell, Ward, and Cox [4] pre-
sented a correlation of their experimental data in terms of Prandtl
number, Reynolds number, and radius ratio having the form

APr1/37rr,-

2
Nu,, = 106.2 Re0262 RO (RO2-1) (21)

for spheres having a diameter of about 25-30 cm. Based on the com-
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puted results of our analysis, the Nusselt number was expressed in
terms of these variables as

Nu = KReMPr¥N(RO — 1)P (22)

Heat transfer is affected by initial conditions. For an initial gap
temperature of Ty = 0.5, the results were fit with the expression

Nu; ,, = 2.41 Re®15(RO — 1)0-17p0-2 (23)

with a variance of 3 percent from the mean. For T, = 0.5 the results
were correlated by the relation

Nu;m = 2.28 Re®23(RO — 1)0-26pr02 (24)

with a variance of 13 percent.

A comparison between Nusselt numbers computed with the cor-
relations and equation (21) shows the results from the experiment [4]
to be larger than those predicted by the analysis. This is not surprising,
as the experiments were done with high Reynolds numbers, and all
runs were separated, with vortices present in the flow. Furthermore,
there is jetting of the fluid against the inner sphere at the entrance.
All of these factors would tend to increase heat transfer in the ex-
periment, while the analysis has agsumed that the flow was laminar
throughout.
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A Numerical Analysis of Heat
Transfer to Fluids Near the
Thermodynamic Critical Point
Including the Thermal Entrance

A two-dimensional numerical method has been developed to predict heat transfer to near
critical fluids in turbulent flow through circular tubes. The analysis is applicable to the
thermal entry region as well as fully developed flows. Agreement with experimental data

for water at 31.0 MN/m?is quite good. A correlation in the form of the heat flux parameter
of Goldmann was found to be satisfactory for water at that pressure. Results are presented
in graphical form which apply to a wide range of heat fluxes, mass velocities, and tube di-
ameters. Preliminary results in the entrance region show that film coefficients remain
well above the corresponding fully developed values for a larger distance downstream
than would be the case with a constant property fluid. This effect becomes more pro-
nounced as the heat flux is increased.

Introduction

Heat transfer to fluids near the thermodynamic critical point in
flow through circular tubes has been of interest for the past 20 years.
The distinguishing feature of the process is the extremely sharp
variations of thermodynamic and transport properties which occur
near the pseudocritical temperature.! Although a supercritical fluid
is clearly single-phase when in a state of thermodynamic equilibrium,
it has been shown that relatively large relaxation times may be re-
quired for a thermally disturbed system to return to equilibrium so
that nonequilibrium phenomena may occur near the critical point.
In addition, there are extremely large density variations in this region
causing free convection effects.

The great majority of work which has been reported has been ex-
perimental. Measurements of heat-transfer coefficients have been
made for a variety of fluids (COs, Hp0, Hj, Og, etc.). An excellent
survey of the entire area of heat transfer to near-critical fluids by

1 The pseudocritical temperature is the temperature at which Cp is a maxi-
mum at a specified pressure.
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Hendricks, et al. [1]2 lists more than 40 references (prior to 1970)
which present results of heated tube experiments. Some of these re-
port sharp peaks in the heat-transfer coefficients while others find
a degradation of the film coefficient resulting in a peak in the tube
wall temperature. It is now evident that these results are not in-
consistent since both increases and decreases in the film coefficient
appear to occur for all fluids at certain combinations of heat fluxes,
flow rates, and fluid bulk enthalpies.

In spite of the large number of experiments which have been run,
the data available for design and even the understanding of the basic
mechanism for heat transfer are inadequate. The large number of
variables which affect the heat transfer and the difficult ranges of
pressures and temperatures which must be produced make a truly
comprehensive experimental program extremely difficult. It is
therefore apparent that a reliable numerical solution would be a
valuable tool for carrying out a systematic study of the effects of
various parameters and for producing results which could be used in
design and analysis.

Numerical solutions of the problem [2-6] have been carried out with
limited success. The method used in these studies was a cross-stream

2 Numbers in brackets designate References at end of paper.
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numerical integration so that the effects of upstream conditions were
not accounted for. Thus, the axial momentum term was not included.
A recent numerical analysis by Kakarala and Thomas [7] used a sur-
face-renewal based formulation to analyze the case of combined free
and forced convection for turbulent flow in a vertical tube. Their
method predicts the threshold limits on the conditions under which
buoyancy terms are significant. They do not present results in the
form of film coefficients, however.

A two-dimensional numerical analysis was recently presented by
Sastry and Schnurr [8]. They used an adaptation of the Patankar-
Spalding method [9] and found excellent agreement with experi-
mental data [10] for water at pressures of 22.8 and 31.0 MN/m? for
relatively low heat fluxes but agreement was less satisfactory for high
heat flux cases and for the COq data of {11]. This appeared fo be partly
caused by the inability of the numerical method to handle the thermal
entry region. There is experimental evidence [11] which indicates that
thermal entry effects may persist much farther downstream for
near-critical fluids than for constant property fluids.

The purpose of the work reported here was to extend the analysis
of reference [8] to include the thermal entry region and to use the
resulting numerical method to predict the effect of all pertinent
variables on the heat-transfer coefficient for the flow of near-critical
fluids through tubes with constant wall heat fluxes.

The Numerical Method

The problem to be analyzed is heat transfer to a near-critical fluid
flowing through a circular tube with a uniform wall heat flux. Axial
conduction, viscous dissipation, and free convection effects are as-

sumed negligible. The flow is assumed to be hydrodynamically fully

developed and the enthalpy profile is uniform at the beginning of the
heated section of tube.

The numerical method used in this work is an adaptation of the
Patankar-Spalding method. Their method is an implicit finite dif-
ference marching procedure applicable to boundary layer? type flows.
The governing differential equations in the von Mises coordinate
system are

ou_o . 1dP "
ox ¢ pu dx

a 9

[ — 2
a a\[/{(JL LH')I‘* (2)

3 “Boundary Layer” has a somewhat broader connotation than usual. It in-
cludes all cases where derivatives of the dependent variables (velocity and en-
thalpy) in the streamwise direction are small compared to those in the cross-
stream direction.

Nomenclature.

where
7 = pepi(0U/ar) 3)
Ji = — et/ oesr)(81/07) (4)

All symbols are defined in the Nomenclature. The effective viscosity,
Heffy 1s the sum of laminar and turbulent contributions. The turbulent
contribution may be computed using any of several empirical or
semi-empirical formulations. The effective Prandtl number is cal-
culated by assuming that the effective conductivity of the fluid is also
composed of laminar and turbulent contributions. This concept leads
to the relatiénship

Hett! Oots = plo + (poge — w)oT (5)

The turbulent Prandtl number o7 may be assumed constant or some
formulation such as that suggested by Jenkins [12], or Eckelman and
Hanratty [13] may be used.

The Patankar-Spalding method has several features which make
it superior to most other numerical procedures. The use of the von
Mises coordinate system eliminates the necessity for a separate con-
tinuity equation. It also allows developing flows to be analyzed without
including a separate equation for conservation of momentum in the
cross-stream direction. The most significant feature, however, is their
treatment of the region near the wall. In this region the velocities are
so small that axial convection terms are negligible. The flow is de-
scribed by ordinary differential equations which can be directly in-
tegrated. This gives values and slopes of the dependent variables,
velocity, and enthalpy at the edge of this “Couette flow” region. These
values are boundary conditions for the finite difference solution which
is used from the edge of the Couette flow region to the tube center line.
This results in a significant reduction in the required number of
cross-stream nodes.

Two major revisions were required to adapt this method to the case
of heat transfer to near-critical fluids in circular tubes including
thermal entrance effects. The first was the adaptation of the method
to internal flows. Since the solution of the finite difference equations
requires knowledge of the downstream pressure, an iterative scheme
had to be developed in which a value of downstream pressure is as-
sumed, downstream velocity and enthalpy profiles are computed, and
the resulting radius of the flow region is calculated and compared to
the tube radius. If the difference is larger than a specified tolerance,
the assumed downstream pressure is adjusted and the process is re-
peated until satisfactory agreement is obtained.

The second major revision was the handling of the Couette flow
region. If the thermal entry region is to be studied, it is necessary to
use an extremely small spacing of node points near the wall. The
Couette flow region will therefore lie entirely within the laminar

equation (16)

Cp, = specific heat at constant pressure

D = inside diameter of tube

g = acceleration of gravity

G = mass velocity

Gr = Grashof number =
(puw/1w)? Dsg

h = local heat transfer coefficient

i = specific enthalpy

I.=0-~- iw)('rwpc)llz/Qw

Ji = (pert/ oese) (91/0r)

K = thermal conductivity

Ko = effective conductivity in turbulent
flows

N = number of nodes in the radial direc-
tion

Nu = Nusselt number = hD/K},

Nupg = reference Nusselt number defined by

((Pb - Pw)/ﬂw)
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P = pressure

P, = critical pressure

P, = reduced pressure = P/P,,
Py = ﬂc(dP/dx)(Twapc)—_l/z

quw = wall heat flux

r = local radius

Re, = Reynolds number = GD/yuy
S = node spacing parameter

T = local temperature

u = local axial velocity

Uy = u/(Tw/pc)l/2

x = axial distance

y = distance from the tube wall
yo = y(rwpe) e

Ar = node spacing in the radial direction
¢ = eddy diffusivity of momentum
en = eddy diffusivity of heat

w = fluid viscosity

et = effective viscosity for turbulent flow
B = phoft/ the

p = fluid density

¢ = Prandtl number = uC,/K

aepp = effective Prandil number

o = turbulent Prandtl number = ¢/ey

7 = local shear stress

b = qDO2/GOB

W = the stream function

Subscripts
b = bulk
= edge of the Couette flow region
M = pseudocritical condition
0 = a reference condition
W = wall

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



sublayer. If the temperature in that region is near the pseudocritical
temperature of the fluid, variations in the viscosity and Prandtl
number will be severe. [t was therefore necessary to develop a special
Couette flow solution consistent with these conditions.

The governing differential equations in the Couette flow region in
dimensionless form are [9]

duy/dys = (1+ Pyyi)/ ns (8)
and

dl/dyy = o/u (n

These equations are to be integrated from the wall to the opposite
edge of the Couette flow region, which is selected at a point where y+
is less than five to ensure that this region lies completely within the
laminar sublayer.

Typical variations of properties for a fluid near the critical point*
are shown in Fig. 1. Since the thickness of the Couette flow region is
very small and the temperature change across that region is not ex-
cessive, the variation of viscosity may be assumed linear with distance.
Therefore

= prw + (1= prw) Y+/Y4e) (8)

Integration of equation (6) in conjunction with equation (8) yields

Ute = P+y+c2(1 = ttw t ptw lOg Ilv+u))/(1 - ﬂ+w)2
= /(1 = pyw)) log prw  (9)

The Prandtl number variation is quite similar to the C,, variation and
reaches a sharp peak at the transposed critical temperature. Inte-
gration of equation (7) is carried out for two separate cases. If the
transposed critical temperature lies between the temperatures at the
wall and that at the edge of the Couette flow region (T < T < T),
the Prandtl number is expressed by two straight line segments

o= 0,4+ (o — O'w)(I+/I+M) 0<I, <I,ym (10)

and

o= om+ (60— op)Iy — Lim)/ (Tse — Lipg) Iy =1y <14

| (11)
The integration of equation (7) using (8), (10), and (11) yields
Jie = Tiar ~ [(log (oae/ o))/ (601 = 61)
+ yoe (108 ptw)/ (1 — pyw))oe — oar)/log (o./opy)  (12)

If T does not lie between T, and 7', the Prandtl number is given
by '

=0yt (o, — G'w)(I+/I+c) (13)
and integration of (7) using (8) and (13) gives
I+c = (UL‘ - U'w) log (1/N+u))y+c/((1 - H+w) log (GC/Gw)) (14)

Equations (6), (7), (9), and (12), or (14) are used simultaneously with
the set of finite difference equations to determine downstream profiles
of velocity and enthalpy. The wall shear stress and heat-transfer
coefficient may then be calculated.

Since the foregoing analysis is based on an assumption of laminar
flow throughout the Couette flow region, the radial distribution of
node points must be chosen to ensure that the point nearest the wall
is at a diménsionless distance of y+ < 5. It should also be noted that
variations of “effective” properties are most severe in the laminar
sublayer since the laminar viscosity and Prandtl number are highly
temperature dependent. In the turbulent core the eddy viscosity and
conductivity dominate, and they are much less temperature sensitive.
Finally, the rapid changes in enthalpy and velocity occur very near
the wall in entrance region flows. All of these considerations dictate

4 Additional discussion of thermal properties of near critical fluids is given in
the Appendix.
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a highly nonuniform node spacing with the greatest concentration of
node points near the wall. A variety of node-point distribution
schemes were tried. The one which proved most successful was based
on the equation

Arp = (2)"VSAr;_y 1<I<N (15)

where I = 1 corresponds to the node on the tube center line. Various
combinations of N and S were tried and comparison of the results with
those obtained using other combinations as well as with experimental
results were used to determine the best values. The most satisfactory
combination depended on the fluid, heat flux, pressure, and bulk
enthalpy. Nevertheless, N = 30 and S = 2 was found to give good re-
sults for most cases.

Selection of a suitable downstream step size also presented an in-
teresting problem. The Patankar-Spalding method is basically a
forward differencing procedure since derivatives of the dependent
variables are evaluated at the downstream end of the axial step. The
values of the transport properties are evaluated at the upstream
station, however, so that the linearity of the finite difference equations
will be preserved. Therefore, the method is not universally stable and
if the downstream step size is not kept below a particular value, in-
stability will result. This maximum allowable step size is a complex
function of the transport properties and their derivatives with respect
to velocity and enthalpy. It was found to be most expedient to de-
termine the maximum allowable step size by a trial-and-error pro-
cedure. In regions where the wall temperature was well below the
transposed critical temperature or the center-line temperature was
well above it, step sizes as large as 1 diameter could be used. When the
temperature in the laminar sublayer was near T, however, much
shorter steps were necessary. The worst case occurs when Ty falls
within the laminar sublayer but outside the Couette flow region. The
peaks in C, and ¢ are not accounted for in the finite difference portion
of the solution as well as they are within the Couette flow region. This
difficulty was minimized by using small enough node spacings and
step lengths to ensure good accuracy. In such cases a step length in
the range of 0.025-0.1 diameters was used. The most critical case oc-
curred when such conditions occurted near the beginning of the en-
trance region. In these cases an initial step length as small as 0.001
diameters had to be used. Since the step length was adjustable,
computation time was conserved by appropriate variation of the step

NOVEMBER 1976 / 611

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



30—

h X103 (w/m2.K)
N
° (o]
[
>
[~3
-3

WATER
P=31.0 X 10% N/m?
D=9.42 mm
G=2150 kg/m?: s

0- Qy=788kw/mZ | EXPERIMENTAL DATA
o A- Qu=1.73 kw/m? OF REF 10 -

L ! | I .
350 400 450

T.(C)
Fig. 2 Comparison of numerical results to the experimental data of [10]

length as the calculation proceeded downstream.

The accuracy of the numerical method was checked by comparison
of results with those of other analytical studies and with experimental
data from several sources. The first comparisons were for heat transfer
to constant property fluids in turbulent flow through circular tubes
with a uniform wall heat flux. Agreement with standard empirical
correlations [14] for fully developed flows were excellent for Prandtl
numbers in the range of 0.7-10 and for Reynolds numbers from 30,000
to 500,000. Several additional comparisons were made for heat
transfer to near-critical fluids. These are discussed in the following
section.

Results—Fully Developed Flow

The first case considered was water at a pressure of 31.0 MN/m?
(P, = 1.40). This case was selected because a significant amount of
reliable experimental data are available at that pressure for two dif-
ferent values of wall heat flux. It also had the advantage of less severe
property variations than would occur closer to the critical point.
Therefore a larger downstream step size could be used and an ex-
tensive study of the effects of several variables could be made with
a relatively modest amount of computer time.

A comparison of the numerical results with those of reference [10]
is shown in Fig. 2. The abscissa in Fig. 2 is a film temperature defined
as (T + T, )/2. The maximum difference is about 15 percent. This

" agreement is significantly better than that obtained by the authors
in the previous analytical study [8], particularly for the higher heat
flux. This is apparently due to the more precise accounting of the
property variations in the new Couette flow solution and the higher
concentration of nodes in the wall-near region.

The effect of heat flux on the film coefficient was studied by pro-
ducing additional results at values of heat flux ranging from 0.316 to
2.84 MW/m?. These results are shown in Fig. 3. The film coefficients

‘reach a peak at i, = iy for low values of heat flux. At higher heat fluxes
this peak disappears, and at very high heat fluxes, h drops rather
sharply to values less than Y of the corresponding values for the low
heat flux case. The combination of high g,, and low  results in very
high tube wall temperatures.
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Fig. 3 The effect of heat fiux on the film coefficient

The enhancement of h for the low heat flux cases is simply due to
the very high fluid Prandtl numbers which occur at temperatures
spanning the transposed critical. This peak in h would in fact be
predicted by a constant property correlation of the type

Nugp = 0.023 Rep 085,04 (16)

At higher heat fluxes the radial variation of enthalpy (and tempera-
ture) is very large. The wall temperature is well above Ty when the
bulk of the fluid is still at temperatures below Ts. The fluid near the
wall has a low thermal conductivity causing a large thermal resistance
in the laminar sublayer. The average velocity of the fluid is still rel-
atively low, however, since the core of the fluid is at a temperature
below T'as and the density is high. This results in the low values of h.
As heating continues, the density decreases in the core with a corre-
sponding increase in velocity and improvement in the heat transfer
coefficient.?

The effects of heat flux, mass velocity, and tube diameter on the
film coefficient were investigated for water at 31.0 MN/m?2 by calcu-
lating h versus i, for various combinations of q,,, G, and D. A listing
of all cases considered is given in Table 1. The calculated Nusselt
numbers were normalized by dividing by reference Nusselt numbers
calculated from equation (16) at the same bulk enthalpy. The varia-
tion of Nu/Nug with i, for all cases is shown in Fig. 4.

As the heat flux approaches zero, the property variations become
negligible and the Nusselt number ratio would be expected to ap-
proach unity. Note that for the lowest heat flux considered here (Case
1, ¢, = 0.317 MW/m?) the normalized Nusselt number is approxi-
mately equal to unity except for bulk enthalpies spanning the trans-
posed critical where the ratio reaches a value of about 1.2. This occurs
because the property variations in the radial direction are still sig-
nificant at this heat flux. A correlation accounting for viscosity vari-
ation would be expected to give a more accurate prediction of the

5This explanation is essentially the same as that given by Shiralkar and
Griffith.
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Nusselt number. The Nusselt numbers for Case 1 were also compared
to a correlation recommended by Kays [14] having the form

Nu = 0.0155 Rey, %835, 0-5(up/ 1y )0-36 amn

Agreement was within 5 percent over the entire range of bulk
enthalpies. Even though equation (17) is a more accurate correlation
than -equation (16), the latter is used as the normalizing Nusselt
number since it can more easily be used in a design situation where
T, 1s unknown at the outset.

The ranges of independent variables covered in this series of runs
were

3.2<D <188 mm
0.32 < g, < 3.5 MW/m?
1020 < G < 5120 kg/m2s

The resulting Reynolds numbers covered a range of 3 X 10 to 2 X 108,
Several methods of correlating the results were tried. The method
which proved best was the use of the heat flux parameter ¢ =
quwD%2/G%8 used by Goldmann [3]. Values of this parameter are given
in Table 1 and on the corresponding curves in Fig. 4. The values of this
parameter increase quite smoothly as the curves shift downward. This
set of curves may be considered a correlation of results for water at
a pressure of 31.0 MN/m? subject to the limitations on q,, D, and G
listed before and to the added restriction that free convection effects

are not important. According to Shiralkar and Griffith {11], buoyancy
effects will be negligible if Gr/Re? < 0.032 for water. Hall [15] uses the
criterion Gr/Re!-8 < 0.1 which is a somewhat more stringent condition.
Values of both of these parameters are given in Table 1 for each
case. )

A few additional runs were made for water at a pressure of 22.8
MN/m? (P, = 1.03). The predicted results were found to agree with
the experimental data of [10] within 10 percent. The step length used
for this solution had to be limited to an extremely small value to
maintain stability. The computer time was therefore quite large and
it was not feasible to run alarge number of cases at that pressure.

Results—The Thermal Entry Region

Experimental results [4] have shown that entrance effects continue
farther downstream for near-critical fluids than would occur in the
constant fluid property case. The numerical procedure was applied
to the thermal entry region in an attempt to determine the importance
of these effects. The marching procedure was allowed to proceed
downstream solving only the momentum equation until the velocity
profile was fully developed. The enthalpy profile was a specified
uniform value during this “starting length.” Then the solution to the
energy equation was included and the thermal entry solution was
begun. The first cases were run for the purpose of checking the ac-
curacy of the thermal entry solution. Constant fluid property cases
using Prandtl numbers of 0.7 and 10 were run for several values of
Reynolds numbers. Results were found to agree with those of [16]
within £2 percent for x/D = 1. A case was then run for near-critical
hydrogen for comparison to the experimental data of Hendricks, et
al. [17]. These results are shown in Fig. 5. The reduced pressure is 1.28
for this case and the heat flux is quite large with the result that T, <
Ty < T, for the entire entrance region. The very good agreement
indicates that this program can be used to predict thermal entry ef-
fects with some confidence.

Since thermal entry results are functions of bulk enthalpy as well
as G, D, q,, and fluid pressure, it did not appear feasible to attempt
any type of correlation at this time. More comparisons with experi-
mental data from a variety of sources would be required to further
increase the confidence in the numerical method. Nevertheless, a
series of runs was made for water at 31.0 MN/m? to predict the effects
of inlet enthalpy and heat flux in the thermal entry region. A reference
run was made using a very low inlet enthalpy to produce the fully
developed Nu versus i curve. Thermal entrance runs were then made
with higher inlet enthalpy values. The predicted Nusselt number for
those cases asymptotically approached the fully developed results for
large x/D values. It was then possible to isolate the thermal entrarice
effects in the form Nu/Nu.. versus x/D. Results are presented in this
form for three different heat flux levels in Fig. 6. It does appear that
entrance effects are more pronounced and persist much farther
downstream for higher heat fluxes. It was also found that even for the
low heat flux cases, the entrance effect is more pronounced when T}
< Ty < Ty

Discussion
An area of great importance which has not yet been discussed is the

Table 1 Cases analyzed—water, 31.0 MN/m?

Case D G q
No. (mm) (kg/m?*s) Mw?um2
1 9.42 2150 0.316
2 9.42 2150 0.789
3 9.42 2150 1.11
4 9.42 2150 1.74
5 9.42 2150 2.37
6 9.42 2150 2.84
7 9.42 1080 0.868
8 9.42 5120 1.58
9 9.42 4310 3.47
10 18.8 1080 0.5652
11 18.8 4310 1.18
12 3.17 1020 0.316

Journal of Heat Transfer

qW DO-Z/gO.B .

Gr/Re? Gr/Re''8 ws®® m =02 kg o8
0.0007 0.009 268
0.0023 0.029 670
0.0036 0.045 938
0.0063 0.075 1470
0.0088 0.102 2010
0.0104 0.116 2410
0.0224 0.236 1280
0.0004 0.006 670
0.0018 0.024 1690
0.0288 0.358 934
0.0010 0.017 662

0.017 392

0.0019
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Fig. 5 Comparison of numerical results to the experimental data of [17]

effective viscosity formulation. There are a variety of eddy viscosity
formulations which have been proposed. Until recently almost all
theories used in numerical calculations were based on the Prandtl
mixing length theory [18] with an exponential decay near the wall as
proposed by Van Driest [19]. Patankar and Spalding [9] suggest using
local values of p, u, and 7 rather than wall values to improve accuracy
in variable property flows. This results in an effective viscosity of the
form

pete = p + pr2y?[1 — exp [~yv/1p/ (1A +)]?| 6 /By | (18)

where « = 0.4 and A+ = 26. All resulis reported here used this for-
mulation.

Various refinements have been suggested for use with near-critical
fluids. Hess and Kunz [10] have proposed altering A of equation (18)
as a function of kinematic viscosity. Their formulation is empirical
and is applicable only to hydrogen. It was used for the run shown in
Fig. 5 and gave film coefficients slightly higher than those using
equation (18). Additional runs would be required over a variety of
conditions to determine whether the Hess and Kunz approach is in-
deed an improvement.

Hsu and Smith [21] have proposed an enhancement of the eddy
viscosity caused by density gradients. The theoretical analysis on
which their enhancement factor is based is open to some question.
Their formulation was tried for water at 31.0 MN/m? and gave ex-
cellent results for low heat flux cases but badly overpredicted the film
coefficients at higher heat fluxes.

There is a variety of closure schemes based on the equation of the
mean kinetic energy of turbulence of Prandtl [22]. These methods
involve the simultaneous solution of the momentum and energy
equations with one or more turbulent energy partial differential
equations. These have not yet been tried, due primarily to the added
complexity and increased computation time. The only justification
which can be offered for the use of the simpler mixing-length based

6 See discussion at the end of [21].
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Fig. 6 The effects of inlet enthalpy on heat transfer in the thermal
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formulation is its apparent success in comparison with experimental
data. Use of the turbulent-energy methods is planned in future
studies.

The major difficulty remaining is the large computation time re-
quired. It ranged from 15 to 70 min of XDS Sigma-7 computer time
for each case depending on the heat flux level. This would correspond
to about 1-5 min on a CDC 6600 computer. A complete revision to
develop a universally stable method is planned. It is hoped that the
advantages gained from the larger step length will not be significantly
offset by the increased computation time required to solve the system
of nonlinear algebraic equations at each step.

Conclusion

A two-dimensional numerical method has been developed to predict
heat transfer to near-critical fluids in turbulent flow through circular
tubes. The analysis is applicable to the thermal entry region as well
as fully developed flows. Agreement with experimental data for water
at 31.0 MN/m? is quite good. A correlation in the form of the heat flux
parameter of Goldmann was found to be satisfactory for water at that
pressure. Results are presented in graphical form which apply to a
wide range of heat fluxes, mass velocities, and tube diameters.

Preliminary results in the entrance region show that film coeffi-
cients remain well above the corresponding fully developed values
for a larger distance downstream than would be the case with a con-
stant property fluid. This effect becomes more pronounced as the heat
flux is increased. :
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APPENDIX

The property data in Fig. 1 are for water at a reduced pressure of
1.40. The thermal conductivity and viscosity decrease monotonically
with temperature while C, and Prandt}l number exhibit a peak at T
= T'y. At a pressure much closer to critical, the thermal conductivity
may also exhibit a peak at the critical temperature. Examination of
data for CO4 (23), O3 (24), Hy (25), and He (26) indicates that the peak
in k is much less severe than that in C, at the critical isobar so that
the Prandtl number still exhibits a peak. As the pressure increases,
the peak in & disappears quickly and variations in all properties are
then similar to those shown in Fig. 1.
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An Experimental Investigation of
the Thermally Induced Flow
Oscillations in Two-Phase
Systems

An experimental study on the onset of thermally induced two-phase flow vscillations has
been carried out in a uniformly heated boiling channel using Freon-113 as the operating
fluid. The effects of inlet subcooling, system pressure, inlet and exil restrictions, and inlet
velocity have been studied. The experimental data have been compared with the equilibri-
um as well as the nonequilibrium theory including the effect of subcooled boiling. It has

been found that the effect of thermal nonequilibrium should be included in a theoretical
model for accurate prediction of the onset and the frequency of thermally induced flow
oscillations. A simplified stability criterion has also been presented and compared with

the experimental data.

Introduction

The phenomenon of thermally induced two-phase flow instability
is of interest for design and operation of many industrial systems and
equipment such as steam generators, thermosiphon reboilers, and
other chemical process units. Of all the various types of two-phase flow
instabilities, an account of which can be found in the paper by Bouré,
Bergles, and Tong [1],? the low-frequency oscillations, or the so-called
density wave oscillations, are the most common type encountered in
practical systems. The time period of these oscillations is typically
on the order of the time required for a kinematic (continuity) wave
to travel through the system. Although this particular type of oscil-
latory instability has been studied extensively during the last 15 years,
vet not all the aspects associated with this instability are fully un-
derstood. One of the reasons is the lack of systematic, well-controlled
experimental data on the onset and the frequency of this type of os-
cillation at various system conditions, and with various operating
fluids.

The main purpose of this paper is to present new experimental data
on the oscillatory instabilities which were obtained in a uniformly

! Present address: Brookhaven National Laboratory, Department of Applied
Science, Upton, N. Y.

? Numbers in brackets designate References at end of paper.

Contributed by the Heat Transter Division and presented at the Winter
Annual Meeting, Houston, Texas, November 30-December 5, 1975, of THE
AMERICAN SOCIETY OF MECHANICAL ENGINEERS. Revised manu-
script received by the Heat Transfer Division August 17, 1976. Paper No. 75-
WA/HT-6.
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heated boiling channel with Freon-113 as the operating fluid. The
effects of various system parameters such as inlet subcooling, system
pressure, inlet and exit restrictions, and inlet velocity are discussed.
The data are then compared with the equilibrium theory of Ishii and
Zuber [2, 3|, as well as with the nonequilibrium theory of Saha and
Zuber [4, 5]. Both the theories are valid for all fluids including
Freon-113 and water at high pressure. According to the equilibrium
model, no significant vapor generation starts until the liquid bulk
temperature reaches the saturation value, and beyond that all the heat
added to the system goes to generate vapor. In reality, however, due
to a thermal boundary layer near the heated surface, significant vapor
generation is possible even if the liquid bulk temperature is below
saturation. This, in effect, increases the length of the region occupied
by the two-phase mixture, but at the same time reduces the local rate
of vapor generation because a part of the heat added is utilized to
increase the hulk temperature of the liquid. In the nonequilibrium
model, this important aspect of two-phase flow is included and it al-
lows us to determine the significance of thermal nonequilibrium in
predicting the onset of flow instabilities. Finally, a simplified stability
criterion which can be used for preliminary estimation of the system
stability boundary has been proposed.

Experimental Apparatus

The Boiling Loop. A schematic of the boiling loop that was used
for this study is shown in Fig. L. Freon-113 was chosen as the operating
fluid because of its low critical pressure (34.1 bar), low boiling point
(47.5°C at atmospheric pressure), and low latent heat of vaporization
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Fig. 1 Schematic of the boiling loop

(14.7 X 104 J/kg at atmospheric pressure). All of these features of
Freon-113 led to a low capital and operating cost.

The test section is a 274.3 cm long, vertical round tube made of 304
stainless steel with outside diameter of 12.7 mm (0.5 in.) and inside
diameter of 10 mm (0.402 in.). It is heated directly by a de power
supply. Because of the constant wall thickness of the tube, the heat
flux is essentially uniform.

Except for the test section and a few secondary tubings, all the
pipings are of standard hard drawn copper tubes of 50 mm (2 in.) and
38 mm (1'% in.) dia. A 50 mm dia bypass, fitted with a globe valve
(GV2) and an orifice flowmeter, runs parallel to the test section. A
preheating unit consisting of a heat exchanger heated by steam and
two 1.5 kW variac-controlled electric immersion heaters regulates the

liquid temperature-at the inlet of the heated test section. There are
two 12.7 mm (% in.) Jamesbury ball valves (VT'1 and VT2), one at the
inlet and the other at the exit of the test section. The purpose of these
two valves is to put desired amount of throttling at the inlet and the
exit of the test section.

A degassing tank equipped with an immersion heater and a cooling
coil is mounted at the top of the loop for several reasons. First, to
provide sufficient NPSH for the pump; second, to accommodate
volume expansion during heat addition; and third, to facilitate de-
gassing of the test fluid after the initial charge. The pressure in the
tank is kept slightly above the atmosphere. The operating range of
the loop can be summarized as follows:

Pressure

Total flow rate

Test section flow
rate

Inlet subcooling

Test section power

up to 16.5 bar (240 psia)
0-6.31 X 1073 m3/s (100 gpm)
0-0.32 X 103 m3/s (5 gpm)

0-110°C
0-100 kW

The loop was not provided with a filter-dryer because there was no
possibility of contaminating the Freon with water. However, it was
provided with a porous filter for separating the fine solid particles,

_ and the Freon in the loop was degassed periodically.

Loop Instrumentation. Simple instruments have been used to
measure the flow rate, pressure, temperature, and power to the test
section. An I'T'T Barton 12.7 mm (% in.) stainless-steel turbine meter
is used to measure the inlet flow through the test section. A turbine
meter was chosen because of its fast response to a slight variation in
flow. The output signal from the meter is fed into an I'T'T Barton flow
indicator as well as into a Hewlett Packard two-channel strip chart
recorder. The accuracy of the flow measurement is +1 percent of the
full-scale flow.

An Acco Helicoid test gauge of range 0-21.7 bar (300 psig) with an
accuracy of +0.25 percent is installed to measure the pressure at the
inlet of the test section. This pressure is considered the system pres-
sure. The pressure drops across the inlet section (between points A
and B in Fig. 1) and the exit section (between points C and D in Fig.
1) of the test section assembly are measured with two ITT Barton
differential pressure indicators, each having a differential pressure
range of 0-1.7 bar (25 psi). A Statham differential strain-gage type
pressure transducer is used to measure the pressure drop across the
entire test section assembly (i.e., points A and D in Fig. 1) or any other
desired length. The output from this transducer is fed into the same
Hewlett-Packard strip chart recorder where the pressure drop across

Nomenclature
A. = cross-sectional area of the channel, [Aigg) Ap = density difference between the phases,
m? P, = system pressure, bar (1 bar = 10° pf — pg, kg/m?
Co = void distribution parameter, (aj)/ N/m?2) Aly, = latent heat of vaporization, J/kg

({a){))

¢p = specific heat at constant pressure, J/
kg—°C

Dy, = hydraulic diameter, m

Dy* = nondimensional hydraulic diameter,
Dh/ ¢

f = frequency of oscillation, cycle/s

fr = single-phase liquid friction factor

fm = two-phase mixture friction factor

i = specific enthalpy, J/kg

J = volumetric flux density, m/s

K = thermal conductivity, W/m—°C

ki, k. = inlet and exit orifice coefficient,
AP/pv?

£ = length of the heated channel, m

Npeh,eq = equilibrium phase change number,
Qeql/vyi

Ngup = subcooling number (Ap/pg)(Aisub

Journal of Heat Transfer

Pe = Peclet number (ppvpDpep ) /Ky

@ = net heat added to the channel, W

Gw” = wall heat flux, W/m?2

Rey, = flow Reynolds number, ppo Dy /1y

v = velocity, m/s

vy = velocity at the inlet of the channel,
m/s

Vy; = vapor drift velocity, v, — j, m/s

Xeeq = exit equilibrium quality

z = axial coordinate, m

« = vapor void fraction

Iy, = mass rate of vapor generation per unit
volume, kg/m?3-s

A = distance of the boiling boundary from the
inlet, m

w = dynamic viscosity, kg/m-s

£, = heated perimeter, m

. p = density, kg/m?

Algyp, = inlet subcooling (i sat = ii), J/kg

Al = subcooling at the point of net vapor
generation (ifsa — 12), J/kg

AP = pressure drop, bar

Qeq = equilibrium frequency of phase change,
Lyeqdp/(pgng), rad/s

Subscripts

e = exit of the channel

eq = thermal equilibrium assumption
ex = external (supply) to the system
f = liquid phase

g = vapor phase

i = inlet of the channel

X = point of’net vapor generation

Special Notation
() = area averaged
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the chosen length can be recorded simultaneously with the test section
inlet flow rate.

Copper-constantan immersion thermocouples are used to measure
fluid temperature at the inlet and the exit of the heated test section.
A number of copper-constantan thermocouples are attached to the
outside surface of the test section. Sauereisen Insa-Lute cement was
used to hold the thermocouple beads on the tube wall, and complete
electrical insulation between a bead and the electrically heated test
section was checked. A maximum allowable wall temperature of 400°C
was set to protect the test section in the event of severe dryout. It
should be noted, however, that the maximum Freon temperature
during this study was only 155°C. Therefore, the problem of decom-
position of Freon was not critical.

Power to the test section is measured with a voltmeter of range
0--100 V and an ammeter of range 0-1500 amps. A digital voltmeter
is also used for a more accurate reading. From a number of steady-
state single-phase tests, the maximum uncertainty in power mea-
surement was found to be +4 percent of the measured power.

Experimental Procedure and Results

The experiment was conducted in such a way that the data on the
onset of flow instability could be easily plotted on the subcooling
number versus the equilibrium phase change number plane intro-
duced by Ishii and Zuber {2, 3]. For one set of data, i.e., one stability
map, the system pressure, the positions of the inlet and the exit
throttling valves (VT'1 and VT2), and the inlet velocity through the
test section (i.e., the flow Reynolds number) were kept constant. The
positions of the throttling valves specify a particular system geometry.
In theoretical analysis, all the equipment at the inlet of the test section
(point A to B in Fig. 1) is lumped together and considered as an inlet
orifice. Similarly, the exit valve VT2 is considered as an exit orifice.
Due to the presence of complicated components like the immersion
heater, flexible joint, turbine flowmeter, etc., it was impossible to
calculate the values of inlet and exit orifice coefficients theoretically.
These values were, therefore, determined experimentally. After the
valves VT1 and VT2 were set at desired positions, the flow and the
pressure drop excluding gravity were measured without heat addition
to the test section. The values of the orifice coefficients, k; and k., were
then determined from '

ALL CHART SPEEDS: 0.5 cm/sec
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Fig. 2 A typical inlet flow trace with increasing power input (A, = 2.44
X 10% J/kg, set No. IV)
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AP; = kippvf? (1)
and
AP, = keppus? (2)

Once the system pressure, the inlet and the exit restrictions, and
the inlet velocity were set, an inlet subcooling was established by
adjusting the preheating system. The test section power was then
increased in small steps until sustained flow oscillations were ob-
served. Sufficient time was allowed between two successive power
steps so that the true nature of the system (steady-state or oscillatory)
could be understood. At the advent of two-phase mixture in the test
section, the flow through the test section might change due to different
pressure drop characteristics of two-phase flow. In that case, a slight
adjustment of the bypass valve (GV2) was necessary to maintain the
chosen flow through the test section. However, because of the high
bypass to test section flow ratio (15-20), the boundary condition of
constant pressure drop, which results from the steady-state flow rate,
across the test section at the onset of flow instability was still main-
tained. This was the same as having a flat pump characteristic, i.e.,

IAP ey
— %9
al)ﬁ

3

A typical trace of the test section inlet flow with increasing power
is shown in Fig. 2. It shows that the average fluctuation of the flow
increases with increasing test section power. The power at the onset
of flow oscillation is the power where the amplitude of flow fluctuation
starts to increase rapidly (see Fig. 3). The heat loss to the surroundings
is then subtracted from the test section power to obtain the actual
power to the fluid at the onset of flow oscillation. The frequency of
oscillation is determined from the flow trace.

To complete one set of experiments, data points (i.e., actual powers
at the onset of flow oscillations) at various inlet subcoolings were
taken. Seven such sets of experiments were conducted to study the
effects of system pressure, inlet and exit restrictions, and the inlet
velocity. A summary of these tests is presented in Table 1. The details
can be found in [4].

General Observation

Unlike some other studies [6, 7], only one mode of sustained well-
defined oscillations of significant amplitude could be detected in the
present program. Attempts were made to increase the test section
power well beyond the first mode of oscillation; but vigorous oscilla-
tion and, in some cases, excessively high wall temperature endangered
the entire system and thus put a limit on the input power.

For any particular set, as the inlet subcooling was increased, the
power corresponding to the onset of instability dropped until a certain
subcooling, and started to increase thereafter. However, the time
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Fig. 3 Determination of ‘the point of inception of flow instability (set

No. IV)

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Table 1 The Experimental Results

Set Pressure vy Aigp Q f
No. (bar) k; k, (mfs) Rep X 107 (10° J/kg) (kW) (cycle/s)

1 12.1 2.85 2.03 0.98 5.9 1.14-5.42 4.3-9.0 0.833--0.333
I 13.8 2.85 2.03 0.94 5.9 1.81-6.44 4.3-10.3 0.448-0.324
1 10.3 2.85 2.03 1.02 5.9 0.72—-4.35 4.6~7.6 0.912-0.344 -
v 12.1 6.565 2.03 0.98 5.9 1.37-5.12 6.1-8.8 0.788-0.342
\ 121 6.55 2.03 0.72 4.3 1.23-5.28 3.7-1.8 0.540-0.330
VI 12.1 6.55 2.03 1.49 8.9 1.44-5.21 9.3-15.2 0.868-0.412

VII 12.1 2:85 10.66 0.98 5.9 0.93—4.58 4.2-7.6 0.646~0.288

period of oscillation (inverse of the frequency of oscillation), which
was indeed on the order of the transit time of the kinematic wave (i.e.,
on the order of ¢/vy;), increased monotonically with increasing inlet
subcooling. These trends of input power and time period of oscillation
are completely in agreement with the theories discussed later in this
paper.

Significant time lag between the system (point A to D) pressure
drop (cause) and the inlet flow (effect) was observed during the un-
stable operation. A typical trace is shown in Fig. 4, where the phase
shift is in between 90 and 180 deg. From other traces, it was found that
the inlet subcooling had no appreciable effect on the phase shift.
However, it should be kept in mind that the pressure fluctuation
during the stable operation and at the onset of instahility was negli-
gibly small.

Two thermocouples mounted near the exit end of the test section-

were monitored during the flow oscillations. No appreciable fluctu-
ation of wall temperature could be observed at either of the two
locations. This suggests that a flow oscillation does not necessarily
trigger a large amplitude wall temperature oscillation in the two-phase
region.

Comparison of Data With Theories

The major difference between the thermal equilibrium theory of
Ishii and Zuber [2, 3] and the thermal nonequilibrium theory of Saha
and Zuber [4, 5] is in the location of the boiling boundary (the
boundary between the single-phase liquid region and the two-phase
mixture region) and the rate of vapor generation in the mixture region.
According to the equilibrium model, the distance of the boiling
boundary from the inlet of the heated channel is given by

prUfiAcAlgub
eq = L= @
quw Eh
and, the mass rate of vapor generation per unit volume is
Guw” En
Tgeq =" (6)
ANl

CHART SPEED: 2.6 cm/sec, Aigyy, = 1.44 x 104 J/kg

AMPLITUDE, % OF MEAN FLOW
Y

L FLOW
-20

PRESSURE DROP

l‘_”“'ﬁ I I I | \

TIME {sec)

Fig. 4 Trace of inlet flow and system pressure drop (run No. OT 34, set
No. Vi)
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According to the nonequilibrium model, the boiling boundary is
the point where significant vapor generation starts and its distance
from the inlet can be given by (8]

For
. . iAc(Algyp — AL
Aigy > Ady, = 20 Bl — A1) b 2y 6)
Quw"
where
. .w/,D .
Aiy = 0.0022 22201 e pe < 70,000 0
K;
and
q' ”
Al = 1564 =—, if Pe = 70,000 (8)
pUfi
For
Aisub =< AL')\, A=0 . (9)

The mass rate of vapor generation per unit volume, in the nonequi-
librium theory, is taken as
z—X ]]
Aeqg — A

Both the theories are, however, similar in their formulation, and
assume a constant two-phase friction factor and a constant vapor drift
velocity. They also neglect the effect of heat storage in the tube wall.
The details of the theoretical analyses can be found in [2-5].

The data on the onset of instability for set I-1Il, i.e., data for various
pressures, but the same inlet and exit restrictions and Reynolds
number, are compared with the equilibrium and the nonequilibrium
theories in Fig. 5. The simplified stability criterion of Ishii [2]:®

Ty =Tyeq [1 — exp [— (10)

A 2[ki+21f)'"*+ke]
0 h
Npch,eq - Nsub = Xeeq T 1 (11)
o m
T = [ fm 2ke]
2 L2Dy*

which is based on thermal equilibrium model and is applicable for high
subcooling number (Ngyp, > #) is also shown. The subcooling number,
(Ap/pg) (Aisun/Aigg), scales the inlet subcooling and is the dimen-
sionless residence time of a fluid particle in the single-phase liquid
region under the thermal equilibrium assumption. The inverse of the
characteristic frequency of phase change under the thermal equilib-
rium assumption, Qeq (= Ty eqAp/pfpg), is used as the scaling parameter
for time. The equilibrium phase change number, Q.qf/vy, scales the
rate of phase change due to heat addition and is similar to the Dam-
koeler group I in chemical kinetics.

In the theoretical analyses, the effect of pressure is absorbed by the
nondimensional parameters, namely the subcooling number and the
equilibrium phase change number. From Fig. 5 it appears that the
data are indeed scattered around one single stability boundary.
However, it should be noted that the exit quality corresponding to
a particular value of equilibrium phase change number increases with
increasing pressure. Both the theories and the data show same general
trend. However, at low subcooling rggion, the nonequilibrium theory
predicts results which are in close agreement with the experimental
stability boundary. In this region where Aig,, < Aiy, there is no sin-
gle-phase liquid region, i.e., there is no time delay in the single phase
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Fig. 5 The effect of system pressure, and comparison of data with various
theories, with k; = 2.85, k, = 2.03, Res,, = 5.9 X 10%, and f,, = 2f,

region and no fluctuation of boiling boundary. This results in a more
stable system as predicted by the nonequilibrium theory. As the
subcooling number is increased beyond a critical value, the single-
phase liquid region appears and the system becomes less stable. It can
be seen from Fig. 5 that in this region the nonequilibrium theory
predicts a less stable system than the equilibrium theory and is con-
servative with respect to the data on the onset of instability. However,
the importance of the nonequilibrium model becomes visible from
Fig 6, where the data on the frequency of oscillation, f, are compared
with the theoretical predictions.

The effects of inlet and exit restrictions are shown in Fig. 7 and Fig.
8, respectively. As the inlet throttling is increased, the data as well as
the theories indicate a more stable system because a larger fraction
of the system pressure drop is now in phase with the inlet velocity. The
cozverse should be true for exit restriction. However, from the data
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0 ——em SETH (k;=285)
® — — SETIV(k;=655)

10 f— —

o
H
2
ol UNSTABLE
z
+0
‘0
2l STABLE }(
0 | £
0 2 4 6 8 10 12 14 16 18 20
Npch, eq
0 0.2 0.4 0.6 0.8 1.0

Xg, oq (Py = 12.1 bar)

Fig.7 The effect of inlet restrictions, with k, = 2.03, Re,, = 5.9 X 104, and
fn =21,

shown in Fig. 8, it appears that the system becomes less stable with
the increasing exit restriction only at low subcooling number.

The effect of inlet velocity is shown in Fig. 9. Although the data
show a significant dependence on inlet velocity, the theories, at
present, cannot predict such dependence. Further studies, possibly
with variable two-phase friction factor and variable vapor drift ve-
locity, are required to ascertain the observed effect of inlet velocity
on the system stability.

One common feature can be observed from all seven sets of data
presented here. As the subcooling number is increased beyond a
critical value, the experimental stability boundary bends toward the
right-hand side from a constant equilibrium exit quality line. This
is in contrast with the theoretical predictions which remain almost
parallel to a constant equilibrium exit quality line. In the theories,
the value of the void distribution parameter, Co [9], defined as
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(aj Y/ ({a) {j}), is taken as one and the vapor drift velocity for the
bubbly churn turbulent flow is used irrespective of the flow regime.
In actual system, however, the value of the distribution parameter
is usually greater than one [8, 9], and in annular flow regime the rel-
ative velocity between the phases can be much higher than what is
accounted for in the theories. These aspects of the actual system lead
to a lower void fraction, i.e., a higher mixture density, which has a
stabilizing effect. This provides a possible explanation for the dis-
crepancy in the trends of the data and the theories at high subcooling
number,

Simplified Stability Criterion
From the previous section, it is apparent that at high subcooling
number, the simplified criterion of Ishii (equation (11)) can be used
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Fig. 9 The effect of inlet velocity, with k;, = 6.55, Iie = 2,03, and f,, =
2’,
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for preliminary estimation of the stability boundary. However, a
simplified criterion applicable to the low subcooling number is still
required. It has been shown that the nonequilibrium theory predicts
the data at low subcooling number much better than the equilibrium
theory, and from equation (9), the vapor generation starts from the
inlet of heated channel until the subcooling number exceeds a critical
value of (Ap/p, )(Ain/Air,). Applying the criteria for the point of net
vapor generation (equations (7) and (8)), one can express this critical
number by

A
(Nowb)er = 0.0022 Pe E—;N,,Ch,eq if Pe < 70,000 (12)
h

and

(Nsub)or = 154 %Npch_eq if Pe > 70,000 (13)
h

It is found that once the stability criterion corresponding to the zero
subcooling, i.e., (Npeh,eq)o, is determined from the equilibrium or the
nonequilibrium theory, a simple stability boundary can be constructed
(see Fig. 10). It consists of three parts:

1 A constant equilibrium phase change number (Nych.eq)o for Noub
< (Nsgb)er,0, i-€., the part AB.

2 A constant subcooling number (Ngyb)er 0, i-€., the part BC.

3 A constant equilibrium exit quality line, equation (11), for Ny
> (Nsub)er,0, 1.€., the part CD.
An alternative, and a more conservative, stability boundary for Ngyp,
< (Ngub)erp could be the straight line AC, as shown in Fig. 10.

Summary and Conclusions

New experimental data on the onset of so-called density wave os-
cillations and their frequency of oscillations have been presented.
Significant time lag between the system pressure drop and the inlet
flow was observed during the unstable operation.

When compared with the thermal equilibrium and the thermal
nonequilibrium theories, the data on the onset of instability at low
subeooling number and the data on the frequency of oscillation show
better agreement with the nonequilibrium theory. This success of the
nonequilibrium theory is primarily due to a more realistic description
of the boiling boundary. The discrepancy between the trend of the
theories (equilibrium as well as nonequilibrium) and the data on the
onset of instability at high subcooling number is believed to be due
to a higher value of the void distriBution parameter, Cy, and a higher
relative velocity in the actual system. Further work is needed in this
area.

The effects of system pressure and inlet and exit restrictions are
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well predicted by the theories. However, further studies are necessary
to ascertain the observed effect of the inlet velocity.

A simplified stability criterion for low subcooling number has been
proposed which can be used for a preliminary estimation of the system
stability boundary along with the simplified criterion of Ishii (equa-
tion (11)) for high subcooling number.
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A Comprehensive Model for
Nucleate Pool Boiling Heat
Transfer Including Microlayer

Evaporation

The resulls of an experimental investigation are presented in which dichloromethane
(methylene chloride) boiling on a glass surface was studied using laser interferometry and
high-speed photography. New data for active site density, frequency of bubble emission,
and bubble departure radius were obtained in conjunction with measurements of the vol-
ume of microlayer evaporated from the film underlying the base of each bubble for various
combinations of heat flux and subcooling. These results were used to support a model for
predicting boiling heat flux incorporating microlayer evaporation, natural convection,
and nucleate botling mechanisms. Microlayer evaporation heat transfer ts shown to repre-
sent a significant proportion of the total heat transfer for the range of heat flux and sub-

cooling investigaied.

Introduction

In recent years, considerable effort has been devoted toevaluation
of the microlayer evaporation phenomenon in which energy is
transferred from a nucleate hoiling heat-transfer surface hy evapo-
ration of a thin layer of liquid at the base of each of the bubbles formed
on the surface. Moore and Mesler [1]! originally deduced the existence
of the microlayer from observations of rapid fluctuations in the
temperature of a surface on which bubbles were being generated; they
postulated that the temperature fluctuations were indicative of rapid
variations in surface heat flux in response to the evaporation of a thin
film of liquid at the base of each bubble. This explanation of the
temperature fluctuations was indirectly supported by the work of
Rogers and Mesler [2] and Hendricks and Sharp [3], who determined
experimentally that decreasing surface temperature was associated
with the interval during which a bubble was present, whereas in-
creasing surface temperature was associated with the interval during
which the nucleation site was unoccupied. Further indirect evidence
of the existence of the microlayer was provided by Cooper and Lloyd
[4,5], who measured the variation of surface temperature with time
at a number of locations beneath an arbitrarily initiated bubble,

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat T'ransfer Division
June 23, 1976.
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computed the spatial distribution of surface heat flux, and deduced
the thickness of the microlayer that must have evaporated by an
analysis of the enthalpy extracted from the heat-transfer surface over
the lifetime of the bubble.

The first direct evidence of the existence of the microlayer was
provided by Sharp [6], who used interferometry to observe the for-
mation, evaporation, and dryout of a thin film of liquid underlying
vapor bubbles generated on a boiling heat-transfer surface. Hospeti
and Mesler [7] substantiated this observation by reporting on the
deposition of material suspended in a boiling solution in the vicinity
of the nucleation site, presumably as a result of evaporation and
dryout of a liquid film. Jawurek (8] performed an interferometric
study somewhat similar to that of Sharp in which interferometry and
high-speed photography were combined to determine instantaneous
microlayer thickness as a function of radius and time.

A number of investigators contributed to the evaluation of the
microlayer evaporation phenomenon by demonstrating the necessity
of including microlayer evaporation in the analysis of bubble growth.
Cooper [9] was the first to present a theory for predicting the rate of
growth of a bubble in saturated boiling conditions that incorporated
the microlayer evaporation phenomenon; the predictions of the
analysis agreed reasonably well with the results of experiments for
various fluids under conditions for which the assumptions were ap-
proximately valid. In addition, the theory permitted determination
of the conditions under which microlayer evaporation might he ex-
pected to have a significant effect on bubble growth. Van Ouwerkerk
[10] reformulated the problem, eliminating some of the approxima-
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tions contained in the previous analysis, and showed that Cooper’s
relationship for bubble growth rate was inexact except in extreme
cases. Subsequently Cooper and Merry [11] presented a general ex-
pression for the rate of evaporation of a liquid layer on a solid body,
free of the simplifying assumptions associated with the previous
analyses, and applied this theory to the analysis of bubble growth rate.
In comparing the results of the analyses above with experimental
results, microlayer evaporation considerations were essential under
certain conditions, thereby attesting to the existence of the microlayer
evaporation phenomenon.

However, none of the references cited previously addresses the
significance of microlayer evaporation heat transfer to the total boiling
heat-transfer process, and therefore the contribution of Graham and

Hendricks [12] is particularly noteworthy in this regard. The boiling - -

heat-transfer model which these authors proposed and verified with
the data available when the model was formulated combined time and
surface-averaged values of a transient thermal conduction mechanism
involving the thermal layer that formed at the nucleation sites be-
tween periods of bubble nucleation, a turbulent natural convection
mechanism taking place in the regions uninvolved in bubble nuclea-
tion, and a microlayer evaporation mechanism occurring at the nu-
cleation sites while bubbles were present. Experimental verification

COLLIMATING LENS ™.
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PATTERN

SPECTRA PHYSICS
HELIUM NEON LASER

N 1,|'/,LfLm:wl-z?z,3
st 1 LT s
AT

Fig. 2 Schematic representation of interferometer

of the Graham and Hendricks model showed how combination of the
three mechanisms mentioned above could adequately predict the
surface-averaged boiling heat flux. The purpose of this paper is to
further investigate the mechanisms of boiling heat transfer and to
evaluate the significance of microlayer evaporation heat transfer to
the total boiling heat-transfer process at various levels of heat flux
and subcooling.

Experimental Investigation

In similarity to the investigation reported in Voutsinos’ recently
completed thesis [13], dichloromethane (methylene chloride) was
boiled on a borosilicate glass heater surface coated with a half-
wavelength thickness of stannic oxide which conducted electric cur-
rent and generated heat, causing the liquid to boil. The glass heater
surface, the test vessel, and the associated equipment are depicted
in Fig. 1. A schematic representation of the laser interferometer and
high-speed camera used to record the instantaneous variation of the
liquid film underlying the bubbles forming on the transparent heater
surface is presented in Fig. 2. The procedure used was identical to that
described by Voutsinos and Judd [14]; boiling taking place at ran-
domly located naturally occurring nucleation sites in the stannic oxide
coating was observed in a region near the center of the glass heater
surface. Each experiment comprised a number of tests at different
levels of heat flux under saturated and subcooled boiling conditions.

-During each test, the pressure in the test vessel was maintained con-

stant at approximately one-half atm in order to decrease the number
of active nucleation sites and to increase the size of the vapor bubbles.
Surface and liquid temperature measurements made with thermo-
couples attached to the underside of the glass heater surface and lo-
cated approximately 25 mm above the glass heater surface were ob-
tained after test conditions had been established and maintained

Nomenclature
(g/A) = heat flux existing within area of in-
fluence (T — T'») = temperature difference
A7 = heater surface area gm/Ap = measured heat flux (T — T'sat) = superheat
Anc/Ar = area fraction devoted to natural  gyg/Ar = nucleate boiling component of (T ~ T'w) = subcooling
convection predicted heat flux Vg = volume of microlayer evaporated
C; = liquid specific heat gnc/Ar = natural convection component of 8 = volumetric coefficient of expansion
[ = frequency of bubble emission predicted heat flux do(r) = initial microlayer thickness
g = gravitational constant gmE/Ar = microlayer evaporation compo-  8(r, t) = instantaneous microlayer thick-
h/y = latent heat nent of predicted heat flux ness

k; = liquid thermal conductivity
K = constant
N/A7 = active site density
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gp/Ar = predicted heat flux
r = radius
t = time

w; = liquid viscosity
o1 = liquid density
7 = departure time
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constant for approximately 5 min, after which a length of Kodax 2X
film was exposed at, a normal 4000 frames/s framing rate.

Data Analysis

A complete set of temperature measurements and high-speed
motion-picture film was obtained for dichloromethane boiling at a
pressure of one-half atm (7'y,, = 21.1°C) for three different levels of
heat flux at each of three levels of subcooling. The thermometric data
obtained are presented in Fig. 3, in which the measured heat flux
qm/A7 has been plotted as a function of the temperature difference
(T, — T.). Although this is not the customary manner in which to
present boiling data, this procedure has the advantage of clearly de-
lineating the subcooling effect, inasmuch as each curve which diverges
from the straight line corresponding to gnc/Ap = 184 (T, — T )43
represents a different level of subcooling, as indicated. Despite the
marked increase of temperature difference with increasing subcooling,
the heater surface superheat remained essentially invariant within
the range of test conditions investigated; the increase in (T, — T'»)
was precisely accounted for by the increase in (T'syy — T'w), implying
that (T, — T\at) remained constant. However, this interrelationship
between (T'su — Tw) and (T, — T'sar) is only valid for relatively small
values of subcooling, inasmuch as Judd and Merte [15] and Wiebe and
Judd {16], among others, have shown that superheat generally de-
creases with increasing subcooling at constant heat flux once sub-
cooling becomes sufficiently great. At low enough values of heat flux,
superheat can even become negative, in which case nucleate boiling
ceases entirely and the total heat load is carried by natural convection
alone.

The films obtained were sufficiently detailed to permit simulta-
neous measurement of active site density, frequency of bubble
emission, and bubble departure radius, as well as the time-dependent
variation of the thickness of the microlayer and the area of the dry
spot underlying the bubble. Fig. 4 depicts the variation of active site
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density N/A7 as a function of the measured heat flux ¢ga/A+. Inas-
much as site activation is primarily governed by superheat, in accor-
dance with the findings of Griffith and Wallis |[17] and Shoukri and
Judd [18], it is not surprising that active site density appears to be
independent of subcooling in the present investigation, considering
of the lack of dependence between superheat and subcooling discussed
above. However, by studying Fig. 3 it can be deduced that superheat
increases slightly with increasing heat flux, sufficient to account for
the significant increase in active site density with increasing heat flux
seen in Fig. 4.

Fig. 5 presents the variation in bubble emission frequency f, while
Fig. 6 depicts the variation in bubble flux density (N/Ay)f obtained
by multiplying active site density and frequency of bubble emission
as a function of measured heat flux ga/A+ and subcooling (7'5, —
T..). The same subcooling effect observed in Fig. 5 is observed in Fig.
6 as well. It is reasonable to assume that this effect will reverse as
subcooling increases beyond the range of subcooling investigated in
this investigation, since the formation of vapor bubbles will cease at
sufficiently great levels of subcooling, as discussed above, in which
case bubble flux density must tend toward zero. The bubble departure
radius Ry, the maximum radius attained by the bubble before lifting
off the surface, has been plotted against measured heat flux ¢ar/Ap
in Fig. 7. At each level of subcooling (Tsa — T'») investigated, bubble
departure radius decreases with increasing heat flux as the active
nucleation sites per unit area become more numerous.

The average volume of microlayer evaporated Vs is presented in
Fig. 8 as a function of the measured heat flux qas/A+. The techniques
outlined by Voutsinos and Judd [14]7in which instantaneous micro-
layer profiles §(r, t) were plotted for each bubble examined permitting
the initial microlayer thickness profile 8o(r) to be located, were used
in this investigation as well. The volume of microlayer evaporated for

NOVEMBER 1976 / 625

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



10 1 1 T P TTI

8 [ O (Ter= To)=0°C —
S L O (T, =T )= 5-3C .
= F O(Tfa-Te)=l13TC -
w
~ — 4
w
w
r -
@©
@®
>
m —
-
z
e
w0 |
n 10—
E =
w H—
w -
-
oo} -
@
>
: |
w
o - -
>
0
z | SMALL NUMERALS BY DATA PONTS |
3 INDICATE NUMBER OF MEASUREMENTS
o USED TO COMPUTE FREQUENCY OF
r BUBBLE EMISSION
0
e ) L1 i 111 s
10* 10

HEAT FLUX Qy/A; (W/m?)

Fig.5 Bubble emission frequency resuits

6
3x10 T T 1 17
O (Tea—Tw)= 0°C
8 _B(Tso'—Tm): 53°C ]
ul O (Tear-Too)= 11.3°C
N
€
P
W 10— ]
W n ]
m [ .
o = ]
>
@ = ]
_ ]
Z‘ B _
> 5
< 30 |- ]
>
t - —
%]
b4
w
a
pad
3 10+ —
c [ ]
w | -
]
§ - —
D BUBBLE FLUX DENSITY OBTAINED BY |
|- MULTIPLYING ACTIVE SITE DENSITY BY—
FREQUENCY OF BUBBLE EMISSION
3"'04 L I L1 1 1.1
s
0% 10

HEAT FLUX Gy /Ar (W/m?)
Fig. 6 Bubble flux density results

626 / NOVEMBER 1976

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

]
0 T AN B
— —
E n .
€
a r_ 7]
x
" 5
2
(a]
<
@
[}
w 10—
o N
o) -
-
e d
L4 -
o
w -
(e}
w O] (Ttot‘Too)=O°C
- o
2 F O (Ten-To)=53°C 7
L)
2 O (Teqr-To)=l 1 3°C
™ SMALL NUMERALS BY DATA PONTS |
INDICATE NUMBER OF MEASUREMENTS
USED TO COMPUTE BUBBLE
DEPARTURE RADIUS
4
o'l ! IS N N O ;
10 10

HEAT FLUX Gy/At(W/m?)
Fig. 7 Bubble departure radius resuits

each bubble examined was determined by integration according to
the relationship

R
VME=2WJ;"[5(,(,~)—5(,~, Drdr  (m¥) )

where 8(r, 7) represents the instantaneous microlayer profile at the
instant of departure ¢ = 7. The average volume of microlayer evapo-
rated Ve was obtained by averaging the results for a number of
bubbles selected from each of the active sites on the boiling surface
within the field of view of the high-speed camera. Because there was
considerable variability among the bubbles examined insofar as the
size of the bubble and the volume of the microlayer evaporated were
concerned, sufficient independent estimates of the volume of the
microlayer evaporated had to be included in the average to produce
a value that was representative of the bubbles forming within the field
of view of the high-speed camera; it is thought that the value obtained
is representative of the entire surface as well.

The rate of heat transfer by microlayer evaporation gar/Ar ob-
tained by multiplying the average energy transferred per bubble due
to microlayer evaporation ;;liz,”VMlg by the bubble flux density
(N/ApM

qmelAr = pihyy(N/A7) f Vg
= 4.35 X 108 (N/AT) f Vags; (W/m2) (2)

has been plotted in Fig. 9 as a function of the measured heat flux
ga/A+. The single test result reported previously [14] can be seen to
be in excellent agreement with the results of the present investigation.
The results presented in Voutsinos’ thesis [13], which are not thought
to be as reliable as the results of the present investigation, are seen
to be in good agreement as well. Furthermore, a very curious obser-
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| 610 (microlayer evaporation, natural convection, and nucleate boiling)

! I U LN similar to that proposed by Graham and Hendricks [12] will be de-
- s . veloped in the next section in an attempt to demonstrate the self-
consistency of the measurements presented above.

- Boiling Heat-Transfer Model

- Consider a predicted heat flux gp/Ar to be comprised of three

components: a microlayer evaporation component ¢ag/A7, a natural

— convection component gnc/A7, and a nucleate boiling component

gne/ATr. The components are envisaged as acting independently

within specific regions of influence, as depicted schematically in Fig.

10, which portrays a section of heat-transfer surface. By virtue of the

action of vortex rings formed in the wake of departing bubbles, nu-

cleate boiling is assumed responsible for the transport of energy from

the heat-transfer surface to the surrounding liquid by displacement
of a portion of the superheated layer contained within an area of in-

fluence surrounding the nucleation site that formed after the depar-

ture of the preceding bubble. Further, during the formation and
growth of the bubbles a microlayer is assumed to have formed, thus
permitting additional energy transfer from the heat-transfer surface
by mierolayer evaporation. Although these mechanisms occur within
the same region of influence, the heat transfer associated with the
displacement of the superheated layer occurs in the interval after the
bubble has departed from the heat-transfer surface, whereas the heat
transfer associated with microlayer evaporation occurs in the interval
during which the bubble is growing at the nucleation site. In this way'
the two mechanisms complement each other. Natural convection is
assumed to occur in those regions uninvolved in the formation and
growth of bubbles.

(m3)
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vation is seen in connection with the correlation of the results, inas-
much as subcooling appears to have no influence on the rate of heat
transfer by microlayer evaporation. The decrease in the average vol-
ume of microlayer evaporated resulting from increasing subcooling
appears to have been exactly compensated by the increase in fre-
quency of bubble emission, so that the average volume of microlayer
evaporated per site per unit time obtained by multiplying the average
volume of microlayer evaporated by the frequency of bubble emission
appears to be independent of subcooling. Since active site density is
independent of subcooling as well, the rate of heat transfer by mi-
crolayer evaporation computed by the equation above also appears
to be independent of subcooling. As already pointed out in connection
with the discussion of bubble flux density, the behavior observed must
be considered to be restricted to the range of subcooling investigated;
ultimately bubble flux density will decrease with increasing sub-
cooling, and since the average volume of microlayer evaporated
monotonically decreases with increasing subcooling, the rate of heat
transfer by microlayer evaporation must decrease with increasing
subcooling as well. )
The reason for the observations reported above, particularly the
apparent insensitivity of the rate of heat transfer by microlayer
evaporation to changing levels of subcooling, is not obvious. It may
be of some significance that in this particular investigation superheat
was also independent of subcooling. However, it is most likely that
the behavior observed was governed by the interaction of the various
mechanisms of heat transfer adjusting to carry the total heat load in
response to changes in heat flux and subcooling, in which case the | 03
observed effect of subcooling on the rate of heat transfer by microlayer a s
evaporation has no particular significance. This point requires further
study and may form the subject of a subsequent paper. A theoretical
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REFERENCE (14)

VOUTSINOS
TEST RESULTS
REFERENCE (13) |

MICROLAYER EVAPORATION GQue/At (W/m?)
I

HEAT FLUX Gy/Ar (W/m?)

model incorporating three interrelated mechanisms of heat transfer
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Fig. 9 Microlayer evaporation heat-transfer correlation
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The microlayer evaporation component gasr:/Ar will be computed
by equation (2), as represented in Fig. 9. The natural convection
component gnc/Ar will be predicted by a relationship in which heat
transfer by natural convection (gn¢/Anc) is multiplied by a ratio
representing the portion of the surface not involved in nucleate boiling
and microlayer evaporation [I — K7Ry2(N/A7))

anc/Ar = (gnelAne) (Anc/AT)

1302 C 1/3 §
=018k [(M) (M)] (T — T8 (Anc/Ar)
w? ki
= 184 (T, — T)¥3 [1 — KxRy2(N/AT)]

(W/m?) (3)

Using a Mikic and Rohsenow |19] formulation in which the nucleate
boiling heat transfer is obtained by multiplying the average heat flux
resulting from the extraction of energy from the heat-transfer surface
to form the superheated layer (g/A) by a ratio representing the portion
of the surface involved in nucleate boiling and microlayer evaporation
|[KxR,HN/ATD)]

gnp/Ar = KxRyH(N/A1) (/A) = 2V'7 Vi Ciki KRy VF(N/Ar)
X (T — Tw) = 1543 KRo2 VHN/AT) (T, = Tw)  (W/m%  (4)

In cach of the equations above, K is a parameter greater than unity
relating the area of influence around a nucleation site from which
energy is transported by nucleate boiling to the projected bubble area
at departure.

Summing equations (2), (3), and (4) yields the relationship
gplAp =435 X 108 (N/Ap) fVMI',‘

+ 184(T,, — T3 [1 — KxRy2(N/A 7))

+ 1543 KRp2 VI(N/A7) (T, — T)  (W/m?)  (5)
in which K is the only unknown, since all of the other parameters have
been obtained by experimental measurements.

Verification of equation (5) using the measurements reported in
the previous section is presented in Fig. 11. Each component of the
equation (microlayer evaporation, natural convection, and nucleate
boiling) is identified separately. Note that at each level of subcooling
(Tsut — T'w) the sum of the three components representing the pre-
dicted heat flux qp/A+ closely approaches the measured heat flux
gm/Ar, with a discrepancy of the order of £ 10 percent. Han and
Griffith [20] deduced from experimental observations that a sphere
departing from the bottom of a tank of water induced flow toward the
vortex ring forming in the wake of the sphere within a circle twice the
diameter of the sphere. Should this observation be applicable to
bubbles departing from a heat-transfer surface, it is implied that the
area of influence is four times the projected area of the bubble at de-
parture. Substitution of K = 4 into equation (6) would have caused
the predicted heat flux to exceed the measured heat flux by a con-
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siderable margin; K = 1.8 resulted in the best fit when all of the data
were considered. It is not unreasonable to imagine that while a de-
parting bubble might influence flow over a considerable area, only
that portion of the thermal layer contained within the area of influ-
ence would be transported into the surrounding fluid, as the results
of the present investigation seem to indicate.

Cenclusions

The results of the present investigation comprise a comprehensive
set of measurements which substantiates a model for predicting
boiling heat flux incorporating microlayer evaporation, natural con-
vection, and nucleate boiling mechanisms. Microlayer evaporation
heat transfer is a prominent feature of this model, accounting for
one-third of the total heat transfer at the greatest level of heat flux
investigated, although it would seem to be independent of subcooling.
The relative proportions of natural convection and nucleate boiling
vary, but the sum of the three components closely approximates the
total heat transfer for each combination of heat flux and subcool-
ing.
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Flow

An Investigation of Heat Transport
In Oscillatory Turbulent Subcooled

An experiment has been conducted to investigate transient radial heat transport effects
created by oscillatory flow in uniformly heated tubes. Departures from one-dimensional,

quasi-steady-state behavior have been quantified in the frequency range of density-wave
oscillations. The data show a substantial radial dependence of both the amplitude and
the phase of the liquid temperature perturbations even at frequencies as low as 0.1 Hz.
The orderly axial enthalpy perturbation propagation breaks down at frequencies above
0.5 Hz. These effects must be taken into consideration in predicting the behavior of the
point of net vapor generation in a boiling channel under oscillatory flow conditions.

Introduction

The motivation for the present work [1]! was derived from the
conclusions of a previous analytical and experimental investigation
.[2] of density-wave oscillations, a class of thermo-hydrodynamic in-
stabilities encountered in boiling channels. The predictions of the
threshold of stability by the analytical model proposed in (2] agreed
qualitatively but not quantitatively with the experimental data. Lack
of quantitative agreement was partly attributed to the radial heat
conduction and diffusion effects in the single-phase region of the flow
channel affecting the axial propagation of enthalpy perturbations,
and to the effects of thermal nonequilibrium, i.e., subcooled boil-
ing. )

Recently, Saha incorporated the effects of subcooled boiling in the
dynamic mode! of a boiling channel [3]. There is promising but
somewhat limited evidence that this resulted in a better analytical
prediction of experimental system stability limits with reference to
density-wave oscillations. No systematic study of the influence of the
radial heat transport effects on the propagation of enthalpy pertur-
bation exists.

! Numbers in brackets designate References at end of paper.

? Previous assertion to the effect that the periurbations propagated at twice
the flow velocity is incorrect and was based on the observation that the delay
of the enthalpy propagation varies by 180° in one wavelength.

Contributed by the Heat ‘I'ransfer Division and presented at the Winter
Annual Meeting, Houston, Texas, Novemher 30 -December 5, 1975, of THE
AMERICAN SOCIETY OF MECHANIAL ENGINEERS. Revised manuscript
received by the Heat ‘T'ransfer Division January 20, 1976. Paper No. 75-WA/
HT-2.

630 / NOVEMBER 1976

Copyright © 1976 by ASME

Density-wave oscillations in a boiling channel are due to multiple
regenerative feedback between the flow rate, the vapor generation
rate, and the pressure drop (flow-void feedback instabilities [4). If
the point of net vapor generation (NVG), i.e., the point beyond which
the void fraction increases rapidly, is adopted as the houndary be-
tween the single-phase and the two-phase regions, its time-dependent
(oscillating) position in the channel will be of paramount importance
in determining stability with respect to density-wave oscillations [5).
"This oscillation of the NVG point, as characterized by its phase and
amplitude, is primarily dependent on-the phase and amplitude of the
temperature and velocity perturbations in the liquid region adjacent
to the heated wall |6-8|. Thus, radial transport of heat and momentum
in the single-phase region is of importance in the investigation of os-
cillations of the point of NVG.

In references |2 -5] and in all other analytical treatments of den-
sity-wave oscillations, the single-phase region of the boiling channel
has been treated in the axial space dimension only. The inherent as-
sumption here is that the time-dependent radial momentum and heat
transport effects, under oscillatory flow conditions, can be adequately
described by a quasi-steady-state variation of the liquid temperature
and velocity profiles and/or instantaneous mixing in the radial di-
rection. The importance of radial heat diffusion effects has been
recognized by Shotkin [9], who applied a “heat-source correction” to
the calculated power-to-flow transfer function of a boiling loop.
However, he ignored the effect of the velocity profile. Akcasu [10]
proposed an averaged transfer function to take into account the
spread in transit time (velocity distribution effect) without consid-
ering the heat diffusion effect. Silady [12] developed a unified method
for the analysis of entrance-region transient heat transfer to incom-
pressible fluids in hydrodynamically fully developed flow in annuli
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Fig. 1 One-dimensional-model prediction of the phase lag (with respect to
flow perturbation) and amplitude of the bulk temperature perturbations at
0.2 Hz

and tubes. The possibility of the basic turbulent exchange mecha-
nisms of the flow being altered by flow oscillations [13] was not con-
sidered in his work. Indeed, at the present time there is no information
on this question.

A complete analytical consideration of the radial effects under
oscillatory turbulent flow conditions is difficult if not impossible.
Consequently, an experiment was set up to measure the radial dis-
tribution of the amplitude and phase of the local temperature per-
turbations in the single-phase region of heated tubes, in order to
quantify departures from the one-dimensional quasi-steady-state
analysis. Measurements of the radial distribution of velocity per-
turbations under isothermal flow conditions were also made and are
reported elsewhere [11]. The investigation was carried out in the
frequency range associated with density-wave oscillations. Mea-

Nomenclature

surements were made for frequencies between 0.1 and 1.2 Hz at var-
ious axial locations along the heated channel. Relatively large diam-
eter round tubes (24.4 and 22.1 mm ID) were used to facilitate probing
of the flow.

In other analytical and experimental studies undertaken in the area
of heat transfer with oscillating flow, the quantity of interest has been
the time average of the local or average heat transfer coefficient. The
phenomenon of propagation of the temperature perturbations, which
is of particular interest to two-phase flow stability studies, was of no
interest in these investigations and therefore was not considered.

Analysis

One-Dimensional Approximation of the Dynamics of the
Single-Phase Region. The thermohydrodynamics of the single-
phase region of a diabatic, two-phase flow channel under oscillatory
flow conditions has been investigated, taking into account the dy-
namics of the heater wall {1, 5]. A quasi-steady-state velocity profile
and instantaneous thermal mixing in the radial direction were as-
sumed. The flow-to-enthalpy transfer function, H(z, s) % 6h(z, s)/
Sw(s), for the single-phase region of the boiling channel was obtained
by solving the linearized one-dimensional energy equation for the
fluid, coupled to the radial conduction equation for the wall, through
the use of a flow-dependent convection heat transfer coefficient at
the tube inner wall.

For an internally cooled tubular channel with temporally constant
and axially uniform wall heat generation rate, the transfer function
is {5}

H(Z,S) é&(z’_‘g):éﬁ(e—K(s)z —_ 1) (1)
Sw(s) K(s)
where

L(s) =—q—0;[(1 —a)+a
Wy

rore)

Fis)+C
[, L FW

K(S)_UO[S+TCF(S)+C]

M (V'1s)
Y Sl A LA
) TkS M® 74s)
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247
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(247}
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Fig. 1 shows, as an example, the phase lag and the nondimension-
alized amplitude of the bulk temperature perturbation at a flow os-

M(x) = Iy(x) + - Kolx)

c

A = cross-sectional flow area

a = exponent of Reynolds number in Nusselt
number correlation

¢ = specific heat

D = tube inner diameter

h = enthalpy of the liquid

h. = forced-convection heat transfer coeffi-
cient

k = thermal conductivity

¢’ = linear heat input rate

r1 = tube inner radius

rg = tube outer radius

s = Laplace variable

T = temperature

Journal of Heat Transfer

U = bulk axial velocity of the liquid
w = mass flow rate

z = axial coordinate

a = thermal diffusivity

\ = average wavelength, Uqyr

p = density

7 = period of oscillation

.= prefA
¢ (2mr)h.°
Th = r12/aw

¥ = phase lag of local temperature pertur-
bation w.r.t. the cross-sectional-average
inlet velocity perturbation, see Fig. 3.

6T* = nondimensional amplitude of tem-
5T/(ATb)1m.

sU/T
(AT4) 1 is the steady-state bulk temper-

ature increase for z = 1 m
w = circular frequency

perature  perturbation,

Subscripts and Operators

0 =4teady-state value

1 = fundamental-frequency component
b = bulk (mixed-mean)

f = liquid phase
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cillation frequency of 0.2 Hz, as-a function of axial position, z, along
the tube. A standing wave pattern is clearly visible. The wavelength,
A, is equal to the product of the bulk flow velocity and the period of
flow oscillation 7. The solution gives rise to a well-defined enthalpy
perturbation waveform at all frequencies. Thus, the phases and am-
plitudes of local enthalpy perturbations are predicted to be strong
functions of axial position at all frequencies. The enthalpy pertur-
bations propagate axially at the flow velocity according to the one-
dimensional model.2

H(z, ) can be utilized to arrive at the flow-to-position-of-boiling-
boundary transfer function [2], the boiling boundary being the plane
where the bulk liquid reaches saturation. As mentioned in the In-
troduction and shown later, if one considers the NVG point instead
of the boiling boundary, then the radial space dimension must be
introduced in the flow-to-enthalpy transfer function in order to
predict the enthalpy perturbations near the wall correctly.

The General Energy Equation. The general energy equation
for the fluid in the single-phase region of the heated tube, with both
axial and radial dependence, has been discussed in detail in {1]. It has
been postulated that the basic turbulent exchange mechanism is af-
fected by the oscillating nature of the flow [1,13].

The energy equation, with the proper initial and boundary condi-
tions imposed, cannot be solved rigorously at present. However,
nondimensionalization of this equation gives rise to the following three
dimensionless groups: (a) RePrS (as coefficient of the time-deriv-
ative term); (b) RePr (as coefficient of the convective term); (¢) (1
+ ey/a) in the diffusion term. ez will, in general, be a function of r
and w, but it was assumed to be a constant (e.g., value for turbulent
core) for the purpose of forming the dimensionless group. S is a
Strouhal number, defined by Dw/U. These dimensionless groups will
be used later to arrive at a proposed criterion for the validity of the
one-dimensional model.

Experimental Work

The goal of the experimental work reported here was to study the
enthalpy perturbation propagation phenomenon in the single-phase
region by measuring the phase and amplitude of the local temperature
perturbations as a function of radius, frequency, and axial position
in a vertical heated tube.

Refrigerent-113 (R-113) was the experimental fluid. Advantages
of R-113 included the low heating power requirements and compa-
tibility with anemometry probes. However, one disadvantage of using
R-113 is the relative ease with which incipience of boiling may occur
on the heated wall. The pressure in the test section was kept at ap-
proximately 2.5 X 105 N/m?2 above saturation (saturation pressure
corresponding to R-113 inlet temperature of 20°C is 3.63 X 104 N/m2)
to eliminate the possibility of incipience of boiling on the walls. Pos-
sible accentuation of radial effects, due to the lower thermal and eddy
diffusivities of R-113 (compared to water, for example), was another
reason for selection of R-113 as the experimental fluid.

The Experimental Loop. The loop consisted of the vertical test
section, a helicoidal-tube cooler, a circulating pump, a flow-oscillating
valve, a venturi for flow rate measurements, flow control valves, and
a bladder-type pressurizer. The test section, made from thin-walled
stainless-steel tubing, consisted of an unheated hydrodynamic en-
trance length and a resistivity-heated length. A single section of tubing
was used for both these lengths to avoid any geometrical perturbations
in the flow path. Two different test sections (25.4 mm OD; 0.51 and
1.67 mm wall thickness) were used to study the effect of wall heat
capacity on the results.

An anemometry probe mounting section was located at the end of
the heated length. Fig. 2 shows schematically the heated test section
and the probe section. The probe extended beyond the current-
carrying copper flange B into the heated section. A calibrated mi-
crometer arrangement was used to traverse the probe radially. Mea-
surements along various axial positions of the heated section were
simulated by moving the current-carrying copper flange A toward
flange B starting from the longest heated length. This was done to
eliminate the need for insertion of the probe through the thin-walled
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Fig. 2 Schematic diagram of the heated section and the probe section

test section. Thermal analysis of the ends of the heated length using
a conduction code showed that, for the insulated test section, typically
no more than 2 percent of the total heat generated in the wall was lost
through the ends.

A perforated plate upstream of the hydrodynamic entrance length
was introduced to promote mixing and reduce the radial variation of
phase and amplitude of the local velocity perturbation. The liquid
flowed vertically downward in the test section.

The sinusoidal flow modulation was obtained by a closed-loop
feedback control system controlling a valve located upstream of the
test section. This servomechanism had an inner valve-position feed-
back loop and an outer flow feedback loop. A master sine oscillator
provided the command signal to the servocontroller. Details of the
flow oscillating system can be found in reference [1]. Second-harmonic
distortion of the flow signal, as represented by the ratio of the am-
plitude of the second-harmonic component to the amplitude of the
fundamental, was found to be always less than 4 percent. The am-
plitudes of the higher harmonics were not measured and could have
occasionally been of some importance.

Temperature Measurements. A quartz-coated cylindrical
hot-film sensor probe was used as a resistance thermometer, in con-
junction with a temperature measurement module (Thermo Systems
1040). The sensor had a diameter of 0.025 mm and a sensing length
of 0.51 mm. Steady-state temperature profiles were measured at each
axial position to ascertain that the thermal boundary layer had
reached the tube center line. The measured temperature profiles
agreed reasonably well with fully developed computed profiles [14]
corresponding to the experimental conditions. Copper-constantan
thermocouples were used to monitor the test section external wall
temperature at several axial positions as well as the liquid tempera-
tures at the center line of test section inlet and outlet. The wall
thermocouples were insulated from the test section wall by a very thin
layer of mica.

Signal Analysis. An amplifier and bias circuit [1] were used to
remove the mean value of the signal to be processed and then to am-
plify the residual fluctuating component. A Wave Form Eductor
(Princeton Applied Research Corporation) provided phase-averaging
of this amplified signal, thereby reducing the random turbulent
component considerably and making frequency analysis of the signal
easier. A Lock-In Amplifier (Ithaco 391) was used to measure the
amplitude and the phase of the fundamental-frequency component
of the signal.

Since the thermo-hydrodynamic system under study is nonlinear
in nature and the transfer-function representation assumes linearity,
the input flow perturbation amplitudes were limited to less than 8 per
cent of the mean flow values to reduce nonlinear effects.

Data and Observations

Figs. 3-8 show the radial distribution of the phase lag, ¥, and the
nondimensional amplitude, 671*, of the fundamental-frequency
component of the temperature perturbations with respect to the
cross-sectionally averaged inlet velocity perturbation at frequencies
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Fig. 3 Phase lag (with respect to cross-sectional average inlet-velocity
perturbation) and amplitude of local temperature pertubation at 0.1 Hz

of 0.1, 0.2, 0.3, 0.5, 0.7, and 0.9 Hz, respectively. The average inlet
velocity perturbations were obtained by integrating over the flow area
the fundamental-frequency components of the velocity perturbations
that were measured by a constant-temperature anemometry probe
and by obtaining the fundamental-frequency component of the av-
erage signal. This signal differed from the flow perturbation signal
measured by a venturi [11]. The plots contain data at four axial
locations, z = 1.638, 1.210, 0.942; and 0.745 m, for the 0.51-mm-wall
test section. Data at 1.2 Hz as well as data for the 1.67-mm-wall test
section can be found in reference [1]. The phase values are estimated
to be accurate to within +3° at the lower frequencies (0.1 and 0.2 Hz)
and within + 5° at the higher frequencies (0.7 Hz and higher). All
amplitude measurements are believed to be correct within 15 per cent.
Phase measurements became exceedingly difficult or impossible at
the locations where the amplitudes of the temperature perturbations
were very small. This explains the lack of data at certain radial posi-
tions in the tube (e.g., Fig. 6, at ~7.9 mm). All data were found to be
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symmetrical with respect to the tube center line. The figures also show
the one-dimensional model predictions of phase lags and amplitudes
for comparison.

Some of the test section outer-wall temperature perturbations, as
measured by thermocouples, are also shown in Figs. 3-8, The thin
mica layer between the thermocouple junction and the test section
wall obviously introduces an additional phase lag on these measure-
ments. The wall temperature perturbation amplitudes were found
to be substantial when compared to the liquid temperature pertur-
bations.

The Frequency-Dependent Radial Effect. It is clear from
studying Figs. 3-8 that the radial effect (both in amplitude and in
phase) becomes increasingly important as the frequency of flow os-
cilltion increases. If we compare the maximum phase lag spread, Ay
(i.e., the maximum deviation in phase lag values along the radius) at

©— — 1638 m, 2/A=0514  —_
O mrm—m .21 m, z/A=0.380 L::g'?;? m/s
& ===—0942 m, 2/A=0.296 colshm
a 0.745 m, 2/%=0.235 82' :"’ WALL
360°f - ne P
- MEASURED VALUE

™~

@lat m

340°}-

.| FONE - DIMENSIONAL
320 “\MODEL PREDICTIONS

3> 300°%
g /
- 280°} /'{“ /
o F 7~
<C /
I 260°F 7 7
o /
B / /A
240°F / /
- / / ONE - DIMENSIONAL
/ MODEL PREDICTIONS

220° AT INNER WALL

PREDICTIONS AT
OUTER WALL

200°

180°

[ 1 L 1 L |

— I — T T

PREDICTED VALUE =170

R

L
12 a,=814 W/m MEASURED VALUE —]
L 02 Hz @12l m
Lo INNER WALL ~"]
OUTER WALL—"]"
o8}
* _
- L
(78]
osl-
ONE - DIMENSIONAL WALL }{g
0al  \BTeuk PREDICTIONS 7

127

RADIUS, mm

Fig. 4 Phase lag (with respect to cross-sectional average inlet-velocity
perturbation) and amplitude of local temperature perturbation at 0.2 Hz
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any particular axial position, we see that this spread increases
monotonically with the oscillation frequency. As a typical example,
Table 1 shows the Ay values at two axial positions in the 0.51-mm-wall
test section.

It is also seen from the data that the amplitude of temperature
perturbations measured in the vicinity of the test section wall is ap-
preciably larger than the values predicted by the one-dimensional
model. The measured phase lags near the wall, especially at the higher
frequencies (0.5 Hz and above) are also considerably different from
the model predictions of the bulk temperature perturbations but
approximately agree with the wall temperature perturbation pre-
dictions at low frequencies.

It should be noted that at the higher frequencies (Figs. 5-8) large
phase jumps (of the order of 180°) always occurred at the radial
locations where the amplitude tended to very small values. Referring
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perturbation) and amplitude of local temperature perturbations at 0.3 Hz
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Table 1 Maximum bhase lag spread along radius at two

axial positions (Ay)
Frequency AV @z Ay @z .
(Hz) = {1{21 m =1.638 m Figure No.
0.1 25° 10° 3
0.2 124° 48° 4
0.3 148° 207° 5
0.5 178° 202° 6
0.7 259° 250° 7
0.9 281° 276° 8
1.2 348° Not measured reference [1]

to Fig. 1, we can see that this characteristic is in agreement with the
one-dimensional model behavior.

The Frequency-Dependent Axial Propagation Effect. It was
pointed out earlier in the paper that, according to the one-dimensional
model, the enthalpy perturbations should exhibit an axial standing-
wave behavior at all frequencies.

Tigs. 3 and 4 (0.1 and 0.2 Hz) show that the variation of phase lag

360° Y T T T T T x[—-o.'\K:
T
B NS
320°F MEASURED VALUEg(
| 121 m 1
300°}- ?
N PREDICTIONS AT :
“ - OUTER WALL |
(D 0 -
< 280 ONE - DIMENSIONAL d
| MODEL PREDICTIONS \_ %
W AT INNER WALL K
Q 280°F —
T INNER WALL\
T .
OUTER WALL
240°1 \
L |
. O — ——1638 m, z/A=1.286
220°F 0. =" -121 m, z/A=0950
P A 0942 m, z/x=0.739
o — -, @ 0.745 m, z/Ax=0586
200°! -§ =
| B
Y U=0637 m/s
180°L . Re = 34000
\, 05! mm WALL
L \, Azl273 m
R 05 Hz
160° 1 ! | i L L3l L 1 L .
MEASURED VALUE
L gy =814 W/m @12im ™~
| MODEL PREDICTION ]
08 Lelm N
o8} ]
T’;_
4] = 1
o.zﬁ\“\%\ /58| 1
L oy ;/'6‘6 |
O21" oNE-DIMENSIONAL {0 Q. P ]
| MODEL PREDICTIONS™, ‘o f{/ ]
I e g -~
) 2 4 8 10 127

6
RADIUS, mm
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perturbation) and amplitude of local temperature perturbation at 0.5 Hz
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of the local temperature perturbations as a function of axial position
in the test section (at least up to the longest heater length of 1.638 m)
is, both qualitatively and approximately quantitatively, in agreement
with the predictions of the one-dimensional model. The same trend
is noticed in the amplitude data. It should be noted that the ampli-
tudes are known only to within 15 per cent, thus making observations
of trends of amplitudes more difficult as compared to phase lags. It
can be concluded that an axially propagating enthalpy perturbation
exists at these low frequencies as predicted by the one-dimensional
model.

In Fig. 5, however, corresponding to 0.3 Hz, the axial dependence
of the data is considerably weaker in comparison to the one-dimen-
sional model predictions. In addition, we note that the data at 1.638
m and in the turbulent-core region, for the first time start showing
evidence of nonconformance with the axial trend predicted by the
model. Fig. 6 indicates that at 0.5 Hz the axial dependence of the phase
lag is barely discernible. It can be concluded that the concept of axial
enthalpy propagation has broken down already at. this frequency since
the perturbations are almost in phase all along the tube. Figs. 7 and
8 and data at 1.2 Hz [1] further confirm this conclusion.
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Fig. 7 Phase lag (with respect to cross-sectional average inlet-velocity
perturbation) and amplitude of local temperature perturbation at 0.7 Hz
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The Wall Heat Capacity Effect. The one-dimensional model,
which includes the formulation of transient conduction of heat in the
tube wall, can be employed to predict the effect of varying tube wall
thickness.

In order to show the effect of wall thickness alone, all other pa-
rameters influencing the data had to be closely matched. Since the
flow velocity and consequently the wavelength, A, were adjusted to
keep the Reynolds number approximately constant for both test
sections, it became necessary, in order to make comparisons at the
same values of z/\, to obtain the values for the 0.51-mm-wall tube by
interpolation of data obtained at intermediate values of z/\. Thus,
for example, the values of Fig. 9 were obtained by interpolating be-
tween the z = 0.942 and 1.210 m data.

Fig. 9 shows the results for 0.1 Hz. The agreement between data and
the model is seen to be reasonably good. Similar agreement was found
[1] for 0.2 Hz. This suggests that the dynamics of the heated wall are
well-represented by the model at these frequencies. However, at 0.3
Hz and above, the model was unable to predict the experimental [1]
trends consistently.
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Discussion

Possible explanations of the physical phenomena causing the data
trends discussed herein will now be presented.

Radial Transient Heat Diffusion Effects. If we estimate the
phase and the amplitude of the temperature perturbation as a func-
tion of radial location in the tube by following the transient radial
diffusion of the heat generated at the wall throuigh the laminar sub-
layer, the buffer layer, and the turbulent core and ignoring any axial
transport effects (analysis similar to [9]), we find that the phase lag
increases monotonically while the amplitude monotonically decreases
as we move inward. Inspection of Figs. 5-8 shows that both the phase
lag and the amplitude behavior are consistent with the foregoing es-
timate in the region beginning from the wall and extending well into
the turbulent core up to a point of minimum amplitude. The point
of minimum §7'* is seen to approach the wall as the frequency in-
creases. The amplitude of the temperature perturbation grows again
as we proceed inward from the minimum point. It can be postulated
by observing the 180° phase difference between the perturbations at
points bracketing this region that temperature perturbations of op-
posite phases cancel each other at the minimum point.

The Thermal Entrance Length Effect. Fig. 10 shows schema-
tically the heated test section and a specific plane of measurement
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of the liquid temperature perturbations. Small oscillations are su-
perimposed on the flow, which is assumed to be hydrodynamically
fully developed at the heated section entrance. EDCBA denotes,
schematically, the developing thermal boundary layer, which might
be altered from the steady-state case because of the oscillations.

Consider the fluid elements at E, D, C, B, and A, at time ¢ = to, from
a Lagrangian viewpoint. At t > ¢, the elements begin exchanging heat
with their environment as they proceed downstream. The elements
arrive at the plane of measurement having traversed different path
lengths within the effective heat-exchange region. Considering the
fact that the axial movement of fluid particles is responsible in general
for the axial enthalpy-propagation phenomenon, we conclude that
the fluid elements will have different phases on arrival at the plane
of measurement. However, another effect that must also be considered
is the radial movement of the fluid elements, as they are moving
downstream, caused by eddy motion (the turbulent exchange mech-
anism).

Thus, the phase of the temperature perturbation at the plane of
measurement at any radial position is affected by both the develop-
ment of the thermal boundary layer and the time-dependent radial
diffusion of heat from the heated wall. Near the wall, we would expect
the temperature perturbation data to be dominated by the phase and
amplitude of the wall temperature perturbation and the phase lag
should increase as we move away from the wall. On the other hand,
if the plane of measurement is not “far” removed from the thermal
entrance region, its effects should be observable and should lead to
variation of phase lag similar to the one shown in Fig. 1 as we move
away from the center of the tube (i.e., as the distance traveled by the
fluid elements increases with radial position). Inspecting the phase
lag data at 0.1, 0.2, and 0.3 Hz (Figs. 3-5) for the three shortest heated
lengths, we indeed find such expected behavior patterns. The two
separate radial regions of dominance are indicated by differences in
signs of the radial gradient of the phase lag values. No thermal en-
trance length effect is visible at higher frequencies and for the longest
heated length at 0.2 and 0.3 Hz. Thus, thermal entrance length effect
was visible only for “short” heated lengths at frequencies below 0.3
Hz.

The relative axial position of the plane of measurement, z, with
respect to the wavelength X (as denoted by the ratio z/)) is of signif-
icance in determining the “shortness” of the heated length. The axial
location z, the frequency of the oscillation, and the flow velocity enter
in this ratio. It seems that if z/A < 0.5, the heated length can be con-
sidered to be “short.”

Effect of Oscillations on the Retention of Past History by the
Fluid Elements. We have seen that as the frequency of oscillation
increases, conformance to the axial enthalpy wave-propagation
phenomenon is gradually lost. The phase lag and the amplitude of the
temperature perturbation, at any location, apparently become in-
creasingly dependent on very recent history, thereby losing their axial
dependence. The radial position and the wall effects now become the
important parameters to be considered.

It is suggested here that probably the “orderly” axial propagation
phenomenon, observed at the lower frequencies, is broken up by the
additional turbulent exchange mechanism generated by the “rapid”
oscillations.

Proposed Criterion for the Validity of the One-Dimensional
Model. The dimensionless groups appearing in the energy equation
governing the propagation of enthalpy perturbations were mentioned

HYDRODYNAMICALLY FULLY-
DEVELOPED VELOCITY
PROFILE AT |INLET

PLANE OF
MEASUREMENT

E

E
Fig. 10 The thermal entrance length effect
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earlier. The ratio ReSPr/(1 + ey/«) is equal to wD?2/(« + ¢H), which
is a measure of the nondimensionalized time constant for radial tur-
bulent heat diffusion. Furthermore, the ratio RePr/ReSPr = 1/S is
a measure of the time period of the flow oscillations nondimension-
alized by a characteristic axial transport time D/U. It is proposed here
that if

wD? 1

a+eg{w) S

then the one-dimensional approximation will be valid. If we use the
steady-state turbulent-core eddy diffusivity value for ey(w), the
foregoing criterion suggests that under the present experimental
conditions the one-dimensional mode! becomes invalid above 0.2 Hz,
in agreement with the experimental observations. The criterion
proposed herein does not, however, take into account the influence
of the thermal entrance length and any effects of the space and pos-
sibly frequency dependence of the eddy diffusivity. A criterion for the
domain of influence of the entrance effects was discussed in a previous
section.

Concluding Remarks

1 The two-dimensional transient measurements confirm the
validity of the one-dimensional analytical model at very low
frequencies only (below 0.2 Hz). Under the conditions of the present
experiment, a substantial radial spread of temperature perturbation
phase lags exists even at 0.1 Hz. Significant departures from the
one-dimensional model predictions appear at frequencies as low as
0.3 Hz. Criteria for the validity of the one-dimensional model are
proposed.

2 The temperature perturbations in the liquid layers immediately
adjacent to the wall follow the wall temperature perturbations. At the
lowest frequencies, the measured liquid temperature perturbations
near the wall are seen to be close to the wall temperature perturba-
tions calculated using the one-dimensional model.

3 Under the present experimental conditions, the enthalpy per-
turbation propagation phenomenon breaks down at frequencies above
0.5 Hz. It is suggested that the perturbations become increasingly
dependent on very recent history of the fluid, on local wall effects, and
on transient radial heat diffusion from the wall with increases in
frequency, thereby losing axial dependence. The additional heat
transport mechanism generated by the oscillation may be a major
cause of such behavipr.

4 The effect of thermal entrance length on the temperature per-
turbations decreased as the frequency of flow oscillation increased.

5 The effect of tube wall heat capacity is substantial. The one-
dimensional analytical model could predict this effect reasonably well
at the lower frequencies.

6 These results have important implications for stability studies
of density-wave oscillations in diabatic two-phase flow systems. It has
been shown [5,6] that the movements of the point of net vapor gen-
eration have considerable importance in channel stability. Since the

Journal of Heat Transfer

transient location of the NVG point will be dictated by the phase and
amplitude of the liquid temperature and velocity perturbations near
the wall, it appears that one-dimensional models of the single-phase
region may often be inadequate in predicting the time-dependent
location of this point. When the NVG point is used to delineate the
interface between the single and the two-phase regions, a two-di-
mensional model of the single-phase region of the channel becomes
necessary. It is important also to keep in mind that the presence of
voidage near the channel wall, upstream of the NVG point, will further
alter the turbulent exchange in this region.
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Radiation Heat Transfer Through
Multiband Molecular Gases

Exact characterization of radiation heat transfer through multiband molecular gases is
obtained in some limits of considerable importance. An approximate procedure based
upon these results is also suggested.

Introduction

Radiation heat transfer through molecular gases has long been
recognized as an important mode of energy transfer in combustion
devices and in planetary atmospheres. There is as well a growing re-
alization of its importance in quantitative fire research problems. For
practical calculations of very specific problems, it has been common
to rely upon a knowledge of isothermal emissivities and atmospheric
transmission functions in graphical or tabular form [1, 2].! These serve
their intended purpose well but contribute inadequately to general-
ized or fundamental questions. These are best studied in simple
geometries but can involve accounting for complex spectral absorption
characteristics in terms of the total band absorption [3, 4]. Many
contributions involving pure radiative transfer as well as interactions
with conduction and convection have been made following this line
of analysis, with particular emphasis upon the behavior of molecular
gases [5-20]. Usually, it has been found necessary to place physical
restrictions upon the problem, thus limiting the range of applicability.
Constant properties are nearly universally assumed but this is not
considered a serious simplification [17]. The most basic problems are
inherently nonlinear even for pure radiative transfer because in
general there are multiple absorption-emission bands, each depending
upon the temperature in a different way. Thus, simplifications include
single band, multiple bands with identical band properties, and lin-
earized radiation. The first is reasonable only for diatomic molecules
with weak overtone bands but these do not occupy a position of great
importance in radiating systems; the second is of theoretical but not
practical interest because band absorption properties of a given mo-
lecular gas may vary widely [4]; the third has proven to be the most
valuable and has led to the solution of many important problems due
to the great simplification it affords.

In this paper the problem of radiative equilibrium of a constant
property, multiband, planar, molecular gas is considered. None of the
three simplifications mentioned is employed. It is found that they are
not needed for problems of pure radiative transfer in some important

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
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limits. The exact analytical results suggest an approximate procedure
that could yield useful engineering estimates of multiband radiative
transfer effects in problems of interest.

Fundamentals

For a planar medium bounded by black, isothermal walls and in-
teracting with thermal radiation in N nonoverlapping narrow bands,
the radiative flux and its divergence may be written

N
Q=1+5% B, [zKa[rhm]

i=1

1
+ 27p, j; ¢i () Kalrh,|n — '|] sgn (n = #) dn’] (1)

d N
4 _ 23 Bty [2(17[(71) — Kolrnm]
dn i=1
1
~ Th; j; i) K [rr | n — 7']] dn"] (2)
where

Q=q"/o(T1* — Ts%)
B; = [E,i(T1) — Ei(T)D:/o(T1* — Ty
di(n) = [E;(n) — Ei (T [E.i(T1) — E,i(To)]
n=ylh
and physical properties have been taken independent of temperature.

Through use of integration by parts these equations may also be
written

N
@=1+2 g B; [[1 — ¢i(O)}Kalrnm] + ¢:(1)Kafrn, (1 — 9)]
1d i /
- [ -l an | @
0 dy
dQ

N
T=23 B, [[mw) — 11K ofrnn] + $e(DKolrni(L — )]
n i=1

Ldg; (o
+ f —(Z%Kz[m,-]n—n’I]Sgn(n'—n’)dn’] @
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The foregoing equations are often more convenient than equations
(1) and (2) for analytical purposes. The K, functions have been dis-
cussed in [21].

Other formulations for multiband media have allowed for a tem-
perature-dependent absorption coefficient at the expense of assuming
equal characteristic values for every band [22). Most molecular gases,
however, show a pronounced variation of optical parameters from
band to band [4]. Consequently, it seems more appropriate to retain
this characteristic and to rely on scaling methods to account for
temperature dependence in practical applications [23, 24]. For the
problem of radiative equilibrium considered here, d@/dn = 0 and
equation (4) reduces to

N
S Bim; {wm — 1)K olmnm) + ¢ (D Kafrni(1 = )]
i=1

Ldo: (0
+ f MKZ[TIL,'I'” = 7'|]sgn (n — ) dn'} =0 (5)
0 d17'

Since the quantity in braces is not in general independent of the index,
i, and all of the ¢; depend upon the local temperature T in a different
way, it is clear that solving (5) for the temperature distribution 7'(»)
is a formidable task. The difficulty has been overcome or reduced in
the past in any one of several ways. The reduction to a single band is
not of special interest here. Linearization has proven very popular and
informative. In this case all the ¢; are identical and new transfer
functions can be defined which superficially eliminate the summation.
The optically thin limit accomplishes something similar in that Ko(x)
becomes equal to one for all bands and a new dependent function can
be defined which again eliminates the summation for computing
purposes. A similar summation elimination can be accomplished by
assuming all band optical depths, 71, to be the same. Then, without
assuming the D; to be the same, a new dependent variable can be
defined and the problem is rather similar to that of the single band.
Most, if not all, of these methods have been used previously with oc-
casional minor modifications. There is a clear unifying result of each
of these methods in that the summation has at least been symbolically
eliminated in every case.

A Criterion for Symbolic Summation Elimination

If one gives careful consideration to equation (5) it might first be
noticed that the transfer function Ko(x) appears in every term. Since
previous work has indicated that useful results are likely to be ob-
tained if the summation can somehow be eliminated from equation
(5), it appears useful to consider the conditions necessary for this to
be accomplished.

All of the methods previously mentioned accomplished this pur-
pose, but every one imposed some condition that it is desirable to
avoid. It appears that the least restrictive criterion is to assume that
Ko[rp,x] is factorable in the form Ko[7px] = g(74,)f(x); then equation
(5) can be written

N
2 Birng () {[6:00) = 1) + 1) £C1 = )

=1

Ldg;(v)
doiCn) o ] =
+j; dn flln=7lsen (g —=n)dn'{ =0 (6)

Nomenclature

This equation provides the necessary ingredients for a relatively
general treatment of multiband radiative transfer. To begin one de-
fines the dimensionless variable,

N
3 Bitng(rn):
i=1

\b =
N
Z Bi Th,'g(‘fh,-)
i=1

Equation (6) then becomes

[W(0) — 1]f(n) + Y(1)f(1 — n)
+ fl d\b(n/)fﬂn ~7|lsgn(n =) dn' =0 (7)
0

dy’
The remarkable characteristic of this equation is that y is a universal
function of ». In terms of ¥, equation (1) for the radiative flux is
now

N 1
Q=1+2% B; [Ka[m,.] +rng(mn) {0 vefin =] dn’J ®)
i=1 0

in which 7 has been set equal to one since € is a constant for radiative
equilibrium. It is significant that equation (7) is a linear form, whereas
equations (5) and (6) are not.

Applications

There are some cases of special interest in which Kqo(x) can be
factored as indicated in the previous section. These include the op-
tically thin limit, the square-root limit, and the logarithmic limit for
molecular gases. Particular results are considered in what follows.

Optically Thin Limit. This is the simplest condition for which Ky
factors and is independent of spectral absorption models. Since Ka(x)
— 1 as x — 0, one finds that f = g = 1. The solution of equation (7)
is readily found to be y = %. The temperature is a constant and is
found by solving the transcendental equation

2 5 (BlT) = BalT)] S = 3 [BalT) = E(TI] S ©)
where S; is the integrated band intensity and
27he?y;8
exp(her/kT) — 1
The flux follows from equation (8) by using the limit K3(x) — — x as
x — 0. The integral term yields 75,,/2, which is half the total dimen-

sionless emission from an individual band directed toward the cold
wall. Equation (8) thus gives

E(T)= (10)

N
Q=1- 21 By, (11)
=
valid for 74, << 1.

It is worth noting that equation (11) expresses a superposition
principle in that exactly the same result is obtained by ignoring the
coupling between bands and solving for the net absorption of each
band as though it existed in its own state of radiative equilibrium
independently of the others. Indeed, the validity of a superposition

B; = [E,,(T1) — E,i(T9)]D;/a(T1* — T3
C = a constant

C’ = a constant

¢ = speed of light

D; = width parameter for ith band

E,; = Planck function at wavenumber »;

q" = radiative flux

" = negative of net radiative flux absorbed
by the gas, dimensionless

§." = gas radiative emission to the cold
boundary, dimensionless

# = dimensionless temperature, § = (T —
To)/(T1 — T3)

v = spectral wave number

pq = absorbing medium density

o = Stefan-Boltzmann constant

S; = integrated intensity of ith band

7h; = optical depth of the ith band, 74, =

h = slab thickness T, = boundary temperatures, n = 1, 2

# = Planck constant y = spatial coordinate paSih/Dy
K,, = radiative transfer functions B: = fine structure parameter for ;th band ¢i = [Eq(T) — E(T)/[E.(T1) — E,-
k = Boltzmann constant v = Euler-Mascheroni constant, 0.5772.. . . (T9))

€ = total radiative flux, "/ (T* — T's%) n=y/h ¥ = defined just prior to equation (7)
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principle for determining the radiative flux is guaranteed by the form
of equation (7) because y is a function of 4 alone and is the same ir-
respective of the number of individual bands.

Square-Root Limit. The square-root limit is determined by every
significant band satisfying the two conditions 74,/8; > 1 and B;7s; K
1. Under these conditions Ko(rpx) = (2/3)(8;/7hx)V/? so that g =
(2/3)(8;/7r;)2 and f(x) = x V2 Tt is a regrettable fact that radiative
equilibrium solutions for single-band media are not readily available
in this limit. Nevertheless, from equation (8) with Ka[7;,] = —(4/3)
(Bi7n;)1/2 the flux is expected to be given by

N

Q=1-C 3 Bi(Birn)'? (12)

i=1
where C is a constant. It is interesting to observe that if §; = 1 the
foregoing result applies to bands with a Lorentz profile provided that
7, > 1. In this case the constant C can be determined from the cal-
culations of Crosbie and Viskanta [22] to be approximately 0.894 for
Lorentz bands.

Logarithmic Limit. It is reasonably well established that for
many molecular gases at large optical depth there is a fairly extensive
logarithmic region. The evidence is largely experimental in nature
although Edwards and Menard [25] have shown that such a limit is
expected for nonrigid rotators. For this case Kyx] — 1/2x [21] so that
one finds g = 1/274; and f(x) = 1/x. Furthermore, it is known that at
large 74; a condition of thermal continuity at the boundaries of a
medium in radiative equilibrium is approached [22, 26]. Thus, one
may use the conditions y(0) — 1 and (1) — 0. Equation (7) then re-
duces to the form obtained originally by Mighdoll and Cess [9] for
linearized radiative transfer. Consequently, their solution applies
equally well here with the result

Yln) = ! + lsin‘1 (1—2qy) (13a)
2 7
where
N
; [E.:(T) ~ E,i(T2)}D;
Yn) = N" (13b)
2 [Eu(T) = E,(To)]D;

=1

These may be solved for T'(5) through use of equation (10). However,
since one can choose T = T = T, it is easiest to invert equation (13a)

to obtain
S )

which gives » explicitly for each choice of temperature 7',

Use of equation (13a) in equations (8) shows that the integral term
has the value In 2. The dimensionless emission from the gas absorbed
at the cold boundary is thus 2 In 2 = 1.386 [27] for each band. This
value is independent of the actual value of 75, and is the same for all
band absorption equations with a logarithmic asymptote. The flux
given by equation (8) in the logarithmic limit is obtained by making
use of the fact that 2K3[x] ~ — In x — C where C is a constant de-
pending upon the band absorption equation being used [21]. It may
incorporate the band structure effects of 8; as well. Equation (8) in
the logarithmic limit therefore becomes

(14

Q=1+ % BiQr(ra) (150)
i=1

where

Q(rp)=~Inr,, —C+1nd (15b)

For an overlapped-line, exponential band profile, C = v + %, and
equation (156) has been shown to have acceptable error for 74, > 10;
for larger 74, the error asymptotically approaches zero fairly rapidly
[27]. It is of significance that the last two terms of (15b) are negligible
only at extremely large values of 75, due to the slow rate at which In
Th, increases.
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An Approximation for Arbitrary Optical Depths

All of the preceding results have required that each band fall within
the same absorption regime, yet it is certainly conceivable that im-
portant conditions may arise in which band parameters are distrib-
uted in such a way that significant effects are due to bands falling in
adjacent or transitional regions. In that case the transmission function
Ko(x) either factors in a different way for each band or cannot be
factored at all and a simple result like equation (7) is not rigorously
possible.

Nevertheless, an equation of the form of (15a) holds a strong appeal
as an approximation for arbitrarily distributed band parameters, since
its application requires only a single band solution for the dimen-
sionless flux @ as a function of optical depth and line structure pa-
rameters. Such a solution appears to be available only for the over-
lapped line limit {22]. There are a number of reasons why such an
approximation might prove valuable. Among them is the fact that the
linear, square-root, and logarithmic limits will be correctly evaluated.
Furthermore, reference to equation (1) shows that @ (rz;) may be
defined by the terms in braces. Of these, the first represents absorp-
tion of surface radiation and this can be evaluated without reference
to the solution of the energy equation. The second, integral term
represents gas emission and it is only this term that the proposed
approximation would seek to estimate. The relative importance of
the second term is greatest in the optically thin limit when the error
in @ would be of the same magnitude as the error in the estimate of
emission. The error behavior as a function of optical depth is best il-
lustrated by an application to follow.

The approximate procedure also is supported by the observation
that in most cases of interest significant emission is due to only a few
bands and the error will be dominated by the strongest of them. One
might also observe that the uncertainties in the band absorption
equations themselves [4, 21] might well dominate all error consider-
ations.

Application to the Overlapped-Line Limit. At high pressure
and/or temperature the band fine structure becomes diffused and the
overlapped-line limit is applicable. Since exact numerical solutions
for a single band are available they may be used to construct an ap-
proximate treatment and to provide guidance for an extension to less
restrictive conditions. Crosbie and Viskanta [22] have tabulated
Q7 (71) over the range 0.01 < 7, < 100 for an exponential as well as
other band shapes. For smaller and larger values of 7, one has §" ~
—71h; and Q" ~ —In 7, — ¥ — 1/2 + In 4 [27], respectively. For extensive
comparitive calculations, tabulations are inefficient and an analytical
approximation of Q" is especially desirable. Since " can be writ-
ten

Qr(rh) = 2Ks[7a] + Q" (74) (16)

only an expression for Q,” is needed. The radiative emission is as-
ymptotic to 7, and In 4 at optically thin and logarithmic limits. An
equation that satisfies these limits can be obtained by a modification
of a result obtained in reference [21]. The modified equation is

Q" =Ind[1—(2/3) |Ea(tn/In 4)

+ [1 — exp(—7n/ln $))/(r1,/In 4)}] (17)

and this is compared with the exact values in Table 1. Table 2 com-
pares values of @, which indicates to some degree the extent of the
effect of errors in Q. on Q7. These errors are well within the limits
of uncertainty of any band absorption correlation.

Equation (17) is a modified form of the equation for emission from
a medium with linear emissive power distribution. Equivalent
equations for other logarithmic type absorption equations are also
available in [21] and can be similarly modified, although there is no
certainty that errors will be exactly like those in Tables 1 and 2.

The rather favorable comparison of approximate and exact values
of §.” and @~ suggests the extension to bands of arbitrary line
structure parameter.

Application to Edwards’ Wide Band Model. The simplest ex-
tension to bands with line structure can be made using the band ab-
sorption equations of Edwards and Menard [25]. This is not only the
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Table 1 Exact and approximate predictions of
exponential band emission from a slab in radiative

equilibrium
Q% QL €
Reference Equation Percent
Th [22] (17) error

0.2 0.1682 0.1689 0.425
0.5 0.3538 0.3580 1.187
1.0 0.5658 0.5790 2.325
2.0 0.8094 0.8406 3.860
5.0 1.0795 1.1330 4,953
10.0 1.2081 1.2582 4,147
20.0 1.2856 1.3222 2.844
50.0 1.3403 1.3607 1.517
100.0 1.3613 1.3735 0.897

simplest model available but is also the only one for which extensive
compilations of correlation constants have been made [4]. Following
the discussion of Nelson [21] expressions for Ks(r) and Q.” are
readily found. Employing the modification of @." suggested earlier
these are

=21 + (82 +2)/6B8)mn% ™ <8

2K3(r) = —8(Bri)V2/3 + (Bri)46+8; B<th<p~! (18)
~In (Bry) —5/2+ 8 Th2B71
Ind4 [rp* = (8% + 2)/9B}rn*?]; m* <8

Q" = In 4 [8(Bra*)\2 = (Bri*)? — B/7a¥1/9; B < my* < 671
(19)

In 41 = [2/Br,* + 2/ 1u*]/9); h* Z B2

where 7,* = 1,/In 4 and 8 < 1. If the actual calculated 8 exceeds one,
the value used must be one. Equations (15a), (16), (18), and (19)
provide the basis of an approximate procedure for all optical depths
and line structure parameters.

Comparison With the Isothermal-Gas Zone Method. The most
common approximation in lieu of exact numerical solution is to as-
sume the gas to be isothermal at a temperature determined by the
condition of no net energy transfer from the gas. With this assumption
the last term of equation (3) vanishes. If the resulting equation is
evaluated at 4 = 0 and n = 1 and these are subtracted, the result must
be zero and the gas temperature is determined by

N N

Zl 2E,i(T) DiKslrs,] = Zl [E.i(T) + E,i(T)]DiKs[ra]  (20)

= =
Use of the foregoing result in equation (3) with = 0 gives the re-
sult

N
Q=1+ Zl BiKs[tn] (21)
=

Both equations (20) and (21) are correct in the optically thin limit.
In the square-root and logarithmic limits the isothermal approxi-
mation will introduce some error since the emission term is incorrectly
predicted to be —Ks[ry;]. In the square-root limit Q."(rn,) =
4C’V/ B;1,,/3, where C’ is a constant different from one for the non-
isothermal gas and equal to one for the isothermal gas. Thus the iso-
thermal approximation mispredicts the emission by the factor 1/C”
while the percent error in Q" is (C’ — 1)/(2 — C”) in the square-root
limit. The error problem becomes particularly acute in the logarithmic
limit where Q. "(74;) = In 4 is exact but the isothermal approximation
predicts (In 7p,; + v + 1/2)/2 so that the error for each band will be
somewhat different. The band percent error in Q" is (F(ry,) — 1)/(2
— F(ry;)), where F(ry;) = (In 16)/(In 74, + v -+ 1/2). If every rp;, —
the isothermal approximation underpredicts the magnitude of @ by
a factor of two. This is the maximum error expected but it is quite
substantial. It thus appears that the present approximation procedure
should be superior to the isothermal-gas method because in practice
there is always a nonisothermal region near a wall. If the wall is cooler
than the gas the emission to it is reduced, especially so at larger optical
depth [16-18].
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Table 2 Exact and approximate predictions of exponential
band flux attenuation through a slab in
radiative equilibrium

—Qr —Qr
Reference Equations €,

Th [22] (16), (17) % error le,feel
0.2 0.1703 0.1695 —0.421 0.99
0.5 0.3685 0.3643 —1.140 0.96
1.0 0.6211 0.6080 —2.118 0.91
2.0 0.9798 0.9485 —3.190 0.83
5.0 1.6074 1.5539 —3.330 0.67
10.0 21717 2.1216 —2.307 0.56
20.0 2.7873 2.7507 —1.312 0.46
50.0 3.6489 3.6285 —0.558 0.37
100.0 4.3211 4.3089 —0.283 0.32

Results and Discussion

There are a number of radiatively active gases of importance in
engineering applications. However, it is generally conceded that water
vapor and carbon dioxide are of most importance in the majority of
cases. Water vapor is rather more difficult to characterize because of
its more complex structure. Carbon dioxide, although complex, is
more tractable. Among the results obtained, those at large optical
depth in the logarithmic limit are the most interesting. There is
something to be gained from a specific example. For this purpose a
hot wall temperature of 1,000 K and a cold wall temperature of 300
K are taken to bound a pure carbon-dioxide gas at reasonably high
pressure. For convenience, properties are evaluated at the boundary
mean temperature of 650 K. In Fig. 1 several different thermal dis-
tributions are plotted for COs. # represents the dimensionless tem-
perature distribution obtained from equation (14), ¢ is from equation
(13), and the ¢;’s represent the dimensionless emissive power distri-
bution for each band corresponding to the actual temperature dis-
tribution. A dominant band would have a ¢ distribution close to that
of y. In the present case this is true for the 4.3 um band. The difference
between ¢; and y is an indication of the local imbalance of absorption
and emission for a given band. Values of ¢; less than ¢ indicate ab-
sorption dominating emission while the opposite holds if ¢; exceeds
. It is clear that some bands contribute positive and others negative
components to the local flux divergence and this lends physical sup-
port of the mathematical analysis. Many prior multiband calculations
have been obtained in the limit of linearized radiation. For this reason
calculations for a cold wall temperature of 950 K were also performed.
T'his gives a ratio (T'; — T)/T'; of 0.05, a value that is expected to show

0.4

co,
T1 = 1000
0.2 _Tz/Tl = Ui
BANDS
D15 2) 4.2, 3) 2.7 um
0 1 | |
0 0.2 0.4

7

Thermal profiles for an optically thick slab of carbon-dioxide gas

K
3

L
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some degree of nonlinear effects although these are not expected to
be overly significant. Qualitatively the results are similar to those of
Fig. 1, but as would be expected all of the distributions cluster rather
closely about that of . Nevertheless, the deviation from linearized
behavior is detectable under these conditions. Similar observations
follow from the work of Novotny and coworkers [7, 11, 12] for sub-
stantially different maximum temperature.

Although results of calculations for the energy flux based upon the
proposed approximate procedure would be of interest, there are at
this time no exact calculations for multiband radiation with which
a meaningful comparison could be made. Nevertheless, it is clear that
this approximation would be superior to others currently em-
ployed.

Conclusions

The analysis has been based upon the assumption of radiative
equilibrium but has a wider applicability. In particular, several prior
studies of pure radiative transfer, which have been restricted to lin-
earized radiation or single band models, can be immediately rein-
terpreted in terms of the multiband dependent variable if conditions
allow the factorable Ko(x) function. Much of the work of Cess and
coworkers [14] on radiating media with uniform heat generation can
be extended beyond his linearization restriction by an almost trivial
reformulation, In a similar fashion the single-band perturbation
analysis of Lin and Chan [26] also holds for multiband media. This
work was analytically restricted to large optical depth, but it was
found that the results were also valid in the optically thin limit and
gave good results at intermediate optical depth. This suggests that
the Ka(x) function is almost factorable at all optical depth for the
exponential band model and further supports the premise of the ap-
proximate procedure suggested. It is an interesting observation that
the various gray-band models that have been used from time to time
do not yield to a simple multiband formula for the radiative flux be-
cause the Kq(x) function cannot be factored except in the optically
thin limit. This problem is not overcome through use of a differential
formulation. Thus, multiband radiative transfer is an example of a
problem that can actually be made more complicated by the common,
multiple, narrow, gray-band assumption.

The results obtained may have a wider applicability than is im-
mediately apparent. Nelson [28] has shown that coupled thermal
conduction and nongray radiative transfer is reasonably approximated
by simple superposition. It was also observed that this appeared to
be true for nonlinear as well as linearized radiation. If the two effects
can be separated the number of absorption-emission bands should
be irrelevant and superposition is expected to give reasonable esti-
mates for combined conduction-radiation through multiband, planar
media.
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Introduction

The rejection of heat in space is accomplished by the use of ra-
diating surfaces. The problem considered here is the heat transfer
from a long cylinder of specified radius r;, emissivity ¢, and surface
temperature T'. If the required rate of heat transfer per unit length
of cylinder is greater than 27r;0¢Tp*, the effective surface area must
be increased by the addition of fins.

The two types of fin arrays which appear to be most suitable use
either circular or straight fins (see Fig. 1). In either case there are
several possible fin profiles which could be selected. A rectangular
profile is probably the least expensive, but a triangular profile may
be preferable from the standpoint of heat transfer per unit weight.
It is unlikely that a nontrapezoidal profile would be selected due to
manufacturing difficulties.

Analyses have been reported by Sparrow, et al. [1]* for circular fins
of rectangular profile with ¢ = 1 and by Karlekar and Chao [2] for
straight fins of trapezoidal profile. The results given in reference [2]
could be used to obtain a minimum mass design. Fin to base interac-
tions were neglected in their analysis, however, and the results may
not be directly applied to cases where the heat transfer rate is specified
and the geometry of the fin array is to be determined.

More recent analyses [3, 4] have treated both types of fin arrays.
The radiating surfaces are assumed gray and the fin profiles are
trapezoidal. Fin-to-fin and fin-to-base radiative interactions are in-
cluded. Utilizing dimensionless design and operating parameters,
results are presented in [3, 4] which can be used to predict the heat

! Numbers in brackets designate References at end of paper.
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cylinder surface temperature and thermal properties of the fin material, these curves may
be used to design minimum weight fin arrays. Two numerical examples are given.

transfer from a fin array for specified values of base surface temper-
ature, emissivity and thermal conductivity of the fin material, and
geometrical parameters. These results can be used to obtain a mini-
mum weight design, but this entails a trial-and-error procedure and
a large amount of cross-plotting. The purpose of the work reported
here is to perform the optimization with respect to weight for straight
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Fig. 1

Circular and straight fin arrays
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and circular fin arrays of rectangular and triangular profiles and to
present results which can easily be used to obtain the minimum weight
designs.

Optimization of Fin Arrays

The numerical method consists of two major algorithms. The first
is the numerical solution of the temperature distribution and resulting
heat transfer for the specified type of fin array (circular or straight).
The second algorithm performs the optimization of the fin array with
respect to weight. Each of these algorithms will be discussed in some
detail.

Heat Transfer Algorithm for Circular Fin Arrays.
analysis is based on the following assumptions.

1 Steady-state operation is assumed.

2 The temperature distribution in the fin is one-dimensional.

3 The tube surface is isothermal.

4 All surfaces are radiatively gray and diffuse and have the same
emissivity.

5 There is no incident radiation from external sources.

6 Thermal conductivity is a constant.

7 The fin thickness at the base is small compared to the spacing
between the center planes of adjacent fins,
The determination of the temperature distribution in the fin and the
heat flux from the array requires the simultaneous solution of the
differential equation for heat conduction in the fin and the equations
of radiant heat transfer in a nonisothermal gray enclosure formed by
two adjacent fins, the segment of tube surface between them, and
space. The conduction equation is

The

d?T 1 /dt  t\ dt -
LT L,y 2 )
dr®  t\dr r/dr kt
The boundary conditions are
T=T, atr=r;

and
dT/dr = —geT%/k atr =ry
Equation (1) may be nondimensionalized using
X =r/ro, Y =t/t;, N; = toft;
and
N = 20¢T3r2/kot;

The result is

d% 1 /dY Y\ df _Ne®Ne(a/oTs? -
dXx? Y<dX X) dX Y
For a trapezoidal profile
Y=1+4 (XNp=1DN: —1)/(Ng — 1) (3)

and

Nomenclature

dY

ax = (N, — 1) Ng/(Nr — 1) (4)
The boundary conditions are
=1 atX =1/Ng (5)
and
%=i;3r—904 atX =1 ®)

The relationship between ¢, and T' must be obtained by solving the
problem of radiation with a nonisothermal gray enclosure. Since a
numerical solution is used, it is convenient to introduce the finite-
difference approximation, and assume that each annular strip of fin
surface (shown in Fig. 1) having width Ar and circumference 27 (r +
Ar/2) has a uniform temperature T, where 1 < j < N and N is the
number of strips. The applicable radiation equations [5] are

N+1
> xiBi= )
j=1
where
6~ (1 — )Fa; - a;
Xij == A (8)
&
Q= oTj* 9)
and
0 ]
0 = L
1 =7

Note that the isothermal tube surface is also included, giving rise to
(N + 1) equations. The local surface heat flux may be computed
from

N+1
g = X Ayl
1=1

or in dimensionless form

O NS (10)
oTpt =1
where
Aij = [ei/(1 — &)](6i; — ¥ij) (11)
and

Wl =[x~

The simultaneous solution of equations (3)—(11) constitutes the
solution of the problem.

The numerical method used to obtain the temperature distribution
and heat flux in the fin array proceeds as follows. The parameters Ng,
Ny, and N, specify the geometry. In addition, e and N¢ are specified.
A subroutine is then called which calculates all angle factors using the

r; = tube radius

Ap = total profile area of a straight fin array,
Npw(t; + to)/2

Ap = reference area, 0T %r;3/k

F = combined design criterion

k = thermal conductivity

L = center to center spacing between circular
fins

p = penalty function parameter

gr = local radiant heat flux

€ = heat transfer rate per unit length of fin
array

r = radial location
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ro = outside radius of circular fin

t = local fin thickness

t; = thickness of fin at the root

to = thickness of fin at the tip

T = local fin temperature

Ty = base temperature

Vi = total fin volume per unit length of array
for circular fins of rectangular profile,
equation (4) _

Vr = total fin volume per unit length of array
for circular fins of triangular profile,
equation (3)

V = dimensionless volume per unit length of
fin array

w = width of straight fin

€ = emissivity

o = Stefan-Boltzmann constant

Nc¢ = conduction number, 20¢T3r; 2/ (kt;)

Np = number of straight fins

Ny =L/
Ng =ro/r;
Ny = tolt;
Nw = w/r,-

Q* = Q/2wrieaTy?)
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contour integral method discussed in reference [5]. Then the [x]
matrix is calculated using equation (8) and is inverted to form the [¢]
matrix. Note that if emissivity is assumed constant, the inversion is
done only once since the terms are not temperature dependent. The
[A] matrix may then be calculated from equation (11).

An initial assumption of the temperature distribution is now made
and an iterative solution proceeds as follows.

1 The local radiant heat flux (based on the assumed temperature
distribution) is calculated from equations (9) and (10).

2 The total heat transfer from the fin is computed by summing the
local fluxes multiplied by their respective areas, and adding the
radiative loss at the end of the fin.

3 The radiative heat transfer is equated to conduction at the base
to determine d#/dX at the fin base (first node point).

4 The Runge-Kutta-Nystrém method [6] is then used along with
the local radiant heat fluxes obtained in step 3 to calculate a new
temperature distribution.

5 If the distribution is not identical to the assumed distribution
within a set tolerance, steps 1-4 are repeated until convergence is
obtained.

6 Results including the dimensionless total heat flux? from the fin
array, Q*, are then computed.

The final result of this numerical analysis may be expressed func-
tionally as

Q* = f1(NRr, N1, Ny, Nc, €) (12)

Given any combination of the independent dimensionless parameters
in equation [12], the heat transfer algorithm may be used to compute
Q*.

The total fin volume per unit length of array for circular fins of
triangular profile is

Vo = wt; [ %(ro? + ror; — 2r;2)]/L (13)
For fins with a rectangular profile, the volume is
Vi = wti(ro? — r;2)/L (14)

Note that these parameters have units of (length)2 A dimensionless
volume per unit length may then be found by dividing these values
by the reference area

AR = aTb3ri3/k
The resulting expressions are

V =% xe(Np2 + Np — 2)/(NcNy1) (15)

and

V = 2ne(Np2— 1)/(N.N¢) (16)

for triangular and rectangular profiles, respectively.

Heat Transfer Algorithm for Straight Fin Arrays. The pro-
cedure used for straight fin arrays is quite similar to that used for the
circular fin arrays: The heat transfer algorithm [4] (similar to that used
for circular fins except for changes related to geometry) is used to
calculate

Q* = fo(NF, Ny, Ny, Ng, €) (17)

The variables Nr and N, replace the Ny and Ny, values used in the
circular fin analysis. Note, however, that N takes on only integer
values. The dimensionless volume in this case is obtained by dividing
the profile area (volume per unit length of array) by the reference area

Ag. The profile area is
Ap = Npw(t; + to)/2 (18)

Then

2 @* is the ratio of radiation from the fin array (including the tube) to the
radiation which would be emitted by an unfinned tube having the same tem-
perature and emissivity.

Journal of Heat Transfer

V = NeNye(1 + No)/Ne (19)

V is minimized with respect to the independent variables N,, and
Nr. ‘

Optimization Technique. In a practical design situation, values
of k, ¢, r;, T, and @ would be specified. The value of N; (= to/t;) is
selected as either zero or unity (triangular or rectangular profile) and
@* is calculated. To be determined would be the remaining geomet-
rical parameters, viz

ro, L, t;
ro, i

circular fins,
straight fins,

compatible with the specified parameters such that the total array
weight is minimized. Finding the minimum weight design is, for all
intents and purposes, equivalent to minimizing volume. Accordingly,
the problem is now to

minimize array volume V

subject to a specified value of @*

for each of the fin types and profiles. The following table identifies
the respective equations from the preceding analyses.

(Equation number)

Fin type Objective, V Constraint §*
Circular fin '
rectangular profile (16) (12)
triangular profile (15) (12)
Straight fin
rectangular profile (19) amn
triangular profile (19) 17

For each type of fin array the entire nonlinear heat transfer problem
as presented in the foregoing must be solved to determine these
quantities, for each hypothesized design. The problem is now for-
mulated as a nonlinear optimization problem, for which there are a
number of standard algorithms which may be used to optimize a
nonlinear function of several variables subject to various types of
constraints.

After a fairly large amount of “experimentation” with different
algorithms, a combined approach using the Fletcher-Reeves conjugate
gradient method followed by a Hooke-Jeeves direct search was em-
ployed. To use these algorithms in their standard forms [7] entails
formulation of a combined design criterion, or penalty function, as
follows

minimize F = V + p(Q*prsioN — @*CALCULATED)? (20)

where the second term penalizes deviations from the desired @*. For
each value of a sequence of increasing p, F is minimized until the
deviations are arbitrarily small, indicating an optimal (minimal) value
of V in terms of the design variables for a specified @*. This approach
is equivalent to the original problem and is a standard technique
[8].

It is not uncommon—as was the case here—to find some algorithms
which perform better than others on given types of problems, for
reasons which very often are not clear. These problems appear due
to the strongly nonlinear nature of the basic model.? To illustrate the
nature of the problem and the necessity of the tandem algorithm
approach, consider the shape of the design objective function for the
circular fin of triangular profile, as shown in Fig. 2.

The objective function is characterized by being relatively flat with
respect to N, but shows distinct minima for Ng and N¢, when each
variable is considered independently for representative values of the
other variables. The second derivative 92V/4N,2 is very small in the
vicinity of (Ng ., Ne o). Thus, Ny, could be varied by a relatively large

3 This also results in long computation times of approximately 12 s per
function evaluation on a XDS Sigma-7 computer for circular fin cases.
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CIRCULAR FINS
TRIANGULAR PROFILE
€=10 o% 18

Fig. 2 Design region

amount without any appreciable variation in V minimum. Typical
values in this region for ANy and AV were 0.08 and 0.001, respectively.
Thus in the vicinity of the optimum, the design space (Fig. 2) is seen
to be an elongated narrow valley. The slope of the sides of the valley
become steeper as a result of the distortion introduced by the penalty
function. From a design point distant from the valley, the Fletcher-
Reeves (gradient-type) algorithm moved rapidly to a region containing
an optimum, then bogged down, resulting in a number of pseudo-
optima. (The Hooke-Jeeves direct search would also “work” from such
starting points, but very slowly.) Once in the valley the initially more
rapid Fletcher-Reeves algorithm generated directions nearly or-
thogonal to the best direction to go to get to the minimum of V (due
to indistinctness of the partial derivatives) and would cease to make
progress. At this point, the solution technique was switched to the
more robust (but slow) Hooke-Jeeves algorithm which then converged
to a minimum. This interrelationship of the algorithms and heat
transfer solutions are shown in the flow chart, Fig. 3.

To summarize, the direct search algorithm performed very slowly
from distant starting points. Accordingly a number of “optima” were

MAIN PROGRAM
DESIGN CRITERIA
CONVERGENCE CRITERIA

FLETCHER-REEVES
ALGORITHM

TRIAL
VARIABLE

HEAT TRANSFER
ALGORITHM

b [ e
————

D[ Hooke-oeeves

! ALGORITHM

1

[

1

|

|

| (S -

Fig. 3 Flow chart
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calculated using Fletcher-Reeves and a single value of the penalty
parameter p. These were used as starting points for the Hooke-Jeeves
direct search. The Hooke-Jeeves algorithm was then implemented
with a progressively increasing weighting factor in the penalty func-
tion. This technique proved very successful in generating the re-
maining points for the design curves presented in Figs. 4-7. In most
cases final convergence was obtained in under 5 min of computer time.
For each of the four cases considered here convergence to an optimum
always occurred, and essentially the same optimum was achieved from
various starting point, implying global optima in all cases.

In the case of the circular fins, all variables (N, N, N¢) are ma-
nipulated simultaneously in the optimization algorithm. For straight
fins because N takes an integer value only a value of Ny is selected
and optimization is then carried out with respect to N,, and N¢. This
is repeated for different values of Ny to determine the optimum de-
sign.

Results

Results for circular fins of different profiles are presented in Figs.
4-6, which give optimum values of Ny, Ng, N¢ as functions of @* for
emissivities between 0.8 and 1.0. Fig. 7 and Table 1 give results for
straight fins in terms of N¢ and Nr.

The results presented here may easily be used to obtain the mini-
mum weight design of an array of straight or circular fins of triangular
or rectangular profile having emissivities between 0.8 and 1.0. It is
assumed that ¢, &, r;, Tp, and @ are given. @* may then be calculated.
Sample calculations using a range of T and @ which might occur in
practical applications show the straight fins to be superior from the
standpoint of heat transfer per unit weight. These studies also reit-
erate the fact that triangular profiles are superior to rectangular
profiles for both designs.

Circular Fin Arrays. The results plotted in Figs. 4-6 are optimal
at each value of @%*, since in general the value of @* is determined by
the application. Other values of Ny, Np, and N¢ will give heavier
arrays. It is interesting but probably not significant that in Fig. 5 a
maximum spacing between fins is indicated at @* = 3.0 for triangular
profiles and 2.0 for rectangular profiles. Similarly N¢,,,, shows minima

T T T T T 7
7+ B
6 —
5 i
N
Ropr
a4 -
NO.  PROFILE €
3 s/, I TR 1.0 .
4 2 TRI. .8
/ 3 RECT 1.0
4 RECT .8
2 _
|+ -
| | | | | |
I.5 2.0 2.5 30 35 40
Q*

Fig. 4 Ng,, versus Q* for a circular fin array of minimum weight
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Fig.5 N, versus Q* for a circular fin array of minimum weight

at high @*, in Fig. 6. Example calculations are given in the Appendix.
The triangular profile is lighter than fins of rectangular profile for the
same independent variables.

Straight Fins. Four fins were found to be optimum for both the
triangular and rectangular profiles with ¢ = 1. Five fins were found
to be slightly better for the ¢ = 0.8 cases. This is in agreement with the
result of reference {2]. The difference in weight between the best de-
signs using 4 and 5 fins was only about 5 percent so that results are
presented for both cases. The variation of Ny, with @* was found
to be linear and may be represented by

Nw o = CQ* — 1) (21)

where C is given for each of the six cases considered in Table 1. The
variation of N, with @* is given in Fig. 7. If straight fins are selected,
Table 1 is used to find the optimum number of fins and the coefficient
to be used in equation (21) for the calculation of Ny,,,. For e between
0.8 and 1.0, 4 fins may be selected and linear interpolation may be used
to obtain C. Fig. 7 is used to determine N¢ . The fin thickness and
width are then computed from the definitions of N, and N¢. As with

30 T T T T T
25+ \ NO. PROFILE € A
‘ \ | TRI. 10
\ 2 TRI 8
\ \ 3 RECT. 1.0
.20 \ \ 4 RECT. 8
N
Copt
15
10+
05+
1 ! ! !

]
1.5 20 25 3.0 35 40
O*

Fig. 8 Nc,, versus Q* for a circular fin array of minimum weight
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Table 1 Results for straight fin arrays
CASE PROFILE € Ne c OPTIMUM
1 triangular 1.0 4 2.20 YES
2 triangular 0.8 4 2.03 NO
3 rectangular 1.0 4 2.04 YES
4 triangular 0.8 .5 1.90 YES
5 rectangular 0.8 4 1.89 NO
6 rectangular 0.8 5 1.76 YES

circular fins, triangular profiles are superior (lightér) for a given heat
transfer. Example calculations are in the Appendix.

Conclusions

The results presented here may be used to obtain the minimum
weight design of an array of straight or circular fins of triangular or
rectangular profile having emissivities between 0.8 and 1.0. It is as-
sumed there is no incident radiation from any external source. The
procedure for obtaining the optimum design is illustrated by the ex-
ample problems. The heat transfer algorithms used in this work were
shown (3, 4] to give excellent agreement with the analyses of references
[1, 2]. These results are directly applicable when the required heat
transfer rate, tube surface temperature, and material thermal prop-
erties are known and the array geometry is to be determined.

Sample calculations using a range of values of T and @ which
might occur in practical applications show the straight fins to be su-
perior from the standpoint of heat transfer per unit weight. These
studies also show the triangular profiles to be superior to rectangular
profiles.

Computations times on an XDS Sigma-7 computer were in general
quite long especially in the case of the circular fins due to the difficulty
of the problem. Using an algorithm combining Fletcher-Reeves and
Hooke-Jeeves methods. Convergence to an optimum always occurred
(in 5-10 min) and the same optima were achieved from various
starting points, implying global optima.
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APPENDIX

Example Problem-Circular Fin Array. Consider a tube having
an outside diameter of 3 cm transporting a condensing fluid at a
temperature of 150°C. Heat is to be rejected at a rate of 500 W/m of
length. Circular aluminum (k¢ = 208W/m K) fins of triangular profile
are to be used. A surface coating gives e = 0.9. Determine the optimum
fin array design.

648 / NOVEMBER 1976

Q* = Q/(Zwr;me“) =3.25

From Figs. 4-6, interpolating between curves 1 and 2 Ng,, = 5.6, N Lopt
=1.9,and N¢,,, = 0.023. Thenrg = Ngr; = 4.88e¢m, L = Npr; = 2.85
cm, and t; = 20¢T3;2/(RN¢) = 0.0363 cm. The total fin volume per
unit length of array (equation (18)) is 0.355 cm3. For a rectangular
profile, using the same procedure, the fin volume per unit length of
array is 1.35 cm?®,

Example Problem-Straight Fin Array. The example consid-
ered here is identical to that used previously fer the circular fin array
except an array of straight fins of triz'mgular profile is to be used.

Again, @* = 3.25

We select 4 fins. This number is optimal for e = 1.0 and gives a mass
within 5 percent of the minimum (obtained with a 5 fin array) at ¢ =
0.8. Interpolating between cases 1 and 2, C = 2.12.

From equation (21), Nw,,, = 4.77.
From Fig. 7, N¢,, = 0.04.
Then w = N,r; = 7.16 cm
t; = 20€eTh3r:2/(kN¢) = 0.0209 cm

The total fin volume per unit length of array (equation 18) is 0.299
cm3. Note that this is smaller than that for the circular fin array by
a factor of 1.19. For a rectangular profile, the fin volume per unit
length of array is 0.4562 cm3.
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G. J. Kowalski
J. W. Mitchell

Heat Transfer From Spheres in
the Naturally Turbulent, Outdoor
Environment

Heat transfer coefficients from spheres were measured in a naturally turbulent, outdoor
environment and compared Lo measurements made in wind tunnels al various turbulent
intensities. The experiments were performed using spheres of three different diameters
placed at different heights relative to the ground surface. The time-average values of Nus-
selt number and Reynolds number were obtained over 5-min time periods. Over the Reyn-
olds number range 2000-35,000, the value of the Nusselt number obtained outdoors was
up to 2.2 times the values determined in low turbulent intensity wind tunnels. The data,
averaged for each sphere at each height, showed an average enhancement of the Nusselt
number that decreased with height from 1.8 to 1.1. The heat transfer enhancement was
found to be essentially independent of Reynolds number and correlated with the ratio of
height above the surface to the sphere diameter. Standard micrometeorological theory
was used to estimate the turbulence intensity as a function of height above the ground.
The enhancement in heat transfer was found to be mainly correlated with turbulence in-
tensity. The results for all but the lowest placed spheres are in substantial agreement with
results using artificially induced turbulence.

University of Wisconsin,
Madlson, Wisc.

Introduction

‘The recent interest in mechanistic ecology has encouraged the
development of models for the thermal response of animals in the
outdoor environment. The convective heat flow to or from an animal
is determined by both the microclimate and the shape and orientation
of the animal. The convection coefficient is usually predicted using
the results of wind tunnel tests on either physical models of the animal
or simple geometric models such as spheres, cylinders, or circular
disks. An inherent deficiency in this approach is that the wind tunnel
flow does not reproduce the character of the turbulence found in the
outdoor environment. The natural wind has larger turbulent inten-
sities and scale than the usual wind tunnel air stream.

The effect of atmospheric turbulence is to increase the heat transfer
coefficient over that from wind tunnel correlations for low turbulence
intensity. In an experimental investigation using circular disks to
model plant leaves, Pearman, et al. [1]' found 50 percent higher heat
transfer coefficients outdoors than in low turbulent intensity wind
tunnels. Jackson [2], in a study on deer antlers, found a 30 percent

! Numbers in brackets designate References at end of paper.
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increase in the heat transfer rate from cylinders outdoors over stan-
dard correlations. While plant, leaves may be satisfactorily represented
by disks, animals are more closely modeled by spheres and cylinders.
In this paper, an experimental investigation of heat transfer from
spheres located at different heights in the atmospheric boundary layer
near the earth’s surface will be described. 'These results will be useful
to engineers, biologists, zoologists, etc., studying heat and mass
transfer from shapes outdoors.

Heat transfer results for spheres in wind tunnels both with and
without artificially induced turbulence have been obtained by a
number of authors. The early work of Williams, as reported by
McAdams [3], is commonly referenced in many textbooks as the
standard correlation for spheres. The correlation of Knudsen and Katz
[4], also widely reported, yields about 40 percent lower heat transfer
coefficients over the Reynolds number range of 10% 10% Recent
studies by Yuge [5] and Raithby and Eckert [6] yield results in good
agreement with the correlation of Knudsen and Katz. This indicates
that the correlation presented in McAdams does not represent low
turbulent intensity conditions.

Fxperimental evaluations of the overall heat transfer coefficient
for spheres in wind tunnels with artificially induced turbulence have
been made by Maisel and Sherwood [7], Yuge [5], L.avender and Pei
18], Galloway and Sage [9, 10], ands Raithby and Eckert [6]. These
results have been analyzed by Galloway and Sage [9] to provide a
correlation of the heat transfer with the turbulent parameters. The
results from these studies show that heat transfer enhancement over
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the low turbulence intensity value is dependent on turbulence in-
tensity, and increases with increasing Reynolds number. The work
of Yuge indicates little enhancement below a Reynolds number of
about 4 X 104, All of these results indicate that the scale of turbulence
has a small or insignificant effect. The results of these studies will be
discussed in more detail in comparison w1th the experiments pre-
sented here.

In order to compare the heat transfer from spheres located in the
atmospheric boundary layer with that obtained in wind tunnel testing,
the turbulence parameters must be known. The velocity profile,
turbulence intensity, and eddy size will be evaluated using known
micrometeorological relations [11, 12] which are presented later.

The adiabatic velocity profile for the atmospheric boundary layer
is given by

u/vy = (1/K) In (2/20 + 1) 1)

This relation is developed for adiabatic conditions, but is valid within
about 2 m of the surface under daytime heating conditions [11, 12].
For the test site at Fort Collins, Colorado, the roughness height zo was
determined from the measured velocity profiles to be 1 ecm. The
nondimensional measured velocity profile is shown in Fig. 1. The data
were taken over a three week period and demonstrate that equation
(1) is valid for these tests.

The theoretical development of equation (1) is based on the mixing
length theory of Prandtl applied to the atmospheric boundary layer.
The average mixing length, which will be used to estimate the tur-
bulent scale of the flow, is given by {12}

£ =Kz + 20 @

The average fluctuating velocity component in the flow direction, v/,
is related to the average mixing length by

u' = £0ul/dz (3)

By combining the logarithmic velocity profile, equation (1), and the
mixing length, equation (2), the fluctuating component from equation
(3) can be equated to the shear velocity:

U =vg (4)

The turbulent intensity for the atmospheric boundary layer can be
obtained by combining equations (1) and (4) to yield

T.=K/ln(2/20+ 1) (5)

The calculated turbulent intensity and scale for the atmospheric
boundary layer are shown in Fig. 1 for the test site. The mixing length
increases linearly with distance above the surface to 80 cm at 200 cm.
The turbulence intensity decreases with increasing height from about
20-30 percent near the surface to about 8 percent at 200 cm.

Experimental Method
Field Tests. The site at which the heat transfer tests were con-
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Fig. 1 Turbulence intensity, mixing length, and velocity profile within the
atmospheric boundary layer

ducted was a short grass prairie located near Fort Collins, Colorado.
There were no major obstructions for approximately 0.8 km (0.5 mi)
up-wind of the test area. The wind varied from 1 to 8.5 m/s during the
tests. The tests were conducted using pairs of heated and unheated
spheres with diameters of 3.81, 5.08, and 7.62 cm (1.5, 2, and 3 in.). The
unheated sphere was used as a reference for the heated sphere to
cancel out solar and long wave radiation inputs.

The large 7.62 cm dia spheres were copper spherical shells with a
shell thickness of 0.159 cm and instramented with electrical resistance
heaters. The temperature variation between four thermocouples
soldered to the inside surface was found to be less than 0.4°C, verifying
that the sphere was isothermal. These thermocouples were connected
in parallel to allow an accurate measurement of the average sphere
temperature during heat transfer tests. The two smaller heated
spheres were solid copper and the corresponding unheated spheres
were solid aluminum. Thermocouples were located within 0.635 cm
of the surface to measure surface temperature. These solid spheres
were assumed to be isothermal since the maximum Biot number for
the field tests was 0.003.

The electrical leads from the heaters and thermocouples for each
sphere passed through a stem constructed of stainless steel tubing.
The stem was attached to the sphere by means of a teflon insert to

A = surface area of the sphere

gir = net longwave radiation interchange

V Tw/p

vy = shear velocity =

A, = projected area of sphere

D diameter

h = convection coefficient

K = Karman constant (0.4)

k = air thermal conductivity

¢ = mixing length

(mc) = thermal capacitance

Nuy = Nusselt number for high turbulence
intensity, hD/k

Nu = Nusselt number for low turbulence in-
tensity

P = electrical power dissipation
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between the sphere and the sky, ground,
and air

dsoi = incident solar radiation

Gstem = conducted heat flow along

Re = Reynolds number, uD/v

S = Strouhal number, fD/u

T = temperature

Tu = turbulent intensity, v’ 2/u

u = time-averaged velocity

v’ = fluctuating velocity component in flow
direction

z = height
2o = soil surface roughness height
= golar absorptivity

7 = time
Subseripts

a = air

h = heated sphere
s = sphere

u-= unheated sphere
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reduce stem conduction. The ratio of the surface area of the teflon
insert to the sphere surface area was less than 0.03, with the ratio of
the stem diameter to sphere diameter less than 0.13. Spheres were
tested with the stem vertical.

The energy balance for the unheated surface equates the difference
between the solar and net infrared radiation inputs and the stem
conduction and convection outputs to the change in thermal energy
stored.

. . . dT,
auAp,HQSol + Gir — (stem,u — huAu(Tu - Ta) = (mc)u d (6)

.
The energy balance on the heated sphere includes the electrical power
input P

dT,

“hAp,thol + gir + P— Gstem, — hpAp (T — To) = (me) d—h (7
-

Equation (6) shows that the temperature of an unheated sphere will
not necessarily be equal to ambient air temperature due to solar and
long wavelength radiation inputs. Equations (6) and (7) can be com-
bined to simplify the calculations and cancel these environmental
inputs.

The temperature difference between the two spheres was directly
recorded. It is convenient to express the difference in energy storage
using the measured temperature difference as

dTy dT, d(T, — T,)

(me)y o (me), a {medn o (8)
where the (mc) product is taken as the thermal capacitance of the
heated sphere. The capacitance of the heated spheres was not equal
to that of the unheated spheres. However, the change in the temper-
ature of an unheated sphere was less than 0.1°C for any test, while that
for a heated sphere was as large as 5°C. Thus, the unheated spheres
remained essentially at constant temperature relative to the heated
sphere during testing, and equation (8) is a valid approximation.

The difference in the net longwave radiation term for the two pairs
of copper and aluminum spheres was found to be less 0.3 percent of
the convection losses and was neglected. Measurements and sup-
porting calculations showed that the maximum temperature differ-
ence due to differences in solar radiation properties of the two polished
smaller spheres was less than 0.8°C, with an average difference of
0.25°C. This is about 3 percent of the overall temperature difference,
and negligible. The largest spheres were both of copper with no dis-
cernable difference in thermal properties.

The difference between the stem conduction terms for the heated
and unheated spheres was found to be less than 2.5 percent of the
power input and storage terms and was neglected. The convection
coefficient was determined by combining equations (6)—(8)

d(Tp — Ty)
dr

For nominal conditions the expected error in the convection coeffi-
cient computed from equation (9) is £8 percent based on the given
information and with instrument errors in P and (T}, — T,,) of 3 and
2 percent, respectively.

During the field tests, a pair of polished spheres was placed at
heights of 10, 40, and 200 cm above the ground. A cup anemometer
was located at the sphere test height and adjacent to the support stand
to provide a measurement of the air velocity over each sphere. Air
temperature was measured using shielded thermocouples.

The power input to the heated sphere was set to produce an initial
temperature difference of 15°C between the two spheres. This dif-
ference insured accurate temperature measurements, and did not
create free convection effects during relatively calm conditions. The
power and anemometer readings were averaged over 5-min intervals,
and the sphere temperature difference was continuously measured
using a Rustrak recorder.

The nature of the wind is that the wind speed is not constant over
time periods on the order of 5 min. The heated sphere temperature
is thus also not constant and two convection coefficients can be cal-
culated from the data using equation (9). An instantaneous convection
coefficient can be calculated from the heat flow divided by the in-

h=[ P mo ]/[A(Th - T,)] ©)
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stantaneous temperature difference, and this can be averaged over
the test period. A mean convection coefficient can be calculated using
the total heat flow and the average temperature difference. The dif-
ference between these two convection coefficients was 2 percent. In
the present study, mean convection coefficients based on 5-min test
periods are used.

Wind Tunnel Tests. The convection coefficients for the spheres
were also measured in a wind tunnel to verify the field measurement
techniques and also to provide a base for comparisons between the
standard relations and those for the outdoor environment. A 15.25-cm
(6-in.) dia free discharge wind tunnel with a turbulent intensity less
than 2 percent was used. Air speed was measured with a hot wire an-
emometer.

A sphere was mounted in the discharge plane of the wind tunnel,
and heated 20°C above the air temperature. Corrections were made
for radiation and stem conduction. Blockage effects due to the rela-
tively large frontal area of the spheres compared to the wind tunnel
area were found to be important, and the velocity was corrected using
one-dimensional flow relations for this tunnel [13]. This correction
to the velocity was 33.3 percent for the 7.62-cm spheres and 6.6 per-
cent for the 3.81-cm spheres. The error in the heat transfer coefficient
was estimated to be 5 percent.

Results and Discussion

The measured convection coefficients for the wind tunnel tests are
summarized in Fig. 2. The least-squares regression for the wind tunnel
tests was found to be

Nu = 0.43Re054 (10)

for the test Reynolds number range of 2000-35,000. The Nusselt-
Reynolds number correlation of McAdams [3] over the Reynolds
number range 17-7 X 10%is

Nu = 0.37Re%6 (11)

Knudsen and Katz [4] give for the Reynolds number range 1-7 X 104

the following relation
Nu = 2.0 + 0.6Pr!/3Re%5 (12)

The data of Yuge {5] for Reynolds number greater than 1.8 X 10 is
correlated by

Nu = 2 + 0.3Re0-5664 (13)
|O%_ T — T T T T T T T T T T
[ ¢ Data , Present study ]
B Correlations 1
L (1) Present data Nu=0.43 Re®%¢ ]
| (2)- Knudsen & Katz Nu=2+0.538 Re05 |
(3)—— ~— Mc Adams Nu=0.37 Re%6 -
- (4)———=Yuge Nu=2+0.3 Re0-5564 e
(5)—--Raithby & Eckert (cross support) .~ .-
- Nu=0291 ReOS5 ~ A
=] - (5)7’ /:/
= ~ //’/—4’/
1021 A
L i
"
10 i 1 S B 1 I I N B
10° Toxd 0%
»
Re
Fig. 2 Comparison of wind t | results to results cited by McAdams [11]

and Knudsen and Katz [12]
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Fig. 3 Nusselt-Reynolds number for field data

The correlation of Raithby and Eckert [6] for a sphere supported by
a cross support is

Nu = 0.291Re0.585 (14)

Equations (11)-(14) are also shown in Fig. 2 in comparison to the
present wind tunnel data. The present results are in good agreement
with the more recent correlations over the Reynolds number range
of the tests. Equation (10) was used as a base for determining en-
hancement in order to account for any biases introduced by the ex-
perimental technique.

The heat transfer results from the field tests are shown in Fig. 3 in
comparison with the wind tunnel tests. The outdoor heat transfer
coefficient is consistently higher than the wind tunnel value at a given
Reynolds number. There is considerable variation in the data, with
up to a two-to-one difference between tests of the same sphere at the
same height. This variation is probably due to the different wind ve-
locity-time pattern over different test periods; the wind speed fluc-
tuates by up to a factor of three-to-one over a 5-min period. The cup
anemometer measures a different velocity (approximately the root
mean square) than that sensed by the heated sphere (approximately
the average of the square root of the velocity). Thus, the same time-
average velocity may not always yield the same total heat flow.

The field data are assumed to be related to wind tunnel data by a
constant enhancement defined as the ratio of the field to wind tunnel
Nusselt number. This assumes enhancement is independent of
Reynolds number, which differs from other studies. For our data,
there is no statistically significant effect of Reynolds number on en-
hancement. The overall average enhancement for the field data is 1.23.
The enhancement for each sphere at a given height ranges from 1.0
to 2.2 with standard deviations of +£0.2. As discussed later, the en-
hancement for the field data is a function both of sphere diameter and
height above the ground surface, and an average enhancement is not
too meaningful.

The average enhancement over all velocities was determined for
each sphere at each height. As shown in Fig. 1, eddy size and turbulent
intensity are functions of height only, and thus this average will not
obscure the interactions between the turbulent parameters and the
size of the spheres. The average enhancement is plotted as a function
of height in Fig. 4. The standard deviation of the data about the av-
erage for each group is approximately £10 percent. The data show
that the enhancement decreases with height, while at any given height
the enhancement is greater for a larger sphere.

The enhancement factors are replotted as a function of the ratio
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Fig. 4 Average increase in heat transfer for spheres versus height

of height to sphere diameter in Fig. 5. The correlation with z/D as
presented in Fig. 5 shows a more consistent trend of decreasing en-
hancement with increased relative height than does the relation
represented in Fig. 4.

The present results may be compared to the results of other in-
vestigators who employed artificially induced turbulence in wind
tunnels. The comparison is made with the empirical relation deter-
mined by Galloway and Sage [9]. This relation includes the work of
20 studies, and for the low Reynolds number range of the present test
is given by reference [9], equation (14):

(Nu — 2)/(Re'/2Pr'/3) = 0.5747 + [0.1674 T,,(T,, — 0.05628)

+ 0.001449]Rel/2Pr1/8  (15)

The standard deviation of data used to generate the correlation is
0.0786, or about 10 percent of the value from equation (15). Fig. 3 of
Galloway and Sage also demonstrates the variations that exist even
for tests performed in controlled environments with artificial tur-
bulence.

Equation (15) was evaluated for the turbulent intensities corre-
sponding to heights of 10, 40, and 200 cm and the relations are plotted
in Fig. 6. There is seen to be a consistent enhancement of heat transfer
with both increasing Reynolds number and turbulent intensity. While
the data from any one investigation may differ from that of Fig. 6,
equation (15) does represent a consensus of the results.

The data of the present study are compared to the correlation in
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| IStandurd deviation
6r B
=
Z |4._ -
~
~ {
]
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¢ "

Fig. 5 Heat transfer enh of the ratio of sphere height

to sphere diameter
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Fig. 6. For the 200- and 40-cm heights, the value of Nusselt number
for all three spheres was averaged to facilitate the comparison. For
the 10-cm height, the heat transfer for each sphere alone was used.
It is seen that within the spread of the present data and the accuracy
of the correlation, the tests at 200 and 40 cm, and the 3.81-cm sphere
at 10 cm agree with the results obtained using artificially induced
turbulence.

The results for the 7.62-cm sphere at 10 cm are considerably higher
than those of other investigators. A possible reason for this difference
is the interaction between the sphere and the ground. A maximum
blockage effect can be estimated assuming that the sphere is in a
square duct with sides equal to twice the height of the sphere from
the ground. This would increase the velocity around the sphere 13
percent at most, and produce a 7 percent increase in Nusselt number.
This would not account for the observed 26 percent difference in
enhancement between the two spheres at 10 cm. It is also possible that
the presence of the ground would act to confine the wake at the rear,
but the magnitude of this effect is not known. Also, the sphere is in
the atmospheric boundary layer, which is a shear flow, and there
would be a deflection of the wind downward. However, the deflection
would have to be on the order of several meters to produce the ob-
served increase, which is unreasonable.

Tt is also possible that the length scale of turbulence influences this
particular test. The ratio of mixing length to sphere diameter (£/D)
is 0.46 for this condition. However, other studies have determined that
the scale effect is small. The results of Raithby and Eckert [6] show
a small (4 percent) change in enhancement as £/D changes from 0.08
to 1.0. The correlation.of Yuge [5] would indicate a 15 percent dif-
ference between the two tests at 10-cm height. The conclusions of
Maisel and Sherwood [7], Lavender and Pei [8], and Galloway and
Sage [10] are that scale has a negligible effect, and these studies in-
clude tests conducted at values of ¢/D up to 0.5. It appears that near
the ground, different mechanisms may influence the transfer of heat
from the sphere.

The results in Fig. 6 show a slight increase in enhancement with
Reynolds number. This is a result of using the experimental relation,
equation (10), as a base for computing Nusselt number at any height
for Fig. 6. If the “standard” relation, equation (12), had been used,
the present results would not have shown a variation with Reynolds
number. They would still, though, be in agreement with the results
of other investigators. The comparison between the artificially in-
duced turbulence tests and the outdoor tests show that wind tunnel
tests may be used to estimate convection in natural environment at
large relative heights. However, near the ground, the two situations
may not be similar. .

The results shown in Fig. 5 have significant implications regarding
the computation of convective heat and mass flow from animals and
plants in the outdoor environment. Ground dwelling animals and low
growing plants have a value of 2/D on the order of 0.5-1. Thus, en-
hancement is high. Plant leaves and seed pods and flying or climbing
animals have very large z/D with consequently little enhancement.

Summary

The average convection coefficients from spheres in a naturally
turbulent outdoor environment were measured and compared to the
standard low turbulent intensity correlations obtained in wind tun-
nels. The enhancement in heat transfer was found to be a function
of turbulent intensity for all tests with height-to-diameter ratios
greater than 2.5. For low values of the ratio, the increase in heat
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transfer is higher than what would be attributed to turbulent intensity
alone. The results presented may be used to estimate heat transfer
from surfaces in the outdoor environment,
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Numerical Prediction of the Flow
Field and Impingement Heat
Transfer Caused by a Laminar

The effects of uniform suction and nozzle exit velocity profile on the flow and heat-trans-
fer characteristics of a semiconfined laminar impinging slot jel were investigated numeri-
cally. The full Navier-Stokes and energy equations were solved using a hybrid or upwind

finite-difference representation of the equations cast into their vorticity-stream-function
form. The importance of the nozzle exit profile is shown by comparison of the computed
heat-transfer distribution with the available experimental data in the laminar range. Ap-
plication of suction at the impingement surface is shown to enhance the local heat-trans-
fer rates by a constant amount. The nondimensional heat-transfer coefficient and skin
friction at the plate are computed as functions of the nozzle Reynolds number, the suction
rate, and the nozzle velocity profile. The effect of temperature-dependent physical prop-
erties is included in the analysis.

Introduction

Single and multiple impinging jets are encountered commonly in
industrial practice because of their excellent heat- and mass-transfer
characteristics. Notable among their numerous applications are
turbine blade cooling, cooling of high-energy-density electronic
components, heat treatment of nonferrous metal sheets, tempering
of glass, and drying of textiles and paper |1, 2|.!

Application of suction is known to have a favorable influence on
the transfer rates. Clearly, a combination of an impinging flow and
suction applied at the target would further enhance the transfer rates.
This is particularly attractive in the case of industrial drying of per-
meable webs (e.g., newsprint and textiles), since the percolation flow
removes the vapor as it is formed, and thus high heat-transfer rates
are obtainable without impairment of produet quality. This combi-
nation of impingement and throughflow has been used in the recently
developed Papridryer for newsprint [3, 4], which provided the primary
motivation for this work.

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at the Winter
Annual Meeting, Houston, T'exas, November 30 December 5, 1975 of THE
AMERICAN SOCIETY OF MECHANICAT, ENGINEERS. Revised manu-
script received by the Heat Transfer Division September 1, 1976. Paper No.
75-WA/H'T-99.
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The objective of this wark is to present the results of a numerical
investigation of the flow and heat transfer characteristics of a two-
dimensional semiconfined laminar jet impinging on a plane permeable
wall. The computational procedure developed by Gosman, et al. [5]
was used to solve the full Navier-Stokes and energy equations in two
dimensions. Laminar impinging jets may be encountered in practice
especially when the jet dimensions and the nozzle-to-target distance
are small and the fluid is at a high temperature (e.g., drying). The
application of suction, the effect of nozzle velocity profile, and the
presence of a confining wall parallel to the impingement wall are
features that have not been considered in earlier investigations.

Literature Review

[.aminar impinging jets have received little attention in the liter-
ature. Some theoretical work has been done hy Ehrich (6], who solved
the potential flow for a jet with a flat velocity profile at the nozzle exit
that was impinging on a flat impermeable surface. The potential flow
solution of [6] was used by Miyazaki and Silberman [7] to obtain the
free-stream boundary condition for the boundary-layer equations that
describe the flow close to the plate. The solutions for the skin friction
and heat-transfer distribution at the plate were obtained for different
nozzle-to-plate spacings. However, for higher spacings the solutions
are not valid because the jet entrainment before impingement must
be taken into account.

A more exact criterion for neglecting the diffusion terms is given
by Sparrow and Lee (8], who used essentially the same approach as
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the previous authors for a jet with a flat and a parabolic velocity profile
at the nozzle exit.

Wolfshtein [9] predicted the flow and temperature fields of tur-
bulent and laminar free slot jets impinging on an impermeable flat
plate using the method of Gosman, et al. [5]. However, the results are
of limited value because the velocity profile for a fully developed
two-dimensional turbulent jet was used as the upstream boundary
condition for the laminar case.

Two experimental studies involving laminar impinging slot jets
have been reported. Gardon and Akfirat [10] measured the local heat
transfer under an unconfined slot jet impinging on an impermeable
flat plate for Reynolds numbers ranging from 450 to 22,000. In their
study it appears that the velocity profile at the nozzle exit was neither
flat nor fully developed. More recently, Sparrow and Wong [11]
measured impingement transfer coefficients due to initially laminar
fully developed slot jets impinging unconfined on an impermeable
flat plate. They used the naphthalene sublimation technique and
converted their mass-transfer results to the corresponding heat-
transfer values by using the heat-mass-transfer analogy.

Mathematical Description of the Problem. The impinging jet
system is shown in Fig. 1. Following Gosman et al. [5], the equations
of motion in their vorticity-stream-function form and the energy
equation can be represented by a general differential equation, which
after nondimensionalization is

3 P a P
* —_ *®
%[axl* <¢ axz*> 9X o <¢ ax1*>l
FE] Ii] a Acyd*)
S PR A b +d,=0 (1
axl*l by o )] aXZ*{ T aX g ] #=0 (1)

Table 1 Coefficients in equation (1)

¢* a¢ b¢ C¢ d(p
L1 . L1
“ HRe M TS
e
P 0 1/p%* 1 e
L 1
T* 1 - 0
H Re Py

in two-dimensional cartesian coordinates. The general nondimen-
sional dependent variable ¢*, with corresponding coefficients a,, by,
¢y, and d, is listed in Table 1, where ¢* stands for the vorticity w* and
stream function ¢*, which are defined as

L. 8Us* QU

(2)
0X*  9Xo*
and
* *
PUF =2 and U - ®
X o* aXq*
and the nondimensional temperature 7", where
T* = (T - Twall)/(Tjet - Twall) (4)

S,* and S,* are nonzero when the physical properties are changing,
and they are defined as

gHo O <U1*2+U2*2) dp* 9 <U1*2+U2*2 dp*
P aX 2 IXo*  9Xo* 2 >aX1*
' (5)
2 * 82 aU *
s =g ) 2 ( 50)
aX*2\" 8Xo* 3X %2 aX*

32 aUqs* U *
P )
X *¥8X o* IXo* 90X 1*

The assumptions pertaining to these equations are the following:
laminar flow, neglect of viscous dissipation and temperature change
due to compression, and no buoyancy effects.

The following boundary conditions were specified:

Boundary I: Nozzle exit. For a fully developed velocity profile

3 4 /LN 2
= DX 1__<_) X*Q],
viETy { s\g/ !
and
Ly -2
w* = =12 <ﬁ> X%, TF=1 (7)

For a flat velocity profile

= —X05, w* =0, T =1 8)

Boundary 11: Upper (nozzle) plate. Impermeability of the confining

Nomenclature

¢p = specific heat at constant pressure

Dapg = diffusivity

H = nozzle-to-plate distance

k = thermal conductivity

k; = mass-transfer coefficient

L = nozzle width

T = temperature (subscripted)

U = velocity (subscripted)

Usuet = suction velocity

X = coordinate (subscripted)

Xys* = permeable plate length

¢s = skin friction coefficient, 27wan/(pjet
U jetz)

7 = shear stress

Journal of Heat Transfer

Nu = Nusselt number, aL/k;et

Pr = Prandtl number, ujeicp/Rjet
Re = Reynolds number, pjetUjetL/ijet
Sc = Schmidt number, u/pDag

Sh = Sherwood number, k;,L/Dsp
St = Stanton number, a/(pjeccpUset)
« = heat-transfer coefficient

1 = absolute viscosity (subscripted)
w = yorticity, equation (2)

Y = stream function, equation (3)

p = density (subscripted)

¢ = general variable

Subscripts

0 = condition at stagnation point

1 = parallel to impingement plate

2 = perpendicular to impingement plate

jet = condition at nozzle

nw = condition at grid node adjacent to a
wall

wall = condition at impingement plate

¢ = belonging to variable ¢

Superscript
* = nondimensionalized variable, equation

1)
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plate and the no-slip condition [5] yield
1L

Y=

L, Tr= 9
oH 1 9

and
(\[/nw* - Slfwall*) _ 1

wwan* = =3 __—p*(AXz*)Z 'Z'wnw*
Boundary III: Outflow boundary.

W* Jw* aT*
OXi* | OX,t | aXy*

Boundary I'V: Axis of symmetry.

‘p* — w* = aT* = 0

aX*
Boundary V: Permeable impingement plate.
Uguet

Ujet

(10)

=0 (1)

(12)

pr=— T =0 (13)

X%,
and equation (10).

Boundary VI: Same as boundary V except for the stream func-
tion
Usuer

Ujet )

Numerical Procedure. The approximation of the general dif-
ferential equation by a general finite-difference equation is described
by Gosman, et al. [5]. The only change to the Gosman procedure was
the replacement of the upwind difference approximation of the con-
vective terms by a hybrid difference approximation. In the “hybrid
formulation” central differences are used when the magnitude of the
convective term is larger than the corresponding diffusion term. If
this is not the case, the “upwind formulation” is used, and the corre-
sponding diffusion term is neglected. The alternate formulations are
discussed fully by Runchal [12]. The hybrid formulation is more ac-
curate than the upwind formulation, while the convergence properties
are essentially the same for both.

A nonuniform grid was used throughout the present computations.
The gridlines parallel and adjacent to the impingement plate are very
closely spaced, and the spacing between the gridlines is monotonically
increasing in the X direction. This leads to greatly elongated grid
cells in the lower right corner of the flowfield, causing divergence of
the numerical procedure for small values of L/H and large values of
Re. No definite cure has been found for this divergence problem as
yet.

\[/* == Xi* (14)

Results and Discussion

Effect of Reynolds Number and Jet Velocity Profile. In the
beginning of this work it was felt that boundary I1I should be suffi-
ciently far out to enclose all of the elongated recirculation “bubble”
(Fig. 1), thus ensuring only outflow at this’boundary. However, this
either required too many gridlines or destabilized the numerical
procedure, probably because of the presence of gridcells of very large
AX#/AX o* ratio. On the other hand, for solutions with inflow at
boundary III, the effect of equation (11), which is exact only for fully
developed flow, will propagate into the computational area.

Fortunately it was established that although different boundary
conditions at boundary III strongly affected the results in the recir-
culation “bubble” their influence was hardly felt in the regions of
interest, which are the impingement and wall jet region.

The boundary conditions tested other than equation (11) had the
effect of blocking the inflow by a frictionless wall or allowing en-
trainment of irrotational fluid along streamlines of slope equal to the
streamline slope immediately inside houndary IIL. Also, variation of
the location of boundary III hardly affected the flow and temperature
characteristics near the impingement plate.

The results of the computations for three Reynolds numbers and
two velocity profiles at the nozzle exit, parabolic and flat, are displayed
in Figs. 2(a) and 2(b) in the form of the free streamline. The physical
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Fig. 2 Free streamline contours for various Re (100, 450, 950) and parabolic
and flat velocity profiles

properties are taken to be constant. Only for the case of Re = 100 was
the total recirculation area covered by the computational grid, which
extended up to X1* = 4.1. For Re = 950 the solution showed inflow
at boundary III, with boundary III located at X* = 19.1.

An interesting result is that the jet contracts slightly below the
nozzle for a parabolic profile, while for a flat profile the jet expands
continuously. It can also be noticed that the free streamline is sig-
nificantly closer to the impingement plate for the parabolic velocity
profile owing to its higher momentum and the described spreading
behavior. Consequently the velocity and temperature gradients at
the impingement plate are steeper for a jet with a parabolic velocity
profile than for a flat velocity profile at the nozzle exit. The nondi-
mensional representations of these gradients are given in Figs. 3

‘and 4.

The use of the proportionality to Rel/2 for laminar flows almost
leads to a collapse of the results for different Re to a single curve. This
effect is more pronounced for the heat transfer than for the skin
friction. The curves for Re = 100 deviate the most from a general curve
because of significant relative retardation of the jet on its way from
the nozzle to the plate.

The maximum heat transfer is found at the stagnation point. The
slight increase some distance from the stagnation point for Re = 450
and 950 in Fig. 3 is the result of the inherent inaccuracy of the fi-
nite-difference approximation. For a flat velocity profile the maxi-
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Fig. 3 Nondimensional velocily and temperature gradients with a flat velocity

profile
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Fig. 4 Nondimensional velocity and temperature gradients with a parabolic
velocity profile

mum skin friction is located about one nozzle width from the stag-
nation point. The theoretical results of Miyazaki and Silberman {7]
represented in Fig. 3 are consistently higher than our predictions
because of the assumption of potential flow for the flow outside the
boundary layer. Another significant difference is that their analysis
leads to results that are independent of Re.

The laminar flow assumption is valid for the cases studied, as can
be derived from previous experimental results [10, 11]. Gardon and
Akfirat [10] used a fast-response heat-flux sensor with which it is
possible to identify laminar and turbulent flow regions, and their
heat-transfer results show that the flow is laminar for Re = 450 and
950 at L/H = 0.25 up to a value of X;* of 10 and 1.0, respectively.
From the shape of the data of Sparrow and Wong [11] one can con-
clude that a jet with a parabolic velocity profile at the nozzle will be
laminar on impact when H/L < 10 or 16 for Re = 950 and 450, re-
spectively.

For a jet with a parabolic velocity profile it can be seen in Fig. 4 that
the maximum skin friction is located %L from the stagnation point,
It is particularly striking that the stagnation heat transfer for a par-
abolic velocity profile is 1.5 to 2 times the value for a flat velocity
profile. The qualitative explanation of this result is the contraction
and the higher momentum of the parabolic jet. For the maximum skin
friction this ratio is about 2.7 for Re = 950.

Included in Fig. 4 are results derived from the experimental
mass-transfer data of Sparrow and Wong [11] for an unconfined slot
jet with a parabolic velocity profile at the nozzle exit impinging on a
naphthalene plate. The mass-transfer data were converted using the
heat-mass-transfer analogy relation

Nu = <Ef>°‘4 Sh
S

C

(15)

There is good agreement between their results and ours, taking into
account the difference in L/H and the absence of an upper plate in
their case. A reason for the relative higher experimental values some
distance from the stagnation point in their case could be the finite
length of the naphthalene plate.

The stagnation Stanton numbers as a function of the Reynolds
number, with the jet velocity profile as parameter, are displayed in
Fig. 5. The two heavy lines are the numerical results for the jets with
parabolic and flat velocity profiles. For the flat velocity profile the
St, values are proportional to Re=249, and for the parabolic velocity
the best fit over the Reynolds number range of 100 to 1000 is Sto o
Re~04, The two thin lines are the theoretical results of references [7]
and [8] for the two velocity profiles. The results for a parabolic velocity
profile are progressively higher than our results at decreasing Re
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Fig. 5 Stagnation Stanton numbers as tunction of Reynolds number

because of the increasing importance of the neglected diffusion terms
at lower Re. The heat-transfer equivalent of Sparrow and Wong’s
experimental results [11] corresponds very closely to our computed
results, indicating that the presence of a confining plate has only a
minor effect on conditions at the stagnation point.

The data of Gardon and Akfirat [10] are in between the numerical
results for flat and parabolic velocity profiles, because the velocity
profile generated in their nozzle is in fact intermediate between these
two limiting cases. Therefore, Gardon and Akfirat’s correlation for
the stagnation heat transfer includes the effect of velocity profile at
the nozzle exit as an unspecified, dependent variable, This was tested
by using the velocity profile that would have been generated in their
nozzle for Re = 450 as input to the numerical procedure. Agreement
between the experimental data and our computed results is excellent
except at the stagnation point, as can be seen in Fig. 6. It is inevitable
that experimental results directly at the stagnation point must be
slightly below the true value as a result of the averaging effect due to
the finite size of the sensor.

Effect of Suction. The plate was taken to be permeable up to X
= 6H, because significant extension of the permeable plate length did
not appreciably change the results in the impingement and wall jet
region.

The effect of suction on the Stanton number distribution along the
impingement plate is displayed in Fig. 7. The upwind formulation is

0.06}y
3 EK"“ H.4  Re=as0
. COMPUTED WITH UPPER WALL
& 0.05} AND CALCULATED JET VELOCITY
- PROFILE
& EXPERIMENTAL : GARDON AND- AKFIRAT {10}
a 0.04 :
=
2
0.03
s
£ o0.02
2
n
0.0I+
SERSOR DIMENSIO
Oi NSION 2] 1
0 {.0 2.0 3.0

DIMENSIONLESS DISTANCE FROM STAGNATION POINT, X,*
Fig. 6 Lateral heat transfer distribution; comparison with reference [10]
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Fig. 7 influence of suction on the Stanton number distribution

used here, in contrast with the previous computations. It is seen that
the relative effect of suction is smallest in the stagnation region, as
the absolute increase in heat transfer does not vary greatly over the
length of the plate. The increase in the Stanton number for L/H = 0.2,
Re = 100, and Ug/Ujer = 0.01 is around 0.047 + 15 percent. In these
computations boundary I1l was located at X, = 19.1H.

Effect of Variable Properties. The influence of variable prop-
erties on the Stanton number distribution is shown in Fig. 8. The jet
temperature was taken as 450 K and the temperature of the plate as
300 K.

T'he viscosity of air was calculated using the Van Driest interpo-

lation formula
s '[')3/2 <'I', + 11())
" <'1‘, T+110

where u, is the viscosity at the reference temperature T, (= 450
K).

T'he thermal conductivity was calculated from the viscosity using
the fact that the Prandtl number and the specific heat of air are
constant. S, [equation (6)] was assumed to be negligible.

Tt was found that the nondimensional temperature gradient at the
wall was different for variable and constant properties. However, the
analysis of the present study establishes that the heat-transfer coef-
ficient in the form of the Stanton number, based on the properties at
the nozzle, is hardly affected by the change to variable properties over
the temperature range studied, as can be seen in Fig. 8. This is in
agreement with the theoretical solutions of the influence of variable
properties on two-dimensional stagnation flow and laminar bound-
ary-layer flow over a flat plate without a pressure gradient.

(16)
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Heat Transfer Between a Moving
Surface and a Flowing Medium

Certain processes involve heat transfer across a moving surface and application of the
well-known “penetration theory” to scraped-surface heat transfer, suggests that this

theory might be applied to this situation. At high water flows and high surface speeds ex-
perimental results agree well with the theory, but at lower values the experimental heat-
transfer rates are much higher than those predicted from the theory, and at high surface
speeds and lower water velocities the experimental value of the heat transfer coefficient
is lower than predicted. The differences are attributed to additional turbulence and sec-
ondary-flow (back-mixing) effects, which would be extremely difficult to allow for in the

theory.

1 Introduction

In certain operations heat is transferred across a moving surface
that is in contact with a heating or cooling medium. An example is a
direct-contact water cooler on the surface of steel strip mill rolls, which
has certain advantages over the traditional spray cooling [1].! Similar
and other applications such as the direct cooling of conveyer belts can
be imagined.

Heat transfer to and from viscous liquids has presented problems
to many industrial process engineers, due to the well-known effects
of the slow moving laminar layer at the heat transfer surface, and
attempts have been made to overcome the high heat transfer resis-
tance of this layer. Thin-film agitators have been designed in which
the laminar layer is agitated or disturbed by the action of some blade
system; and scraped-surface heat exchangers have also been designed
in which the blades actually scrape the heat transfer surface. Scraped
surface equipment can be of two types: that in which the unit runs full
with liquid, and the falling-film design in which the liquid moves as
a thin film along the vessel wall. The agitation and scraping remove
material from the wall and mix it with the bulk liquid, at the same
time allowing fresh material to contact the wall. Heat is then carried
physically, if the liquid is being heated, from the wall into the bulk
liquid. Much of the published work with scraped-surface heat transfer
has been empirical in nature although some theory has been at-
tempted. A comprehensive review [2] was published some years
ago.

If a box-shaped cooler is placed onto a moving surface such that the

I Numbers in brackets designate References at end of paper.
Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Divi-

sion.
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cooling medium (e.g., water) flow is contained within the channel by
the moving surface itself, medium agitation is achieved not only by
the turbulence of flow but also by the effects of the moving surface
(see Fig. 1). The basic concept has been used in the cooling of steel
strip mill rollers [1]. The technique can be regarded as an adaptation
of the more well-known operation of scraped-surface heat transfer,
although clearly the surface effects within the fluid could be differ-
ent.

2 Penetration Theory Applied to Scraped-Surface
Heat Transfer and Its Application to Heat Transfer
Across a Moving Surface

Little success has been achieved in a theoretical study of scraped-
surface heat transfer based on conduction through a film [3-5], but
more progress has been made using the “penetration theory.”

Water flow out Moving surface

Water flow in

#

Heat transfer area

(Direct contact between
water and moving surface)

Fig. 1 The heat transfer situation
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Harriott [6] suggested that the rate of heat transfer would depend
more on the rate of transient conduction into a frequently renewed
layer than on the rate of steady conduction through the entire film
as proposed by Kern and Karakas [5]. The layer at the surface is al-
most completely removed by the shearing action and a fresh layer
comes back to the surface at the bulk temperature. Heat transfer
oceurs by conduction until the thin layer is removed. The small
variation in the velocities within the thin heat transfer layer may bhe
neglected, since the depth of conductive heat penetration is small. If
it is also assumed that entrance and longitudinal flow effects are
rendered unimportant by the intensity of cross-sectional mixing, the
heat transfer mechanism is identical to molecular conduction into a
semi-infinite solid, where the contact time is the time between suc-
cessive blade passes. The analysis gives

2 Copk
h=7__\/Lt/’f 1)
™

Experimental data published by Houlton [7] agreed well with the
theory [8]. In the correlation of some experimental results for “thin
film” scraped-surface exchangers, the equation had to be modified
by the inclusion of a factor dependent upon the Prandtl number of
the process fluid (9, 10].

Because of the apparent similarities observed between the scraped
and moving surfaces (in the former the hlades act upon the fluid
through their own movement, in the latter the blades act upon the
fluid through the movement of the surface), it is not unreasonable to
expect similarities in the theoretical description of the two processes
of heat transfer. The basic concept of a heat transfer mechanism
identical to molecular conduction into a semi-infinite solid could be
assumed to apply in each situation.

3 Experimental Apparatus and Calculations

In order to test the application of the theory and to give some op-
erating experience, an experimental apparatus was devised which
simulated the moving-surface problem. Heat was transferred from
an electrically heated aluminum block in contact with a moving
stainless steel belt to a direct-contact water cooler on the opposite side
of the belt (see Fig. 2). The dimensions of the cooler were 2.5 cm wide
X 1.25 cm deep X 18.5 ¢cm long (across the belt). The stainless steel
belt was 20.3 cm wide. Water flow rate was measured by a “Rotam-
eter,” periodically checked by direct weighing, and the water tem-
peratures by accurate mercury in glass thermometers. The cooler ran
“full,” 1.e., the rectangular flow channel made up of three sides of the
“box” together with the moving surface was completely filled with
water generally moving at right angles to the belt direction. Spring
loaded contact thermocouples were used to measure the surface
temperatures of the stainless steel belt in conjunction with a recorder,
s0 that the temperature driving force between the surface in contact
with the water and the bulk water temperature could bhe estimated.
Proving tests demonstrated that the measured temperatures were
reliable.

Considerable difficulty in achieving a water-tight seal at the moving
surface was experienced. After trial and error tests using a number
of different materials, satisfactory results were obtained using ex-
panded polyethylene coated with P.T'F.E.

Good thermal contact between the heating block and the moving
belt was obtained by the use of several layers of aluminum foil placed
on the heater surface. The initial problem had been one of obtaining
good contact without excessive friction and surface scratching.

In the calculations the following concepts and simplifications were
used:

1 The heat transferred was based on the water flow rate and the
temperature change in the water as it passed through the cooler. It

Water cooler Spring loaded rollers

N

100

D/

Heater block

Free
pulley

Driven
pulley

—_—
Moving belt

Fig. 2 Schematic diagram of apparatus

was not possible to use the electrical energy input to the heater as a
measure of the heat transferred due to the rather large physical size
of the thermally insulated heater block and the difficulty of measuring
(or estimating) the heat losses from the block. The lowest temperature
rise in the water was 4.2°C (18.2-22.4°C) and the highest rise 30.2°C
(19.2--69.4°C).

2 The moving surface temperature (7°,°C) was calculated by
averaging the six point surface temperatures (three in front of the
“leading edge” of the cooler and three behind the “trailing edge”).
Variations in the measured surface temperatures were not excessive
and depended, as might be expected, on the experimental conditions.
The maximum difference between any two measurements was of the
order of 10°C, but in many instances the differences were only of the
order of 1° or 2°C. Belt surface temperature was generally in the range
30-80°C, the actual temperature level for any particular run de-
pending upon the experimental conditions.

3 'The mean water temperature was obtained by averaging the
inlet and outlet temperatures.

4 The temperature distribution is basically a crossflow situation,
and because of the relatively small temperature changes, it was con-
sidered satisfactory to calculate the surface heat transfer coefficient
using a temperature driving force equal to the difference between the
mean moving surface temperature and the mean water temperature.
The temperature driving force was within the range 8-38°C, de-
pending upon experimental conditions, but in the majority of ex-
periments it was between 20 and 30°C.

5 Any effects of back mixing have been ignored [11].

The accuracy of the measurements and reproducibility was good,
but due to these necessary simplifications it is estimated that the
calculated convective heat transfer coefficient accuracy is only of the
order of £5 percent.

4 Results and Discussion

As would be anticipated, the experimentally determined value of
the moving-surface heat transfer coefficient increases with water flow
rate and moving-surface speed.

The range of Reynolds number for the flow in the cooler was
250-2500. The flow rate was kept deliberately low since it was felt that
an interest in the technique would depend upon the use of the mini-
mum amount of water (as in the cooling of steel strip mill rolls). The
turbulence generated by the moving surface alone is enough to ensure
a high heat transfer coefficient [1]; even at low water velocities the
values are very much greater than those with no surface movement.
T'he enhancement of heat transfer rate is not attributed to possible
boiling effects since the moving belt temperature was deliberately kept -
well below 100°C. (Previous studies [1] had suggested an improvement
in heat transfer due to “boiling effects” at the surface.)

The broken curve superimposed on Fig. 3 is a plot of the estimated
moving-surface heat transfer coefficient with belt speed using the

Nomenclature.

C,, = specific heat at constant pressure
It = heat transfer coefficient
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k = thermal conductivity

t = contact time
p = density
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Fig. 3 Variation of heat transfer coefficient with moving-surface speed

penetration theory prediction given by equation (1). The values of
the contact time were calculated from a knowledge of the moving
surface speed and the width of the flow channel (2.54 cm), i.e., the time
taken for a point on the belt surface to move from one side of the
channel to the other.

The basis for the theory is an assumption that heat flow can be
described as unsteady heat conduction, provided that the lifetime of
the layers in contact with the surface is small, due to the prevailing
hydrodynamic conditions. Deviations from this ideal concept would
be expected to produce results significantly different from those
predicted by the theory. A number of different conditions can be
visualized, which would be contrary to the basic assumption, when
it is appreciated that the level of turbulence within the flow channel,
due to the combined action of the flow and moving surface, is high.
(Largely unsuccessful attempts at flow visualization and back-mixing
measurements, within a “Perspex” model, demonstrated, however,
how effective fluid mixing was within the channel, particularly at right
angles to the water flow under all run conditions.)

1 Eddy penetration into the laminar layer and consequent re-

duction in the effective contact time between the layer and the surface °

would clearly result in an improved rate of heat transfer.

2 Possible secondary-flow or back-mixing effects associated with
the complex force pattern acting on the water may decrease the rate
of - heat transfer due to the effect-on temperature driving force. (Re-
circulation is possible parallel to the direction of the moving surface
and parallel to the direction of the water flow.)

The theory predicts that as the contact time decreases (moving
surface speed increases) the rate of heat transfer increases. The ex-
perimental results show this trend. At the higher surface speeds for
the highest water flow rate studied, the theoretical predictions and
the experimental results are very similar. Under these conditions the
results suggest that the estimated contact time is so short that the
effect is equivalent to the extent of the penetration of the laminar film
found in practice (if indeed it can be considered that such a film forms
at all, bearing in mind the fluid condition prevailing in the cooler),
and the secondary-flow effects would be excluded. As the surface
speed and water flow rates are reduced, there is likely to be a greater
influence due to these secondary effects. The extent to which the heat
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transfer coefficient is affected will depend upon the relative impor-
tance of the conditions. The experimental results do show deviations
from the theoretical predictions, at lower water velocities; even at
relatively high moving-surface speeds, the heat transfer coefficients
are low and for the range of water velocity at low moving-surface
speeds they are high.

A theoretical model that would allow for all the variations in flow
conditions would be extremely difficult to devise, since the flow pat-
tern is so complex. :

1t is anticipated that provided the moving surface speeds, water
velocities, and channel flow cross-sectional area are employed in in-
dustrial applications with the same approximate water and surface
temperature ranges, the resulting heat transfer coefficients would be
of the same order as those obtained in the experiments. For larger
channel flow cross section, the same results should be obtained pro-
vided the channel is divided into a number of small channels similar
to the single channel of the experiments. It would be difficult to pre-
dict the effects of changing the variables outside the range employed
in the experiments, except at the higher surface speeds and Reynolds
numbers where the “penetration theory” appears satisfactory.

5 Conclusions

The “penetration model” theory predicts the heat transfer coeffi-
cient at a moving surface under the conditions of the experiments only
for high surface speed and high water velocity, but it cannot be re-
garded as generally applicable to all flow and surface movement
conditions. At high surface speeds and lower water velocities the ex-
perimental value of the heat transfer coefficient is lower than the
predicted values, whereas at lower surface speeds and lower water
velocity the experimental value of the heat transfer coefficients is
higher than the predicted value. The discrepencies are considered to
be due to turbulence and secondary-flow effects not accounted for in
the model.

The heat transfer coefficients measured in the experiments should
be obtained in industrial equipment operating under similar condi-
tions
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An unsteady two-dimensional transport model is constructed to study the short-term ef-
fects of urbanization and air pollution on the thermal structure and dispersion in an
urban atmosphere. The model includes horizontal and vertical advection as well as turbu-
lent diffusion and radiative transfer in the planetary boundary layer (PBL). The gaseous
and particulate pollutants as well as the natural constituents in the atmosphere absorb,
emit, and anisotropically scatter radiation. The variation of the physical properties of
the soil, the radiation characteristics of the earth’s surface, and the urban heat and pollu-
tant emissions along the city are modeled. A number of numerical simulations for summer
conditions modeling a typical Midwestern city are performed and the effects of various
parameters arising in the problem have been investigated. The diurnal variation of the
temperature structure and pollutant concentrations are discussed. It was found that the
temperature changes caused by radiatively participating pollutants are generally smaller
than the effects induced by urbanization. A maximum urban heat island of approximate-
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ly 3°C was predicted and found to be in good agreement with observations.

Introduction

The climate of cities has been influenced on a local scale by the
urbanization, industrialization, and air pollutants injected into the
atmosphere [1}.% It is recognized, for example, that air pollutants affect
sunshine, visibility, temperature, precipitation, and fog frequency.
This modification of the urban environment has ohservable adverse
effects on human, animal, and plant life |2]. As the urban areas grow,
the effects begin to be measurable on a regional scale [3] and many
atmospheric scientists even consider air pollution to be a potential
cause of irreversible changes in the global climate. ‘T'hese concerns
have been voiced in the Study of Critical Environmental Problems
[4], in the Study of Man’s Impact on Climate 5], and numerous other
publications.

! Presently member of Division of Fngineering Design, ‘Fennessec Valley
Authority, Knoxville, Tenn.

* Presently National Research Council Research Associate at NASA Ames
Research Center, Moffett Field, Calif.
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The mechanisms by which the gaseous and particulate pollutants
alter the temperature of the earth and the atmosphere are quite
simple. The key to climate is the balance of radiation. The earth and
atmosphere maintain their thermal energy balances by absorbing
shortwave solar radiation and by reradiating energy back to space at
longer wavelengths (as thermal radiation). The presence of air pol-
lutants alters the radiative transfer in the atmosphere by changing
the spectral absorption and scattering characteristics of the atmo-
sphere itself. Solar radiation is absorbed by gaseous pollutants and
absorbed and scattered by particulate pollutants. This can tend to
raise the temperature of the atmosphere and cool the surface. How-
ever, increased absorption and emission of thermal radiation by
pollutant gases tends to increase net radiative flux reaching the sur-
face and raise its temperature.

At present, the lack of understanding of detailed physical processes
in the atmosphere and the limitations in available data have made
it impossible to arrive at definitive conclusions concerning the effects
of pollutants on the global and local climate. Calculations of a globally
averaged radiative energy budget 6, 7| have been inconclusive since
it has been shown that the net influence of the aerosol could be
warming or cooling depending upon its radiative properties and the
surface reflectance. Also, there is considerable uncertainty in the
globally averaged aerosol properties and surface reflectance. Except
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for those of Mitchell [8], the predictions have also failed tb account
for the interaction of atmospheric radiation and sensible and latent
heating on the terrestrial energy budget. On a local scale, the best
documented and unquestioned climatic effect is the urban influence
on temperature in the atmosphere. The urban heat island phenom-
enon is clearly a result of the modification of surface and atmospheric
parameters by urbanization, which in turn lead to an altered energy
balance. The causes of the urban heat island are well recognized [1].
However, quantitative studies of individual effects such as physical
and radiative property differences between urban and rural areas, flow
changes induced by the roughness elements, anthropogenic heat
sources, and radiatively participating pollutants have not yet been
sufficiently studied and are not completely understood.

Observational programs and mathematical modeling are needed
to gain understanding of the physical processes in the urban envi-
ronment. Unfortunately, the very nature of the urban area and the
fact that extensive measurements are needed over a long period of
time make such observations difficult and costly. Therefore, mathe-
matical models can be employed to advantage to help understand and
extend the observational data by numerically simulating the transport
processes in the atmosphere. To the extent that the mathematical
model simulates the real atmosphere, it can then become valuable,
for example, in micrometeorological weather prediction, forecasting
pollution episodes, urban planning, interpretation of field data, cal-
culation of pollutant dispersion, identification of pollutants using
remote sensing methods, and many others. In addition to the fore-
going, numerical simulations can also be a valuable guide to obser-
vational programs such as the Regional Air Pollution Study (RAPS)
sponsored by the United States Environmental Protection Agency
for the St. Louis metropolitan area. The main advantage of numerical
simulation lies in its ability to predict what will happen for any given
set of changes in the urban parameters or in the boundary and/or
initial conditions. )

The specific purpose of this paper is to study the short-term effects
of urbanization on the transport processes in an atmosphere over an
urban area. To this end, an unsteady two-dimensional transport
model is constructed which accounts for the interaction between the
pollutants and the dynamics to predict the temperature structure and
pollutant concentrations in the atmosphere. The emphasis in the
paper is on the potential effects of urbanization and air pollution on
the thermal structure of the urban planetary boundary layer. As an
example, results of numerical simulations modeling of a typical city
in midwestern United States are discussed. The paper extends models
and supplements the results of related studies which have been re-
ported in the literature [9-14].

Nomenclature

—_— 27,

FREE
ATMOSPHERE

UV, 8, Py Cys Cp G SPECIFIED

272y

ATMOSPHERE

PLANETARY

BOUNDARY
LAYER z

SO!L LAYER-‘UPW!ND RURAL—+~ URBAN AREA DOWNWIND RURAL Z-»

(u'mo PHERE) CONS.TANT
TEMPERATURE
REGI ////

Fig. 1 Schemallc representation of the urban environment and of influences
analyzéed by the urban boundary layer model

Analysis )

‘Physical Model and Assumptions. This analysis is a generali-
zation of an unsteady one-dimensional transport model in an urban
planetary boundary layer (PBL) described elsewhere [13, 14]. The
physical model of the atmosphere is illustrated in Fig. 1. The earth-
atmosphere system is assumed to be composed of four layers: (1) the
“free” (“natural”) atmosphere which is not affected greatly by surface
processes and where the meteorological variables are considered to
be time independent; (2) the “polluted” atmosphere (the planetary.
boundary layer) where the meteorological variablés such as the hor-
izontal, vertical, and lateral wind velgcities, temperature, water vapor
and pollutant concentrations are functions of height, time, and dis-
tance along the urban area; (3) the soil layer, where the energy
transport is one-dimensional (with depth only), but the soil properties
and the radiation characteristics are considered to vary in the hori-
zontal_dir@ction; and (4) the lithosphere’ where the temperature is
assumed to be constant during the simulation period. The atmosphere
is assumed to be cloud free with no variation in the topography of the
urban areh being accounted for.

In the polluted urban planetary boundary layer the transport of
momentum, energy, and species is by vertical and horizontal advection
as well as vertical and horizontal turbulent diffusion. In addition,
energy is also transported by solar (shortwave) and thermal (Iong-
wave) radiation. The interaction of both natural atmospheric con-
stituents and gaseous as well as particulate pollutants with solar and
thermal radiation is accounted for. The coupling between the plan-

C, = concentration of species n
C. = volumetric mass source rate of spe-
cies n
¢p = specific heat at constant pressure
D, = binary mass diffusion coefficient for
species n
e, = thermal emittance of soil
& = radiant flux in the z-direction
F = unidirectional flux
f = Coriolis parameter
hy, = latent heat of evaporation
K;M = turbulent diffusivity of momentum
parallel to j plane in the i-direction
K;" = turbulent diffusivity of heat in the i-
direction
K;Cn = turbulent diffusivity of species n in
the {-direction
k = thermal conductivity or ratio of specific
heats
L = extent of the urban area

Journal of Heat Transfer

M = Halstead’s moisture parameter

my, = anthropogenic (manmade) pollutant
emission surface flux

p = pressure

po = surface pressure

¢ = volumetric heat generation rate

€ = anthropogenic (manmade) heat emission
surface source

R = gas constant

T = thermodynamic temperature

t = time

u = horizontal east velocity component

uy = geostrophic east velocity component

v = horizontal north velocity component

vy = geostrophic north velocity component

w = vertical velocity component

x = horizontal east coordinate

y = horizontal north coordinate

z = vertical coordinate

2o = roughness length
= planetary boundary layer height, see

Fig. T
2 = top df atmosphere, see Fig. 1
z 1 = depth of soil layer, see Fig. 1
« = thermal diffusivity
# = potential temperature, § = T(p/po) ®/cp
A = wavelength |
w = dynamic viscosity
p = density or reflectance
o = Stefan-Boltzmann constant

Subscripts

n = nth species

s = refers to solar part of spectrum or soil
t = refers to thermal part of spectrum

w = refers to water vapor

p = refers to pollutant (1-aerosol, 2-gas)

Superscripts
+ = positive z-direction

= negative z-direction
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etary boundary and soil layers is affected by both energy and species
balances at the atmosphere-soil interface. The horizontal variation
of the urban parameters such as anthropogenic heat and pollutant
sources, surface solar albedo (reflectance) and thermal emittance,
surface roughness, thermal diffusivity, conductivity of the soil, and
moisture parameters are arbitrarily prescribed functions of position
along the urban area. It is well recognized [2] that urban heat and
pollutant emissions, for example, vary during the diurnal cycle;
however, a more realistic modeling of these sources during the diurnal
cycle must await more complete observational data.

It should be emphasized that the flow field, temperature, and
radiative transfer in an urban area is three-dimensional and would
require a very fine grid structure for complete simulation over an
urban area and does not appear to be warranted. In addition, a truly
detailed and accurate treatment of the present problem is extremely
difficult not only because of the lack of necessary data but also because
it is beyond the capability of most present-day computers. Since the
primary objective of this research is to simulate the thermal structure
and pollutant dispersion, some details of the complicated urban flow
tield have been ignored. The two-dimensional model, however, should
provide a more realistic description than the one-dimensional one [13,
14] and the temperature and pollutant concentration distributions
should not be extremely sensitive to the fine details of the flow
field.

Model Equations. The numerical model is based on the conser-
vation equations of mass, momentum, energy, and species. The
equations used to describe the planetary boundary layer are well
known in the literature [15] and can be written as follows for a polluted
atmosphere:

Mass:

i) il
(pu) + (pw) _ 0
dx 0z
Momentum {x-direction):
du du du
—+u—+w—> = pf(v — vg)
r <at o T 0,) =0T

a ou d du
+— +vaM ——]+—[ +szM)_] (2)
0x [(M ) dx 0z (u ’ dz
Momentum (y-direction):

du av du
(

Ly —)=— (U — ug)
ot uax wc?x of £

i} dv a v
+ | (u+ pKy M —-]+—[ + KZM)—] (3)
8x[(# Py )ax oz et oK, dz
Momentum (z-direction):
9,
0=+L+ g @
0z
Energy:

a0 a8 a0 a [ af
ol —+u—+w—)=—| (k+ pc,K.% —
P <8t u(?x 62) dx P o

d a0 dF Do\ k= 1)/k
— Nn—| -] ——4 -
+az[(k+pc”KZ)az] [ q]( ) ®)

dz p
Species:
9C,, ac, ac, 9 aC,
d(’ +u—+ =_[(D11+KxC") ]
at dx dz  Ox ox
d aC, .
+ 2 oar k022400 ©
dz 9z
The energy equation in the soil layer is:
T 32T,
= (7)
ot 0z2

At the top of the PBL, the meteorological variables are specified
and held constant during the simulation; that is,
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¢(t, x, 2) = constant at z=z; (8)

where ¢ represents the horizontal east velocity u, the horizontal north
velocity v, the potential temperature 6, and the species concentration
C,. This assumes that the larger scale flow (i.e., synoptic scale weather
pattern) remains constant during the simulation period. At the bot-
tom of the soil layer the temperature remains constant:

Te(t, x,2) = constant at z = —z, (9)
At the earth’s surface the velocities vanish:
ult,x,z) =v(t,x,2) =wlt,x,2) =0 at 2z=0 (10)

Along the interface, the surface temperature is predicted from an
energy balance

[1 = re)]Fs=(t, x, 0) + e, (x)F, (¢, x, 0) — e (x)a T4, x, 0)
aCy,
dz

a0
+ (k+ pCpoK,%) —| +hpDy+ K, )
dzlot

o+
T
oz

In this equation, the first two terms account for absorption of solar
and thermal radiation, the third term represents thermal emission,
the fourth and fifth terms account for sensible and latent heat transfer
by molecular and turbulent diffusion, the sixth term represents heat
conduction into the ground, and the final term is the anthropogenic
heat source.

The water vapor concentration at the surface is prescribed by
Halstead’s moisture parameter [16] using the expression

—k,

+Q=0 (11)
o~

Cuft, x, 0) = MCpeat[T(, x, 0)] + (1 — M)Cy(t, x,21) (12)
where 21 is the first grid point above the surface and C,, sat is the water
vapor concentration at saturated conditions. The values of the pa-
rameter M range from 1 for water [C,, (¢, x, 0) = Cy sa¢] to O for dry soil
[Cwlt, x, 2) — Cyut, x, 0) = 0]. The moisture parameter M, the fraction
of area which is saturated with water, depends on soil type, root dis-
tribution, water table depth, and other variables [17]. In addition, the
soil in urban areas is partly covered by buildings, pavement, etc., and
this fraction cannot be readily estimated. In addition, in writing
equation (12) anthropogenic water vapor sources have been neglected.
More detailed models for predicting temperature distribution in the
soil and the evaporation from the earth’s surface are available [18].
Unfortunately, hydraulic and thermal properties of soil such as
moisture potential, effective permeability (hydraulic conductivity),
and moisture content as well as thermal diffusivities are not known
for the soil types and textures encountered in urban areas [19].

The surface boundary condition for the pollutant concentration
is written for a surface source by specifying the surface mass flux, m,,
ie., :

aCp
0z

It should be noted that in an urban area the pollutants are not all in-
troduced into the atmosphere from the surface, and this formulation
then has certain physical limitations. Again, as with the moisture
parameter M, there is little quantitative data on sources of individual
pollutants at the surface.

At the upwind rural boundary, the meteorological variables are
predicted from the one-dimensional model of Bergstrom and Viskanta
[13, 14]. This assumes that the flow into the urban area is fully de-
veloped and parallel and possesses no vertical velocity. Downwind
of the city (i.e., in the rural area) it is assumed that all the meteoro-
logical and air pollution variables change slowly, or

a¢

—=0 at x=1L
X

mp = —(Dp + K, %)

at z=0 (13)

(14)
This condition implies that the downwind rural area is far away from

the city center and that nearly fully developed conditions have been
developed. At the initial time the variables are specified everywhere
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and are assumed to be independent of the horizontal coordinate x.

Radiation Transfer Model. The radiation transfer model used
has been discussed in detail elsewhere [20] and therefore only a
summary is included here. The urban atmosphere is again considered
to be cloudless, plane-parallel, and consist of two layers: (1) the free
atmosphere and (2) the urban PBL where most pollutants are con-
centrated. From below, the boundary layer is bounded by an opaque
earth’s surface which not only emits but also reflects radiation. The
emission characteristics and albedo (reflectance) of the earth’s surface
in the model are arbitrary but prescribed functions of wavelength. The
radiative transfer between the free atmosphere and the polluted PBL
are coupled. The gaseous and particulate atmospheric constituents
are considered to absorb, scatter, and emit radiation. Since multidi-
mensional radiative transfer is quite complex, it is assumed that the
transport of radiation can be approximated by a quasi-two-dimen-
sional field based on the vertical temperature and water vapor and
pollutant distributions at several predetermined horizontal positions.
The radiative fluxes in the atmosphere can then be evaluated at these
prescribed horizontal locations with suitable interpolation and used
to determine the radiative fluxes between these locations.

The radiative fluxes and flux divergences were evaluated by di-
viding the entire electromagnetic spectrum into a solar (0.3 <X <4
um) and a thermal (4 £ A < 100 um) part. The computational details
can be found in an earlier publication [20]. Suffice it to note that total
emissivity data for water vapor and carbon dioxide were used and
scattering was neglected in predicting radiative transfer in the thermal
(longwave) part of the spectrum. It was assumed that the influence
of gaseous pollutants could be confined to the 8-12 um spectral region
due to the relative opacity of the H0 and CO; bands. Ethylene and
sulfur dioxide were considered to be representative pollutants. The
spectral absorption and scattering characteristics of the aerosol in a
polluted atmosphere were determined from the model developed by
Bergstrom [21]. The infrared properties of the aerosol were neglected
for simplicity, but it should be noted that their effect would be the
same as increasing the relative strength of the gaseous pollutant in-
frared absorption. Similarly, the solar absorption properties of the
gases were neglected.

Turbulent Diffusivities.  Specification of turbulent diffusivities
for an urban atmosphere in connection with numerical modeling of
the PBL is a very difficult task and has been a subject of a recent re-
view [22]. The semi-empirical equations developed by Pandolfo, et
al. [16] were first employed. The decay of turbulence in the upper part
of PBL was accounted for following Blackadaar [23]. Late at night,
when the atmosphere became quite stable, unrealistically deep in-
versions resulted. The Richardson numbers were found to exceed the
critical value. For these cases the diffusivities predicted by Pandolfo’s
eddy diffusivity-Richardson number correlations were not applicable.
In order to overcome this difficulty, the cubic polynomial developed
by O’Brien [24] and used by Bornstein [10] was employed for diffu-
sivity prediction in the transition layer.

Pandolfo’s diffusivity model was employed in the entire PBL except
under stable conditions. Stable conditions were assumed to exist when
the average Richardson number in the lowest 25 m of the atmosphere
was greater than zero. When this condition was reached, Pandolfo’s
model was used only near the surface while the polynomial was em-
ployed in the transition layer. Otherwise, Pandolfo’s model was used
throughout the entire PBL. If the Richardson number exceeded %,
it was automatically reset to this value so that unreasonable diffusivity
values would not be predicted under very stable conditions.

Method of Solution

The alternating-direction-implicit (ADI) method [25] was employed
to solve the transport equations. The finite difference approximations
for the spatial derivatives and the numerical algorithm are discussed
in detail by Johnson [26].

In order to improve the resolution near the surface, a logarithmic-
uniform grid spacing was chosen in the vertical direction. The loga-
rithmic spacing extended to about 1 km from the earth’s surface while
from there to the assumed top of the PBL (~2 km) the spacing was
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uniform. This was accomplished by the transformation, { = A¢n[(z
+ B)/B], where A and B were arbitrary constants. Equidistant spacing
was chosen for the horizontal direction. The results reported in the
paper have been obtained using 22 nodes in the vertical direction and
17 in the horizontal.

Three-distinct time steps (one for the 2-D momentum equations,
one for the other 2-D transport equations, and one for the 1-D
transport equations) were varied and convergence studied. Also, to
obtain some appreciation for the sensitivity of the model, numerical
experiments were performed using different horizontal grid spacings
and different vertical distribution of coordinates. The downwind error
propagation has also been investigated. The detailed findings of these
computations are given by Johnson [26].

Results and Discussion

Numerical Experiments. The numerical model has been tested
and a number of numerical experiments have been performed. Be-
cause of the length and scope of the paper, it is possible to include only
some selected results that have been obtained. More extensive results
including those for Gaussian distribution of urban heat-and pollutant
emissions along the city are given elsewhere [26]. The experiments
were designed to simulate the thermal structure and pollutant dis-
persion in the atmosphere and study the effects of various parameters.
This was accomplished in the simulation by variation of (1) geostro-
phic wind speed, (2) characteristics of atmosphere-soil interface, (3)
urban heat and pollutant emission parameters, (4) pollutant gas, and
(5) distribution of urban parameters along the area. The interfacial
parameters used are specified in Table 1. The horizontal distribution
for the surface characteristics was established by selecting the values
of parameters at the rural and urban center locations and, for the lack
of any better data or information, a Gaussian distribution curve was
fitted between the rural and urban center locations. A rectangular
distribution was used for the urban heat and pollutant emissions along
the surface. Out of a total 17 grid points in the horizontal x-direction,
points 1 and 2 were in the upwind rural area and points 15, 16, and 17
were in the downwind rural area. The values for parameters @, m1,
and m given in Table 1 represent mean values over the city. The
simulations were started at noon (12:00) solar time and contmued for
a 24-hr period.

The initial temperature profiles used were taken from Lettau and
Davidson [27] for August 24, 1954, and were imposed over the entire
city (no x-variation). The initial horizontal and lateral velocity fields
were either the same or decreased by a factor of two or four of those
given by Lettau and Davidson for the O’Neill Great Plains Turbulence
Study. The pollutant concentration profiles were initialized to a
constant background value of 50 ug/m3. The top of the PBL was ar-
bitrarily chosen to be at the height of 2000 m. The lower soil layer
below the surface (z = —z4 = 50 cm) was held constant at a temper-
ature of 295.5 K. The horizontal grid Ax was chosen to be 1500 m, thus
modeling an urban area 24 km along the x-direction. The latitude was
taken as 38.5 deg and summer conditions (solar declination 21 deg)
were assumed. A summer day was chosen because most of the serious
pollution episodes occur then and because solar radlatlon is the
greatest.

Table 1 Numerical values of interface parameters for
simulations [26]

Upwind  Urban
Parameter rural center
Solar albedo, rg 0.18 0.12
Thermal emlttance e 0.90 - 0.95
Soil thermal conductlvxty, ks(W/mK) 0.1 0.5
Soil thermal diffusivity, o, (107 m?/s) 1 2.5
Surface roughness z,(m) 0.2 1.0
Halstead’s moisture parameter M 0.1 0.05
Lower soil boundary temperature TA(K) 295.5 295.5
Urban heat source, Q(W/m?) 2 20
Aerosol pollutant source m (Mg/m?-s) 0 2.6
Pollutant gas source, m, (,ug/m‘fs) 0 2.5

NOVEMBER 1976 / 665

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



1000[—
et T—qas T ———
80 =
TiME 24:00
—— v 12:00
HD_
—~ — fqat
weE, - ——— == = —— -
— 2(1]-
E
~
2 %
% I 9 e
. T~
g
=20
- 1 1 i 1 A R |
%0 ) g 12 T i %

x(km)

Fig. 2- Variation of the energy balance flux components (gas = absorbed
solar, g, = absorbed thermal, g, = emission, g, = convection, g, = latent,
qg = soil conduction, Q@ = urban heat source) at the surface at 24:00 of the
first day and 12:00 of the second day; rectangular distribution, radiatively
nonparticipating, u, =6 m/s and v; = 4m/s

Components of the Energy Balance at the Surface. The sur-
face temperature is a very important parameter as far as “forcing”
of the model is concerned. For this reason the variation of the energy
budget components along the urban area are presented in Fig. 2 at
midnight (24:00) of the first day and noon (12:00) of the second day.
Inspection of the figure shows that the emitted (¢.) and the absorbed
thermal (gat) fluxes are the dominant components. The convective
(qo), the latent (g,), the soil conduction (ggz) (between 0.95 W/m? in
the upwind rural area and 11.8 W/m? at the city center), and the an-
thropogenic urban heat (@) (20 W/m?, not shown in the figure) fluxes
are significantly smaller. However, at noon the absorbed solar flux
(qqs) is the largest term in the energy balance and the urban heat
source () is the smallest. The reason ¢, is maximum at the urban
center is because the solar albedo, r;, is minimum there, see Table 1.
At the urban center, x = 10.5 km, the soil heat conduction term (g,)
amounts to only about 10 percent of the absorbed solar flux. The
convective (gg) and the latent (g,) fluxes are the two components
which are quite sensitive to wind speed and show the greatest varia-
tion aleng the urbaﬁ area. The reason the convective heat flux in-
creases to a maximum at the city center is that the turbulent eddy
diffusivity increases as a result of roughness changes along the city
while the latent flux reaches a minimum at the center due to decreased
evaporation (reduction in the moisture parameter M in the city) which
is controlled by M and not the surface roughness height zo.

Temperature Distribution. The isopleths of the two-dimen-
sional potential temperature fields at 6-hr intervals for a simulation
with radiatively nonparticipating pollutants are presented in Fig. 3.
At 18:00 the atmosphere is nearly adiabatic, especially in the upwind
rural area, with a thermal plume having a temperature of about 305
K (note that the last digit denoting the temperature of the isotherms
at 18:00, 24:00, and 06:00 hours has been truncated by the contour
plotting program) forming at a height of about 100 m downwind of
the city center (x = 10.5 km). However, the presence of the plume is
not felt downwind since the upwind and downwind surface temper-
atures are nearly identical. A surface temperature inversion develops
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Fig. 3 Isopleths of potential temperature (in K); rectangular distribution,

radiatively nonparticipating, u; = 6 m/s, v; =4 m/s

at night (parts at 24:00 and 06:00) and is seen to be deeper over the
rural area than the city. This is indicative of the nocturnal heat island
which decreases the stability of the atmosphere. The magnitude of
this heat island is larger at night than during the day. This type of
behavior is well documented [1, 28]. Just after sunrise (06:00) the
surface inversion erodes rapidly due to the absorption of solar ra-
diation at the earth’s surface. The surface inversion breaks up after
sunrise because of the increased turbulence resulting from warmer
surface temperatures. By 09:00 all traces of the inversion have then
disappeared. Clarke and McElroy {29] did not observe a surface in-
version over Columbus, Ohio, or St. Louis, Missouri. The disagree-
ment between predictions and observations indicates that the value
of the anthropogenic heat source @ used in the simulations may have
been too small or more likely that the turbulence model employed is
inadequate under stable meteorological conditions.

The greatest temperature difference between a simulation without
radiatively participating pollutants and a simulation with partici-
pating ones occurs at the surface; therefore, a comparison of the sur-
face temperatures is presented in Fig. 4. In the simulation with radi-
atively interacting pollutants ethylene (CyHy4) was considered to be
the representative gaseous pollutant. The choice of ethylene was made
because of the availability of radiative property data and the fact that
it has strong infrared absorption. Certainly the infrared spectra of a
polluted urban atmosphere is much more complicated, but ethylene
can be considered to be an approximation to an atmosphere with a
large amount of hydrocarbon pollution. Sulfur dioxide (SO,), which
is a considerably weaker absorber of radiation, has also been consid-
ered as a typical pollutant [26]. During the day the particulate and
gaseous pollutants appear to have compensating effects on the surface
temperature. The aerosols decrease the solar flux while the gaseous
pollutants increase the thermal flux incident at the surface. Results
presented in Fig. 4 show that for the urban parameters and the par-
ticular conditions considered, the surface temperatures for a simu-
lation with radiatively interacting pollutants are always higher than
for the simulation without radiatively noninteracting pollutants. The
largest difference between the two surface temperatures occurs just
before sunrise (05:00) and the smallest takes place about noon (12:00).
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Fig. 4 Comparison of surface temperatures along the city between a simu-
lation with and without radiatively participating pollutants; U, =6m/s, vy, =
4 m/s, ethylene (C,H,) pollutant gas

Also, the highest surface temperature occurs at the center of the city
or a small distance (about 1.5—-6 km) downwind of the center. This is
caused by the heating of air as it flows over the warm city.

The diurnal variation of the surface temperatures at the upwind
rural and the central urban locations for both the radiatively non-
participating and participating simulations are given in Table 2. The
results show that the largest surface temperature difference between
the two simulations occurs just before sunrise (between 04:00 and
06:00) and is about 1°C higher for the radiatively participating sim-
ulation. By noon the next day the difference has decreased to 0.4°C.
The fact that the surface temperatures are warmer in the morning
hours for the radiatively participating simulation is significant. Higher
surface temperatures result in decreased stability of the atmosphere
at times in the morning when the dispersion of pollutants is most
critical. The results also show that the presence of radiatively par-
ticipating pollutants in the atmosphere dampens the amplitude of
the diurnal surface temperature variations.

The urban heat island is a well known and accepted fact [1, 28]. The
heat island intensity (maximum difference between upwind rural and
highest urban surface temperature, AT, max) predictions are shown
in Fig. 5; also see Table 2. For the assumed rectangular distribution
of urban heat sources the maximum surface temperature difference

Table 2 Companson of surface temperatures (in K) at the
upwind rura] (x = 0) and urban central (x = 10.5 km
locations for the radiatively nonparticipating and
participating simulations

Radiatively Radiatively
nonparticipating participating
Time Upwind City Upwind City
(hr) rural center rural center
12:00 308.89 308.89 308.89 308.89
14:00 309.72 310.02 309.98 310.23
16:00 308.18 308.51 308.47 308.756
18:00 302.83 303.80 303.20 304.17
20:00 296.93 299.05 298.05 299.83
22:00 296.03 297.99 297.01 298.73
24:00 294.96 297.07 296.10 297.89
02:00 293.64 296.25 295.17 297.19
04:00 292.20 295.47 294.00 296.53
06:00 295.90 297.27 297.07 298.25
08:00 302.35 303.05 302.95 303.67
10:00 306.74 307.72 307.20 308.23
12:00 309.23 310.47 309.59 310.87
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Fig. 5 Comparison of maximum urban minus upwind rural surface differ-
ences; u; = 6 m/s, v; = 4 m/s, ethylene (C,H,) pollutant gas

occurred downwind of the center. The results presented in the figure
show that there is a double peak in AT\, _, max. The first smaller peak
is noted in the evening about 20:00. It arises because of more rapid
cooling at the upwind rural area than in the city. The second peak
occurs before sunrise and increases to a value of about 3.5°C for the
simulation with nonparticipating pollutants. The latter peak is pri-
marily due to the differences in the physical properties of the soil and
the radiation characteristics of the surface in the urban and rural areas
as well as the stability of the atmosphere, which affects the eddy
diffusivities and through them the surface temperatures. For the
population of the urban area and wind speeds of the simulation, this
value is in good agreement with the observations and empirical cor-
relation of Oke [21]. For a simulation with lower wind speeds u, ~
3m/s and vy = 2 m/s, which are not reported here, the maximum heat
island intensity reached about 8°C. The results are in good agreement
with nighttime and daytime observed temperature excesses between
the urban and rural locations [28, 30]. What is particularly encour-
aging is that urban-rural temperature differences of about 3°C have
been observed by Clarke and McElroy [29] for the city of St. Louis,
Missouri, near sunrise during several observational periods in August
1973. The meteorological conditions for the observed value of 3°C
were similar to those for the simulation runs.

The maximum urban-rural surface temperature differences are a
result of complex interaction of the flow of air over a rough urban area,
the manmade heat and pollutant sources, and the radiative partici-
pation by the aerosol and gaseous pollutants. Individual influences
cannot be readily attributed. The primary reason for the smaller
AT, max for the simulations with the radiatively participating
pollutants is the change in the upwind rural conditions. In the radi-
atively interacting simulation the presence of background pollutants
increased the downward thermal flux incident on the surface and as
aresult the rural surface temperatures were somewhat higher for this
experiment; see Table 2. Background pollutants were introduced in
the upwind rural area because the atmosphere is not completely free
of pollutants a few kilometers upwind and downwind of the city. The
concentration used in the simulations may have been too high and
a lower value may have yielded more realistic urban-rural temperature
differences.

Pollutant Concentration Distribution. The pollutant con-
centration isopleths (in ug/m3) over the city for the simulation with
radiatively nonparticipating pollutants with a rectangular distribution
of pollutant emissions along the city at 6-hr intervals are presented
in Fig. 6. Since the aerosol emission flux (m,) was assumed to be
identical to that of the pollutant gas, the aerosol concentrations are
identical to those of the gaseous pollutant. The pollutant emission
fluxes m and my were chosen to produce reasonable concentrations
in the atmosphere. At any given time the average pollutant concen-
tration in the PBL did not exceed 70 ug/m3. The results show the
buildup of pollutant concentrations during the night. After sunrise
(06:00), the atmosphere becomes unstable, and the pollutants are

NOVEMBER 1976 / 667

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



LENELEN S S St B

T T T T T

9 6 B
x(ie1)
TIE = 18:00

Lonn FRm M S Ea B S S A

0 6 2 B 0 6 12 18 2
x(ken) x(kt)
TIVE = 06:00 TIME = 12:00

Fig. 6 Pollutant concentration isopleths (multiply numbers in the figures by
10 to obtain concentrations in ug/m?); radiatively nonparticipating poliutants,
u; =6m/s, vy =4m/s

dispersed rather effectively by vertical diffusion and horizontal ad-
vection. The worst times for dispersion are in the late evening and
early morning, while the middle of the day is generally the best [2].
The isopleths show the formation of a pollutant plume downwind of
the city center. The highest pollutant concentrations are at the surface
and are confined to heights less than 10 m. Modeling of all pollutant
emissions as surface sources is somewhat unrealistic. The surface
concentrations are very sensitive to the turbulent diffusivities at the
first few grid points above the ground. The diurnal trends in the
surface pollutant concentrations can be explained on the basis of the
diurnal variation of turbulent diffusivity at the first vertical grid point.
The pollutant concentration isopleths for a simulation with radiatively
participating pollutants are similar to those of Fig. 6 and are therefore

not presented for the sake of brevity but can be found elsewhere

[26].

The pollutant concentrations near the ground reach a maximum
just before sunrise (05:00) and then decrease sharply as the earth’s
surface is heated by absorption of solar radiation and the stable layer
is eroded. The results obtained show that for the particular values of
urban parameters and meteorological conditions considered in the

~ simulations, the radiatively participating pollutants in the atmosphere
raise the urban surface temperature, decrease stability, and lower
pollutant concentrations. The maximum reduction is before sunrise
(05:00) and amounts to over 25 percent while at noon (12:00) the re-
duction is only 2 percent. The results obtained show that the radiative
participation by pollutants may have the potential of affecting their
own dispersion, especially peak concentrations before and after
sunrise. The meteorological conditions considered in the numerical
simulations were not critical for pollutant dispersion. Under more
adverse dispersion conditions such as may arise for lower wind speeds
and/or stable elevated layers, the coupling between the radiatively
participating pollutants and their own dispersion may be stronger.

Conclusions

An unsteady two-dimensional transport model which accounts for
the interaction between pollutants and the dynamics has been de-
veloped. The model is capable of simulating temperature structure
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and pollutant dispersion in an urban atmosphere. The numerical
simulations performed with the model predicted an urban heat island,
which is in agreement with observations for St. Louis, Missouri. For
the urban parameters and meteorological conditions considered in
the simulations, the radiatively participating pollutants are relatively
unimportant in forming the urban heat island when compared to other
factors. During the night, the radiatively interacting gaseous pollutant
increased the surface temperature in the city. The higher temperature
decreased stability of the atmosphere near the ground and reduced
pollutant concentration when compared with noninteracting pollu-
tants. The net effect of gaseous and particulate pollutants during
daytime on temperatures and pollutant concentrations near the
ground is relatively small. There is a tendency within the earth-
atmosphere system for compensation, but radiative transfer is im-
portant in the energetics of the PBL.

The feedback mechanism between pollution, thermal structure,
stability, and dispersion has the potential of being significant in
modifying temperature and pollutant dispersion in the atmosphere
near the surface under more stable conditions and higher pollutant
mass loadings. However, the magnitudes of the changes are dependent
on the coupling between the radiative properties of air pollution and
buoyancy-induced turbulence, neither of which is really well under-
stood. Thus, the magnitude of the change is uncertain.

The numerical model has been partially verified by observations;
however, it needs continuous modification as more understanding is
gained. The model can be a valuable tool, for example, in urban
planning. It can be used to examine the potential environmental
impact resulting from proposed urban changes and to provide answers
to other questions which cannot be answered by observations.

Acknowledgments

This work was supported by the Division of Meteorology, U. S.
Environmental Protection Agency, under Grant Nos. R801102 and
R803514. Computer facilities were made available by Purdue Uni-
versity and the National Center of Atmospheric Research, which is
supported by the National Science Foundation. The interest and
support of Dr. J. T. Peterson, the Grant Project Officer, is acknowl-
edged with sincere thanks. The authors also wish to acknowledge Mr.
A. Venkatram for his contributions to this effort.

References

1 Peterson, d. T., “The Climate of Cities: A Survey of Recent Literature,”
U. S. Public Health Service, National Air Pollution Control Administration
Publication No. AP-59, Washington, 1969.

2 Stern, A. C., Wholers, H. C., Boubel, R. W., and Lowry, W. P., Funda-
mentals of Air Pollution, Academic, Press, New York, 1972.

3 Landsberg, H. E., “Actual and Potential Effects of Pollutants on Cli-
mate,” International Conference on Environment and Assessment (ICESA),
Paper No. 32-1, Las Vegas, Nev., Sept. 14-19, 1975.

4 SCEP, Man’s Impact on the Global Environment: Assessments and
Recommendations for Action, MIT Press, Cambridge, Mass., 1970,

5 SMIC, Inadvertant Climate Modification, Report of the Study of Man’s
Impact on Climate (SMIC), MIT Press, Cambridge, Mass., 1971.

6 Rasool, S. 1., and Schneider, S. H., “Atmospheric Carbon Dioxide and
Aerosols: Effects of Large Increases on Global Climate,” Science, Vol. 173, 1971,
pp. 188-141.

7 Ensor, D. S., Porch, W. M., Pilat, J. J., and Charlson, R. J., “Influence
of the Atmospheric Aerosol on Albedo,” Journal of Applied Meteorology, Vol.
10, 1971, pp. 1303-1306.

8 Mitchell, J. M., ‘““The Effect of Atmospheric Aerosols on Climate With
Special Reference to Temperature Near the Earth’s Surface,” Journal of Ap-
plied Meteorology, Vol. 10, 1971, pp. 703-714.

9 Atwater, M. A., “Thermal Changes Induced by Urbanization,” Con-
ference on Urban Environment and Second Conference on Biometeorology,
American Meteorological Society, Boston, 1972, pp. 1563-158. |

10 Bornstein, R. D., “Two-Dimensional, Nonsteady Numerical Simulation
of Nighttime Planetary Boundary Layer Over a Rough Warm City,” Conference
on Urban Environment and Second Conference on Biometeorology, American
Meteorological Society, Boston, 1972, pp. 89-94.

11 Wagner, N. K., and Yu, T.-W., “Heat Island Formation: A Numerical
Experiment,” Conference on Urban Environment and Second Conference on
Biometeorology, American Meteorological Society, Boston, 1972, pp. 83-88.

12 Atwater, M. A., “Thermal Changes Induced by Pollutants for Different
Climatic Regions,” Symposium on Atmospheric Diffusion and Air Pollution,
American Meteorological Society, Boston, 1974, pp. 147-150.

13 Berstrom, R. W., Jr., and Viskanta, R., “Modeling of Thermal Structure

Transactions of the ASME

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



and Dispersion in Polluted Urban Atmospheres,” ASME Paper No. 73-HT-
8.

14 Bergstrom, R. W., Jr., and Viskanta, R., “Modeling of the Effects of
Gaseous and Particulate Pollutants in the Urban Atmosphere. Part I: ‘Thermal
Structure,” Journal of Applied Meteorology, Vol. 12, No. 6, Sept. 1973, pp.
901 912.

15 Plate, E. J., Aerodynamic Characteristics of Atmospheric Boundary
Layers, U. 8. Atomic Energy Commission, Division of Technical Information,
QOak Ridge, Tenn., 1971.

16 Pandolfo, J. P., Atwater, M. A, and Anderson, G. E., “Prediction by
Numerical Models of Transport and Diffusion in an Urban Boundary Layer,”
The Center for the Environment and Man, Inc., Final Report CEM Contract
No. 4082, Hartford, Conn. 1971.

17 Halstead, M. H., Richman, R. I.., Covery, M., and Merryman, J. D.,
“Preliminary Design of a Computer for Micrometeorology,” Journal of Mete-
orology, Vol. 14, No. 4, Aug. 1957, pp. 308-325.

18 Sasamori, T., “A Numerical Study of Atmospheric and $oil Boundary
Layers,” Journal of the Atmospheric Sciences, Vol. 27, No. 10, Oct. 1970, pp.
1122 1137.

19 Eagelson, P. S., Dynamic Hydrology, McGraw-Hill, New York, 1970.

20 Bergstrom, R. W., Jr., and Viskanta, R., “Prediction of the Solar Radiant
Heat Flux and Heating Rates in a Polluted Atmosphere,” Tellus, Vol. 25, No.
5, 1973, pp. 486 498.

21 Bergstrom, R. W., Jr., “Predictions of the Spectral Absorption and
Extinetion Coefficients of an Urban Air Pollution Model,” Atmospheric En-

Journal of Heat Transfer

vironment, Vol. 6, No. 4, Apr. 1972, pp. 247 .258.

22 Oke, T. K., A Review of Urban Meteorology: 1963 1972, Department
of Geography, The University of British Columbia, Vancouver, 1973.

23 Blackadaar, A. K., “The Vertical Distribution of Wind and Turbulent
Exchange in a Neutral Atmosphere,” Journal of Geophysical Research, Vol.
67, 1962, pp. 3095-3102.

24 OFBrien, J. J., “A Note on the Vertical Structure of the Fddy Exchange
Coefficient in the Planetary Boundary Layer,” Journal of the Atmospheric
Sciences, Vol. 27, No. 11, Nov. 1970, pp. 1213-1215.

25  Roache, P. J., Computational Fluid Dynamics, Hermosa Publishers,
Albuguerque, N. M., 1972.

26 Johnson, R. O, “The Development of an Unsteady Two-Dimensional
Transport Model in a Polluted Urban Atmosphere,” MS thesis, Purdue Uni-
versity, West Lafayette, Ind., 1975.

27 Lettau, H. H.,and Davidson, B., eds., Exploring the Atmosphere's First
Mile, Vol. 1 and 2, Pergamon Press, New York, 1957.

28 Oke, T. K., “City Size and Urban Heat Island,” Atmospheric Environ-
ment, Vol. 7, No. 8, Aug. 1973, pp. 769-779.

29 Clarke, J. F., and McElroy, J. L., “Effects of Ambient Meteorology and
Urban Meteorological Features on the Vertical Temperature Over Cities,” Air
Pollution Control Association Annual Meeting Paper No. 74 73, Denver,
Colo.

30 DeMarrais, G. A., “Nocturnal Heat Island Intensities and Relevance
to Forecasts of Mixing Heights,” Monthly Weather Review, Vol. 104, No. 3,
Mar. 1975, pp. 2356 245.

NOVEMBER 1976 / 669

Downloaded 23 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



journal of
heat

technical notes

tronsfer

This section conslsts of contributions of 1500 words or equivalent. In putl

g equlvalence, a typlcal one-column figure

or table is equal to 250 words. A one-line equatlon is equal to 30 words. The use of a bulit-up fractlon or an integral sign
or summation sign in a sentence will require additional space equal to 10 words. Technical notes will be reviewed and
approved by the speclfic division’s revlewing committee prior to publication. After approval such contributions will be
published as soon as possible, normally In the next Issue of the Journal.

An Analysis of Free Convective
Heat Transfer With Density
Inversion of Water Between
Two Horizontal Concentric
Cylinders

N. Seki,! S. Fukusako,? and M. Nakaoka®

Nomenclature

Cp* = dimensionless specific heat of fluid, C,/Cp;
d = cylinder diameter

Gr = Grashof number, gr3/v;2

L = gap width, (do — d;)/2

Nuyee = local Nusselt number, gL/{AT)\)

Nu = average Nusselt number, @, L/(wd;\;AT)

Pr = Prandtl number, pCp/A

q = local heat flux

@ = total heat transfer rate per unit length

r = radial-direction coordinate

R = dimensionless radial-direction coordinate, r/r;
T = temperature

AT = temperature difference, Ty — T (= T)

V = dimensionless velocity, vfr;/(v; vV'Gr)}

B = coefficient of thermal expansion (absolute value)
© = dimensionless temperature, (T — T;)/(To — T;)
u* = dimensionless viscosity, u/u;

v* = dimensionless kinematic viscosity, v/v;

p* = dimensionless density, p/p;

¢ = angle

¥ = dimensionless stream function, ¥/(»; v Gr)

9 = dimensionless vorticity, o}r;2/(v;v'Gr)}

M = dimensionless thermal conductivity, A/\;
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Subscripts

i = inner cylinder
0 = outer cylinder
r = r-direction

¢ = ¢-direction

Introduction

Free convective heat transfer between horizontal concentric cyl-
inders has been extensively investigated both experimentally and
analytically [1-3].% It must be noted, however, that little attention has
been devoted to the related problem of free convective heat transfer
involving density inversion. An experimental study of free convective
heat transfer with density inversion of water for the title system was
recently carried out by the authors [4]. Observation of the flow pat-
terns and determination of the heat transfer were performed under
the condition that the temperature of inner cylinder was maintained
at 0°C, while the temperature of outer cylinder was varied from 1 to
15°C. It was concluded that the flow patterns of water in the annular
gap were significantly altered by density inversion and that the av-
erage Nusselt number was a peculiar function of the temperature
difference between inner and outer cylinder surface temperatures.

The purpose of this technical note is to report the results of an
analytical study of the free convective heat transfer of water in the
presence of density inversion for the system described in [4] and to
compare them with the previous experimental results.

Analysis

The basic geometrical configuration considered is that of a cylin-
drical fluid enclosed between two horizontal concentric cylinders. It
is assumed that the temperature of each cylinder is uniform, the inner
cylinder being colder and at 0°C. One uses cylindrical coordinates,
the angular coordinate ¢ being measured clockwise from the upper-
most point of the cylinders. It is also assumed that the flow is sym-
metric with respect to the vertical plane through the axis of the cyl-
inders. Accordingly, attention is confined to the range 0 < ¢ = =.

The governing equations consist of the conservation laws of mass,
momentum, and energy for the plane, cylindrical laminar flow. The
analytical studies by Watson [5] and Seki, et al. [6] on free convective
heat transfer under the influence of density inversion in a rectangular
vessel suggested that the effect of physical property variation such
as viscosity or thermal conductivity on flow field and convection heat

4 Numbers in brackets designate References at end of technical note.
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Table 1 The functions a, b, ¢, and d of equation (4)
= a b c d
[ 1 g 1//Gr - {[R(9p*/3R)sing + (ap*/a¢)cose] + Resty
¥ 4} 1/p* i - Ra
o Pr.C* A* 1//6r 0

ip

* RES denotes terms associated with higher order derivatives of p and u with

respect to R or ¢.

Fig. 1

Streamline pattern and local Nusselt number, dp = 121.5 mm, d; =
69.6 mm, and T, = 6°C

transfer could not be neglected. All fluid properties, therefore, are
considered to be dependent on temperature, each approximated as
a function of temperature by a polynomial of the 4th or the 5th degree.
For example, the density-temperature relationship is approximated
by the following form [8].

p*=1/1+a'T+b'T2+ T3+ d'TH
where

a’ = —0.678964520 X 10~4(1/°C),
b’ = 0.907294338 X 1075(1/°C)2,
~0.964568125 X 1077(1/°C)3
and d’ = 0.873702983 x 10~9(1/°C)*

¢’ =

As usual, the vorticity component w is introduced according to:

w = (1/r)(rvy)/dr — (1/r)dv,/d¢ (2)
where v, and vy can be eliminated via the stream function ¥
or = pi/ p)1/r)Y/d¢, vy = —(pi/p)Y/dr (3

Then, a common representation of the governing equations in terms
of the dimensionless quantities introduced in the Nomenclature can
be devised. After various rearrangement and utilizing equations (2)
and (3) we obtain
2 E3)]
oR

L5 (5) 5 =

L <bRa—‘) —ed (blaﬁ) +d=0 (4)
oR iR dp \ R d¢

where F is a general dependent variable representing either Q, ¥, or
©. The functions a—d are listed in Table 1. The derivation of the fi-
nite-difference form of equation (4) is described in great detail in [7].
One divides the flow field into a number of rectangular grids with
spacing k and ¢, respectively in the r- and ¢-directions. Let the
numbers of the grids in the r- and ¢-directions be M and N. Then, k
= (Ro— R;)/M and ¢ = w/N. In the present analysis the mesh size of
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M = 25, N = 36 was employed. The boundary conditions are based
on the vanishing of velocity and the uniformity of temperature on the
solid surfaces and the assumption that flow is symmetric with respect
to the vertical plane through the axis of the cylinders. The iterative
procedure used to solve equation (4) is repeated until the following
condition is satisfied:

max(] E; ;™ — B D]/ By jim D))

=5X107%i =1,2,...,M,j=1,2,...,N) ()

where the superscripts (m) and (m — 1) indicate the values at the
(m)th and (m — 1)th iterations, respectively, and max{ }denotes the
maximum of the entity in{ }.

Results and Discussions

A typical pattern of calculated streamline and a corresponding local
Nusselt number on inner and outer cylinder for T = 6°C are shown
in Fig. 1 along with the experimental data reported earlier in [4]. The
similarity of the streamline patterns shown in Fig. 1 with those of Fig.
4 of [4] is evident. They indicate the existence of two counter eddies
of almost equal size, which are believed to be due to the effect of
density inversion of water at 4°C. It can also be seen that there are
discrepancies between the analytical heat transfer results and the
experimental data, especially over the surface of inner cylinder. It
should be noted that the local heat flux for the outer cylinder is
evaluated from electric input to each main heater which consists of
twelve independently controllable heaters with individual guard
heaters, while the local heat flux for the inner cylinder is obtained
from measured temperature gradient adjacent to the surface.

Further comparison with experiments is afforded by the average
Nusselt number. The calculated average Nusselt number for do/d;
= 3.44 is shown in Fig. 2 along with the experimental results of [4].
It is seen that both the analytically and experimentally determined
Nusselt numbers do not increase monotonously with increasing AT

30 T
d, 65.5mm
d; 19.0mm|
o EXPERIMENTS Refl[4]
20
- PREDICTED ﬁ
4
)
10
o e
o ° o
/—\ o o
o
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L |
0
0 5 10 15 °c
AT (=T,)
Fig. 2 Average Nusselt number, dy/d;, = 3.44 N
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as is the case when density inversion is absent. The appearance of such
a sharp minimum of the calculated average Nusselt number seems
to have a relation with the coexistence of two counter standing eddies
of approximately the same size and the same strength, followed by
the abrupt change of the streamlines and the isotherms through
critical AT. Generally speaking, qualitative trends of the present
prediction are in good agreement with the experimental data, even
though the analytical results are underpredicted by about 10 percent.
The disagreement may be due to the inadequacy of boundary condi-
tions used in the analytical model. However, it is reasonable to con-
clude that the complex flow patterns and the heat transfer charac-
teristics obtained earlier by the authors and reported in [4] can indeed
be predicted by analysis with good success.
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Table 1

Mode]: Diameter, D Heated Length, 2 £
Numbex nm m D
1 25.4 203.2 8.00
2 19.1 203.2 10.867
3 19.1 152.4 8.00
4 19.1 304.8 16.00

Npy = value of Np given by vertical cylinder equation
N, = Nusselt number based on ¢

n = index in equation (7)

Pr = Prandtl number

¢ = angle of cylinder to horizontal

Introduction

The present study is concerned with the experimental determi-
nation of mean heat transfer rates by free convection from circular
cylinders, inclined at an angle ¢ to the horizontal, to air, the situation
considered being shown diagrammatically in Fig. 1. In this situation
there are, of course, in general, components of the buoyancy force both
normal o, and parallel to, the axis of the cylinder. For this reason, the
flow over the cylinder will, in general, be three-dimensional.

A number of studies of free convection from horizontal cylinders,
i.e., where ¢ = 0 deg, and from vertical cylinders, i.e., where ¢ = 90 deg,
are available, the flow over the cylinder in these two limiting situations
being, of course, two-dimensional. Correlation equations for the heat
transfer rate in these two situations are well-established, e.g., see
reference [1].2 Little attention appears, however, to have been given
to the case where the cylinder is inclined at an arbitrary angle to the
horizontal, the numerical study described in reference [2] appearing
to be the most relevant to the present study.

Experimental Procedure

Four cylindrical models were used in the present study, their main
dimensions being listed in Table 1. All of these cylinders were made
of solid aluminum with nylon insulating pieces of the same diameter
as the model attached to each end as indicated in Fig. 1, these bringing
the overall length of all the assembled models to approximately 0.42
m. A series of five small-diameter holes were drilled longitudinally
to various depths into each model. Thermocouples were inserted into
these holes, allowing the model temperature to be measured at various
axial locations. The depth of the holes was such that the thermocou-
ples were approximately equally spaced along the length of the model.
The models could be mounted, in turn, in a pivoted frame which al-
Jowed them to be set at various angles to the horizontal. This frame
was placed in a large chamber vented to the atmosphere.

Heat transfer rates from the models were determined by measuring
the rates at which they cooled after being uniformly heated. Each
model, in turn, was mounted in the frame and was then set at the
desired angle. The model was then heated to a temperature of about
110°C. After allowing a period for equilibrium conditions to be
reached, the temperatures at the various thermocouple positions were
sequentially recorded at 1-s intervals during the period in which the
mean model temperature dropped from approximately 100-90°C.
The time that this cooling took depended, of course, on the size of the
model being tested, typically being of the order of 300 s. Consideration
of the orders of magnitude of the terms in the governing equations,
therefore, indicates that the time-dependent terms in these equations
are negligible compared to the other terms and the measured heat
transfer rates will, consequently, effectively be equal to those appli-
cable to steady-state heat transfer under the same conditions.

2 Numbers in brackets designate References at end of technical note.
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as is the case when density inversion is absent. The appearance of such
a sharp minimum of the calculated average Nusselt number seems
to have a relation with the coexistence of two counter standing eddies
of approximately the same size and the same strength, followed by
the abrupt change of the streamlines and the isotherms through
critical AT. Generally speaking, qualitative trends of the present
prediction are in good agreement with the experimental data, even
though the analytical results are underpredicted by about 10 percent.
The disagreement may be due to the inadequacy of boundary condi-
tions used in the analytical model. However, it is reasonable to con-
clude that the complex flow patterns and the heat transfer charac-
teristics obtained earlier by the authors and reported in [4] can indeed
be predicted by analysis with good success.
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Fig. 1 Situation being considered

Although the temperature remained effectively uniform across all
sections of the model due to the small Biot numbers involved in the
process (hD/k was less than 0.001 in all cases), small variations existed
in the axial direction along the models when they were tested in the
near vertical positions, the overall temperature variation at a given
instant of time being of the order of 2°C at most. Sufficient temper-
ature readings were, however, taken to allow the mean model tem-
perature at a given time to be determined. Experience with similar
models used in the study of heat transfer from vertical cylinders has
indicated that the number of thermocouples used was adequate to
define the mean model temperature. The mean heat transfer rate was
then determined in the usual way from the measured variation of
mean temperature with time, it being assumed that the heat transfer
coefficient was constant over the relatively narrow temperature range
over which measurements were made and that the heat transfer be-
tween the model and the nylon end pieces was negligible. A correction
for radiant heat transfer was applied, this amounting to about 5
percent of the total heat transfer. Conduction heat transfer between
the model and the insulating end pieces, of course, takes place during
the cooling process. Attempts have been made to deduce the effect
of this on the results, but this is rendered difficult by the unsteady
nature of the problem and the unknown initial conditions in the end
pieces. However, all attempted analyses have indicated that the effect
will be small and will probably cause an error of less than 1 percent
in the predicted value of k.

Np
) Model Number 3 8
Gy 38000
4 F
3 ) 1 R 1 . J
0 30 60 90
¢ - degs.

Fig. 2 Typical variation of heat transfer rate with angle of inclination
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Fig. 3 Correlated results for all models

Tests were carried out, in the manner described previously, with
each of the four models at angles ¢ of 0, 15, 30, 45, 60, 75, 82.5, and 90
deg to the horizontal.

Results and Discussion

The results will, of course, be presented in terms of Nusselt and
Grashof numbers. The fluid properties in these numbers were eval-
uated at the average of the mean model temperature during the test
(approximately 95°C) and the ambient temperature. A typical vari-
ation of Nusselt number with angle is shown in Fig. 2.

Now, for the range of Grashof numbers covered by the present tests,
(Gp was approximately 90,000 for model 1 and 40,000 for the other
models), previous studies have indicated that for ¢ = 0 deg, the heat
transfer rate is given by an equation of the form

Np/Gp®2 = A(Pr) (1)

Since the Prandtl number remained essentially constant in the
present tests, A is constant, the average value obtained from the tests
with all models being 0.42. This value is within the scatter of data
obtained in previous experimental studies.

Further, for the range of Grashof numbers covered by the tests, (G,
lies approximately in the range 2 X 107-2 X 108) previous studies have
indicated that for ¢ = 90 deg, the heat transfer rate is given by an
equation of the form

Np/G%?5 = B(Pr) 2

The present tests give B as 0.55 which is also within the scatter of
available data for this Grashof number range.

For an arbitrary angle of inclination ¢, [2] indicates that, provided
the boundary layer equations apply, which will be the case for the
Grashof number range covered by the present tests, then for a given
Prandtl number

Np/(Gp cos ¢)%25 = function (£/D tan ¢)
= function (£*) 3)

This result is obtained by rewriting the boundary layer equations
in terms of suitable dimensionless variables.

The results for all of the models are plotted in terms of the variable
given in this equation in Fig. 3, from which it will be seen that rela-
tively good correlation is obtained, the results for all models agreeing
to within approximately 10 percent when plotted in this way. For large
values of £*, the component of buoyancy force parallel to the axis of
the cylinder will have a negligible effect on the flow, which is then
effectively two-dimensional, and, therefore, in view of equation (1),
the following will apply. :
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Np/(Gp cos ¢)%25 = 0.42 (4)

Similarly, for small values of £* the component of buoyancy force
normal to the axis will have a negligible effect on the flow which is
then, again, effectively two-dimensional and in this case, therefore,
in view of equation (2}, the following will apply

N/(Gg sin $)0-25 = 0,55 (5)
This can be rearranged to give
. Np/(Gp cos $)025 = 0.55/¢£*0.25 (6)

The variations given by equations (4) and (6) are shown in Fig. 3.
It will be seen that for £* greater than about 10, equation (4) applies
while for £* less than about 1, equation (6) applies. Thus, it is only
between £* of about 1 and 10 that three-dimensional effects are im-
portant. In this intermediate three-dimensional region, the heat
transfer rate is higher than that given by either of the two-dimensional
flow equations, i.e., equations (4) and (6).

In the intermediate range it will be assumed that the variation of
Np can be approximately represented by an equation of the form

Np™= Npg™+ Npy" (7)

where Npy and Npy are given by equations (4) and (6), respectively.
Using these two equations, equation (7) can be rearranged to give

Np/(Gp cos ¢)%-25 = 0.42[1 + (1.31/¢*0-25yn}1/n (8)

It will be seen from Fig. 3 that an equation of this form does cor-
relate the results relatively well when n is set equal to 8. With this

value of n, equation (8) becomes
Np/(Gp cos ¢)0-25 = 0.42{1 + (1.31/¢£*0-25)8]0.125 9)

This equation will, of course, only apply in the Grashof number range
in which equations (1) and (2) apply, i.e., Grashof numbers approxi-
mately between 104 and 10°.

Conclusions

The results indicate that free convective heat transfer rates from
inclined cylinders, for the Grashof number range considered, can be
correlated in terms of the variables given in equation (3). The results
indicate that for £* greater than about 10, the flow over the cylinder
is essentially the same as that over a horizontal cylinder while for £*
less than about 1, the flow is essentially the same as that over a vertical
cylinder, the appropriate buoyancy force component being used in
both cases and, in both cases, the flow being essentially two-dimen-
sional. In the intermediate region between £* of 1 and 10, in which
the flow will be three-dimensional, the heat transfer rate is reasonably
well correlated using the empirical equation given in equation (9).
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Introduetion

The study of forced convection over a heated surface with mass
injection and suction at the surface finds many important applications
in engineering, such as film cooling of rocket engines and boundary
layer control of aerodynamic bodies. Almost all of the analytical work
to date deals with mass transfer that is normal to the surface. In
practice, however, the surface mass transfer may include a streamwise
velocity component u,, as well as a normal component v,,. This con-
stitutes “vectored” surface mass transfer. In an extensive analytical
study, Inger and Swean [1]3 investigated the effect of vectored mass
transfer on laminar flow and heat transfer over a flat plate under
conditions where similarity solutions exist, i.e., v, ~ x "2 and u,, =
constant. From the practical point of view, however, vectored blowing
or suction with uniform v, may be more easily realized than with v,,
~ x~V2, The present study was undertaken to provide flow and heat
transfer results corresponding to vectored surface mass transfer where
both v, and u,, are uniform along the surface.
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Analysis

Consider a flat plate aligned parallel to a uniform free stream having
velocity 4. and temperature T'». The plate is maintained at a uniform
temperature T, and there is a surface mass transfer characterized
by velocity components u,, and v, both of which are spatially uni-
form. The governing equations for mass, momentum, and energy
conservation are the steady, two-dimensional, laminar boundary layer
equations for a constant-property fluid. Similarity solutions are
precluded because v, is a constant.

As the first step in the analysis, one introduces the new dimen-
sionless coordinates

= (Op/ue)Quex/V2 5= y(ue/20x)1/2 a)

along with a reduced stream function f(£, ) and a dimensionless
temperature 6(£, 1)

flE m) = ¥(x, ¥)/@uuax)?, 8 n) = (T~ To)/(Tw — T=)  (2)

In terms of f and 6, the x-momentum and energy equations along with
their boundary conditions assume the form

1" + " = £(0f'/0& — [79[/9¢) (3)

F(£0) = twfuwe,  f(50)+ EOf(E,0)/0E=—¢ [f(E=)=1 (4)

-}—)1~ 8" + fo' = E(f'08/9F — 0'9f /ok) (5)
r

8(,0)=1, 0§ °)=0 (6)

In the foregoing equations, the primes stand for partial differentiation
with respect to 7.

To cope with the fact that equations (3)-(6) do not admit a simi-
larity solution, the local nonsimilarity method was employed. The
procedures for generating and solving local nonsimilarity equations
at various levels of truncation are well-documented elsewhere (see,
for example, [2-3]) and, to conserve space, will not be repeated here.
For the present problem, solutions were obtained at the third level
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of truncation. If, in addition to f, auxiliary dependent variables g =
df/dk and h = 8%f/3£2 are used, the governing equations for the ve-
locity problem are

P s - )
g//l + fg” —_ f/g/ + 2/'/lg —_ E(g/g/ — g//g) = E(f/h/ — f/lh)

h* + fh” — of'h’ + 3f"h + dgg” — 2¢'¢’ = 0 (7)
FEO) = wufua,  f(5,0) = =52, [(50) =1
FE0=0, g0 =-1/2 g =) =0
RED =0, hED =0,  h(E©) =0 ®)

For the temperature problem, with ¢ = 30/3¢ and x = §20/9¢2, one can
derive

1 .
iD_ro + 10 =E(f'o~0'8)

1 .
Br " [~ b+ 280 —Eg'd — d'g) = E(f’x —O'R)

i x? X —2f'x+4gd’ — 2¢'¢ + 3h8' =0 (9)
0(£,0) =1, 0(¢, =) =0, $(£,0) =0, ¢k, ©)=0
x(£0)=0, x(&»)=0 (10)

The physical quantities of interest are the local friction factor C;
and local Nusselt number Nu, defined by

Cf = Tw/(ﬁum2/2), Nux = wa/k(Tw - Tm)

These can readily be related to the solution variables via the expres-
sions

C/Re, 2 = V3 f7(£, 0),

(11)

NuRe, 12 = —'(£,0)/v2  (12)

where Re, = tuwx/v.

Results and Discussion

Numerical results for the wall shear and surface heat transfer were
obtained for a wide range of values of the ¢ parameter from —1.0 to
1.0 and values of the tangential surface velocity 1,/ covering both
downstream vectoring (u,, > 0) and upstream vectoring (u,, < 0). The
wall shear results C/Re,/2//2 for downstream vectoring are illus-
trated in Fig. 1 for u,,/u. = 0, 0.25, 0.50, and 0.75. The corresponding
surface heat transfer results v2Nu, Re, ~1/2 for gases having a Prandtl
number of 0.7 are shown in Fig. 2. Also included in these figures for
comparison purposes are the results from the similarity case (i.e.,

v = constant

ey~ T2
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Fig. 2 Surface heat transfer results for downstream vectoring

Vw ~ %~ 12) for u, /e = 0 and 0.50.

Fig. 1 shows that for a given value of u,,/u« > 0, the wall shear de-
creases monotonically with £ as the suction intensity decreases from
—1.0 to 0 and as the injection intensity increases from 0 to 1.0. This
behavior is the same as that for the case in which the mass transfer
is normal to the surface. The ordering of the curves with u,,/u. is
governed by two factors: (1) The decreasing variation of i across the
boundary layer which accompanies an increase in u,,/ut, (2) the ex-
traction or introduction of x-momentum at the wall. The first of these
factors gives rise to a lower shear stress with increasing u,,/u.. For
suction, the spread among the curves is accentuated by the extraction
of x-momentum at the surface. On the other hand, the introduction
of x-momentum which accompanies injection tends to increase the
wall shear, and this accounts for the crossing of the curves for positive
£ values.

The heat transfer results for downstream vectoring, Fig. 2, show
that for a given u,,/u value, the local surface heat transfer rate, like
that of the wall shear, decreases monotonically as the suction intensity
decreases and as the injection intensity increases. However, in contrast
to Fig. 1, the ordering of the curves is reversed and there are no
crossings in the £ range corresponding to injection. The higher rates
of the surface heat transfer associated with larger values of u,,/u . are
due to the presence of a nonzero streamwise velocity at the wall.

A comparison of the present results with those of the similarity case
(i.e., vy ~ x~12) for two values of 1,/ = 0 and 0.5 in Figs. 1 and 2
shows that the similarity case predicts smaller values of the wall shear
and surface heat transfer for injection. The opposite trend is in evi-
dence for suction. It can also be seen that the blow-off condition (i.e.,
f7(&,0) = 0) occurs at a larger & value for the uniform injection than
for the similarity injection and, furthermore, that blow-off occurs at
larger injection intensities as u,, /i« increases. Thus, as compared to
normal injection, downstream vectoring not only increases the rate
of surface heat transfer, but also delays blow-off and the related flow
separation.

The dashed curves of Figs. 1 and 2 not only portray the results for
similarity mass transfer, but also represent the local similarity solution
corresponding to uniform u,, and vy, It is seen that the local similarity
model does not yield accurate results for intermediate and large values
of the injection parameter £.

The wall shear and surface heat transfer results for upstream vec-
toring (1., < 0) with Up/lie = —0.25 and —0.50 are illustrated in Fig.
3 in which the v2Nu, Re, 1’2 results are referred to the upper ab-
scissa. As already noted and discussed in [1], dual solutions exist for
the similarity case (v, ~ x~1/2) below a certain £ value for each t,,/ttw.
The high shear solutions are characterized by ordinary attached-flow
boundary layer velocity profiles, whereas the low shear solutions
display wake-like velocity profiles [1]. The physical significance of
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the low shear solutions is not clear. For the case of uniform u,, and vy,
only high shear solutions could be obtained in spite of a concerted
effort to find low shear solutions. Dual solutions for upstream vec-
toring may be a phenomenon that is particular to similarity mass
transfer.
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Conventionally the emissivity of water vapor, or any other gas
whose absorption spectrum consists of rotational lines, is expressed
as a function of three parameters, ¢ = ¢(P,,L, P,, T), where ¢ is the gas
emissivity, P,, the water vapor partial pressure, L the appropriate
physical dimension, P, the effective broadening pressure, and T the
gas temperature. For application to radiative transfer calculations,
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Fig. 1 Hottel’s emissivity results for water vapor plotted as a a function of

the strong-line correlation parameter

it is useful to have an analytical representation of the gas emissivity,
and approximate formulations have been presented, for example, by
Hottel and Sarofim {1}, Hadvig [2], and Taylor and Foster [3]. The
purpose of the present note is to present an extremely simple par-
ameterization of the water vapor emissivity. For this purpose we
employ the emissivity chart of Hottel (Hottel and Sarofim [1],
McAdams [4]), restricting our use of his emissivity chart to the pa-
rameter ranges which correspond to actual experimental measure-
ments. As discussed by Tien [5] and Penner 6], it would appear that
Hottel’s emissivity results are valid providing oné excludes the ex-
trapolated portions of the emissivity chart.

In most radiation problems of practical concern, the radiative
transfer process corresponds to the limit of strong rotational lines (e.g.,
Penner and Varanasi [7], Rodgers [8], and Cess [9]). In this limit P,,L
and P, do not appear as separate parameters; instead they reduce to
one parameter formed by their product, such that ¢ = ¢(P,P,L, T).
In addition, it appears that the dependence upon temperature may
be reduced through a temperature scaling of the pressure path length
P,L. Goody [10], for example, indicates that for temperatures char-
acteristic of the terrestrial atmosphere, the water vapor emissivity
is a relatively weak function of temperature when the emissivity is
ekpréssed in terms of absorber amount, p,,L, rather than P,,L, where
puw is the partial density of water vapor. This conclusion is consistent
with the emissivity calculations of Manabe and Wetherald [11], and
Rodgers [8], which again refer to temperatures of atmospheric interest.
Employing the perfect gas law, and choosing 300 K as a convenient
reference temperature, the preceding suggests that the parameter

X = P,P.L(300/T) (1)

may prove useful as an emissivity correlation parameter.

Fig. 1 illustrates Hottel’s water vapor emissivity results {1, 4] plotted
as a function of the foregoing parameter and, as for the atmospheric
applications, the emissivity is only weakly dependent upon temper-
ature. Although it would be useful to provide a physical explanation
for this relative temperature insensitivity, there are numerous, and
evidently competing, mechanisms which contribute to the tempera-
ture dependence of the emissivity. For present purposes we simply
regard this weak temperature effect as a useful empirical result.

Fig. 1 employs Hottel’s emissivity chart for HyO-air mixtures with
P, =1 atm and P,,/P, — 0. Thus, P, refers to line broadening by air.
The application of the emissivity results to broadening pressures other
than 1 atm is automatically taken into account through use of the
strong-line parameter P, P, L. However, if the broadening gas is not
air, then P, must be modified to account for the difference in line
broadening. If we consider HyO-air mixtures when P,,/P, is not small,
for example, then P, = P, 4+ bP,, where P, is the partial pressure of
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the strong-line correlation parameter

it is useful to have an analytical representation of the gas emissivity,
and approximate formulations have been presented, for example, by
Hottel and Sarofim {1}, Hadvig [2], and Taylor and Foster [3]. The
purpose of the present note is to present an extremely simple par-
ameterization of the water vapor emissivity. For this purpose we
employ the emissivity chart of Hottel (Hottel and Sarofim [1],
McAdams [4]), restricting our use of his emissivity chart to the pa-
rameter ranges which correspond to actual experimental measure-
ments. As discussed by Tien [5] and Penner 6], it would appear that
Hottel’s emissivity results are valid providing oné excludes the ex-
trapolated portions of the emissivity chart.

In most radiation problems of practical concern, the radiative
transfer process corresponds to the limit of strong rotational lines (e.g.,
Penner and Varanasi [7], Rodgers [8], and Cess [9]). In this limit P,,L
and P, do not appear as separate parameters; instead they reduce to
one parameter formed by their product, such that ¢ = ¢(P,P,L, T).
In addition, it appears that the dependence upon temperature may
be reduced through a temperature scaling of the pressure path length
P,L. Goody [10], for example, indicates that for temperatures char-
acteristic of the terrestrial atmosphere, the water vapor emissivity
is a relatively weak function of temperature when the emissivity is
ekpréssed in terms of absorber amount, p,,L, rather than P,,L, where
puw is the partial density of water vapor. This conclusion is consistent
with the emissivity calculations of Manabe and Wetherald [11], and
Rodgers [8], which again refer to temperatures of atmospheric interest.
Employing the perfect gas law, and choosing 300 K as a convenient
reference temperature, the preceding suggests that the parameter

X = P,P.L(300/T) (1)

may prove useful as an emissivity correlation parameter.

Fig. 1 illustrates Hottel’s water vapor emissivity results {1, 4] plotted
as a function of the foregoing parameter and, as for the atmospheric
applications, the emissivity is only weakly dependent upon temper-
ature. Although it would be useful to provide a physical explanation
for this relative temperature insensitivity, there are numerous, and
evidently competing, mechanisms which contribute to the tempera-
ture dependence of the emissivity. For present purposes we simply
regard this weak temperature effect as a useful empirical result.

Fig. 1 employs Hottel’s emissivity chart for HyO-air mixtures with
P, =1 atm and P,,/P, — 0. Thus, P, refers to line broadening by air.
The application of the emissivity results to broadening pressures other
than 1 atm is automatically taken into account through use of the
strong-line parameter P, P, L. However, if the broadening gas is not
air, then P, must be modified to account for the difference in line
broadening. If we consider HyO-air mixtures when P,,/P, is not small,
for example, then P, = P, 4+ bP,, where P, is the partial pressure of
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Table 1 Values of a, and a4 as a functlon of temperature

= P
T (°K) a, a, (m “‘atm IT
1
300 0.683 1.17
600 0.674 1.32
900 0.700 1.27
1200 0.673 1.21
1500 0.624 1.15
0.8 T T T
o6l — Hottel N

~—— Eq. (3)

o
S

Emissivity, €

0.2

. L
10-2 107! ! 10
X = Pw Pel (300/T)

Flg. 2 Comparison of equation (3) with Hottel's emisslvity results tor T =
300 K

air, while b is the self-broadening coefficient for which Edwards and
Balakrishnan [12] recommend

b =5.0(300/T)2+ 0.5 2)

It is further possible to express ¢(X) in a simple analytical form. As
illustrated by Cess [9], a useful analytical approximation is

¢ = ap[l — exp (—a;vV'X)] (3)

This expression may be partially justified on theoretical grounds, since
it has the asymptotic form

e = a1 VX,

which is the well-known square-root dependence for the limit of
nonoverlapping strong lines (e.g., Penner and Varanasi [7]). Thus,
equation (4) applies for nonoverlapping strong lines while equation
(3) empirically accounts for line overlap.

The form of equation (3) is identical to that which would be ob-
tained by application of the statistical model to account for line
overlap (Goody [10]), suggesting that there may be further theoretical
justification in the form of equation (3). But it must be realized that
the statistical model applies only to narrow spectral intervals, whereas
equation (3) refers to the entire infrared spectrum. The resemblance
of equation (3) to an application of the statistical model is most likely
coincidental, and we regard equation (3) as strictly an empirical means
of accounting for line overlap.

We have employed a least-squares fit of equation (3) to the emis-
sivity curves of Fig. 1 in order to evaluate ag and a, as a function of
temperature. These results are listed in Table 1 and, as would be ex-
pected, the values are only weakly dependent upon temperature. The
values of agand a; for 300 K differ slightly from those of Cess [9], as
a consequence of the different method of curve fitting which has
presently been employed. A comparison of equation (3) with Hottel’s
results is shown in Fig. 2 for 300 K.

In Fig. 3 we illustrate a direct comparison of equation (3) with an

avX «1 4)
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Fig. 3 Comparison of equation (3) with Hottel's emissivity chart for P, =
1atmand P,/Py, — 0

abbreviated version of Hottel’s chart. For ¢ > 0.1 the maximum dif-
ference between equation (3) and Hottel’s values is less than 8 percent.
Deviations for ¢ < 0.1 are most likely due to a departure from the
strong-line limit, and it would appear that ¢ 2 0.1 constitutes the range
of applicabhility of equation (3), a limit which is not severe with respect
to radiation problems of practical concern. Moreover, for broadening
pressures substantially less than one atmosphere, such as arise in
atmospheric problems, equation (3) will apply for much smaller
emissivities, since line saturation increases with decreasing broadening
pressure. The simplicity of equation (3) is such that it should prove
useful in radiative transfer formulations; illustrative applications
involving atmospheric water vapor are given by Cess |7, 13, 14].

Equation (3) is somewhat analogous to Hottel and Sarofim’s
suggestion [1] of visualizing a real gas as a weighted sum of gray gases,
with equation (3) corresponding to one clear gas (providing ag < 1)
and one gray gas. The difference between Hottel and Sarofim’s for-
mulation and equation (3) lies in the argument of the exponential;
Hottel and Sarofim take this to be proportional to P, L. Since the
emissivity of a gray gas is ¢ = | — exp (—«P,L), with « the gray gas
absorption coefficient, the equivalent “gray gas” depicted by equation
(3) behaves differently from a conventional gray gas, with the result
that the equivalent gray ahsorption coefficient is not a gas property,
but depends upon the path length I.. Hottel and Sarofim also point
out that their formulation really requires a composite of gray gases,
resulting in the emissivity being expressed as a sum of exponentials.
Within the range of applicability of equation (3), however, only a
single exponential is required as a consequence of our use of equation
(1) as an emissivity correlation parameter.
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Temperature Regulation of a
Plastic-Insulated Wire in
Radiant Heating

Y. Jaluria?

Introduction

A frequently encountered process in the manufacture of plastic-
insulated wires and cables, and in several subsequent heat treatment
operations, is that of radiation heating. This may happen during the
curing of the plastic, the application of the insulation, the surface
treatment for environment protection or for shielding, and during
molding processes for obtaining a desired cable configuration [1- 4].%
Radiant heating is employed mainly because of the high rates of heat
transfer and the generally noncontaminative medium, which might
be of concern in convective heating. In most cases, it is essential to
regulate the temperature of the plastic insulation. Usually this is ei-
ther in the form of a restriction on the temperature of the insulation,
in order to avoid damage to Lthe plastic, or a specified time for which
the temperature must be maintained at a given level to complete the
thermal treatment. The present study considers the thermal tran-
sients in these cases and the parameters on which the temperature
regulation of the plastic-insulated wire depends. The methods for
restricting and controlling the temperature of the plastic are outlined
and the thermal transient behavior of the insulation under these
different conditions determined. The study employs numerical
methods to present quantitative results on this frequent problem, on
which very little information exists at present.

Analysis

A detailed study of the transient heat transfer in insulated wires
has recently been carried out by Jaluria |5]. However, this work was
mainly concerned with the general features of heat transfer in the
configuration under study and brought out several important aspects
in its thermal response under various boundary conditions. The
present study employs the analysis developed and the numerical
method outlined in reference 5] to consider the question of temper-
ature regulation of the plastic insulation in radiant heating.

Employing the usual nondimensionalization for transient heat
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transfer, references [5-7], the one-dimensional radial heat transfer

problem for the cylindrical configuration represented by long insu-

lated wires is governed by
%’

ar’?

Lot ot
rar’ dr’
Here the nondimensional temperature ¢/, radial distance r’, and time
7 are given in terms of the respective physical quantities ¢, , and =
as:

()

{ r T
t=— r’'=— 7’

ti R R?
where t; is the initial temperature of the insulated wire, R its outside
radius, and « the thermal diffusivity of the plastic.

Since the system under study consists of a highly conducting inner
cylinder sheathed in a plastic insulating material of low thermal
conductivity, the temperature variation exists mainly in the insula-
tion, the conducting core being essentially isothermal. With this as-
sumption, the boundary condition at the interface between the con-
ductor and the insulation is |5]:

(2)

G — . — =, atr'=1-P (3)

where (7 is the thermal capacity ratio, which is defined as the ratio of
the thermal capacity of the conductor material, (pC),, to that of the
plastic insulation material, (pC),,. Therefore, G = (pC)./(pC)p, where
p is the density and C the specific heat of the materials. P is the in-
sulation thickness ratio, which is the ratio of the thickness of the in-
sulation to the outer radius R.
T'he boundary condition at the outer surface of the wire, for radiant

heating, is:

X9 q.

ar’ kt;
where @ is the heat flux ahsorbed at the surface, k& the thermal con-
ductivity of the plastic and @, a dimensionless heat flux parameter
that thus arises. A more general boundary condition at the surface
is one which incorporates convective heat transfer in addition to the
radiant flux €. This is given by:

at’

P =@, + Bi(¢ — ts), atr’ =1 (5)
ar

atr’ =1 (4)

where Bi is the Biot number (= hE/k, h being the convective heat
transfer coefficient), {5’ is the surface temperature, and ¢ the non-
dimensional fluid, or ambient, temperature.

The governing equation (1) is solved numerically with the appro-
priate boundary conditions, employing the method outlined in [5].
For all the results presented in the following, the thermal capacity
ratio (G of the conductor material to that of the plastic is taken as 2.0
and the insulation thickness ratio I as 0.5. These were chosen as they
represent typical values generally employed in practice and as the
dependence of the transient thermal response on (7 and P has heen
considered in detail earlier [5]. The basic features concerning the
temperature regulation of the plastic insulation are discussed on the
basis of the numerical results obtained, as presented in the fol-
lowing.

Numerical Results. The transient response of the outside and
inner surface, or core, temperatures of the plastic insulation is shown
in I'ig. 1, for varying values of the nondimensional heat flux @,. Fol-
lowing an initial starting transient, in which the rate of temperature
rise is very different for the outer and inner surfaces, the temperature
variation across the insulation approaches a value constant with time
and the rate of temperature rise becomes the same throughout the
insulation. This linear temperature rise, following the initial transient,
arises from the exponential decay of nonlinear terms, as pointed out
in reference [5]. Tt is observed that, for a constant heat flux input at
the surface of the insulated wire, the temperature continues to in-
crease indefinitely. In actual practice, of course, the radiation and
convective loss from the wire increases as the temperature rises,
thereby allowing the insulation to attain a constant temperature.
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Temperature Regulation of a
Plastic-Insulated Wire in
Radiant Heating

Y. Jaluria?

Introduction

A frequently encountered process in the manufacture of plastic-
insulated wires and cables, and in several subsequent heat treatment
operations, is that of radiation heating. This may happen during the
curing of the plastic, the application of the insulation, the surface
treatment for environment protection or for shielding, and during
molding processes for obtaining a desired cable configuration [1- 4].%
Radiant heating is employed mainly because of the high rates of heat
transfer and the generally noncontaminative medium, which might
be of concern in convective heating. In most cases, it is essential to
regulate the temperature of the plastic insulation. Usually this is ei-
ther in the form of a restriction on the temperature of the insulation,
in order to avoid damage to Lthe plastic, or a specified time for which
the temperature must be maintained at a given level to complete the
thermal treatment. The present study considers the thermal tran-
sients in these cases and the parameters on which the temperature
regulation of the plastic-insulated wire depends. The methods for
restricting and controlling the temperature of the plastic are outlined
and the thermal transient behavior of the insulation under these
different conditions determined. The study employs numerical
methods to present quantitative results on this frequent problem, on
which very little information exists at present.

Analysis

A detailed study of the transient heat transfer in insulated wires
has recently been carried out by Jaluria |5]. However, this work was
mainly concerned with the general features of heat transfer in the
configuration under study and brought out several important aspects
in its thermal response under various boundary conditions. The
present study employs the analysis developed and the numerical
method outlined in reference 5] to consider the question of temper-
ature regulation of the plastic insulation in radiant heating.

Employing the usual nondimensionalization for transient heat
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transfer, references [5-7], the one-dimensional radial heat transfer

problem for the cylindrical configuration represented by long insu-

lated wires is governed by
%’

ar’?

Lot ot
rar’ dr’
Here the nondimensional temperature ¢/, radial distance r’, and time
7 are given in terms of the respective physical quantities ¢, , and =
as:

()

{ r T
t=— r’'=— 7’

ti R R?
where t; is the initial temperature of the insulated wire, R its outside
radius, and « the thermal diffusivity of the plastic.

Since the system under study consists of a highly conducting inner
cylinder sheathed in a plastic insulating material of low thermal
conductivity, the temperature variation exists mainly in the insula-
tion, the conducting core being essentially isothermal. With this as-
sumption, the boundary condition at the interface between the con-
ductor and the insulation is |5]:

(2)

G — . — =, atr'=1-P (3)

where (7 is the thermal capacity ratio, which is defined as the ratio of
the thermal capacity of the conductor material, (pC),, to that of the
plastic insulation material, (pC),,. Therefore, G = (pC)./(pC)p, where
p is the density and C the specific heat of the materials. P is the in-
sulation thickness ratio, which is the ratio of the thickness of the in-
sulation to the outer radius R.
T'he boundary condition at the outer surface of the wire, for radiant

heating, is:

X9 q.

ar’ kt;
where @ is the heat flux ahsorbed at the surface, k& the thermal con-
ductivity of the plastic and @, a dimensionless heat flux parameter
that thus arises. A more general boundary condition at the surface
is one which incorporates convective heat transfer in addition to the
radiant flux €. This is given by:

at’

P =@, + Bi(¢ — ts), atr’ =1 (5)
ar

atr’ =1 (4)

where Bi is the Biot number (= hE/k, h being the convective heat
transfer coefficient), {5’ is the surface temperature, and ¢ the non-
dimensional fluid, or ambient, temperature.

The governing equation (1) is solved numerically with the appro-
priate boundary conditions, employing the method outlined in [5].
For all the results presented in the following, the thermal capacity
ratio (G of the conductor material to that of the plastic is taken as 2.0
and the insulation thickness ratio I as 0.5. These were chosen as they
represent typical values generally employed in practice and as the
dependence of the transient thermal response on (7 and P has heen
considered in detail earlier [5]. The basic features concerning the
temperature regulation of the plastic insulation are discussed on the
basis of the numerical results obtained, as presented in the fol-
lowing.

Numerical Results. The transient response of the outside and
inner surface, or core, temperatures of the plastic insulation is shown
in I'ig. 1, for varying values of the nondimensional heat flux @,. Fol-
lowing an initial starting transient, in which the rate of temperature
rise is very different for the outer and inner surfaces, the temperature
variation across the insulation approaches a value constant with time
and the rate of temperature rise becomes the same throughout the
insulation. This linear temperature rise, following the initial transient,
arises from the exponential decay of nonlinear terms, as pointed out
in reference [5]. Tt is observed that, for a constant heat flux input at
the surface of the insulated wire, the temperature continues to in-
crease indefinitely. In actual practice, of course, the radiation and
convective loss from the wire increases as the temperature rises,
thereby allowing the insulation to attain a constant temperature.
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Fig. 1 The transient response of the outer and inner surface, or core, tem-
peratures of the insulation for heating at various heat flux levels Q., followed
by no heat transfer at the surface, beyond the point where the surface tem-
perature attains a value five times the initial temperature
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Fig.2 Heating of the insulated wire at a constant heat flux, Q; = 2.0, followed
by convective cooling at various values of the Biot number Bi, for {r = 1

However, the melt temperature of most plastics is far below this
temperature, in industrial applications of interest, and the wire
temperature must be restricted by some method to a value below the
melt temperature to avoid damaging it.

Fig. 1 shows the circumstance when the insulated wire is subjected
to a constant heat flux till the outside surface temperature attains a
given value. This represents the restriction on the temperature and
is taken at a typical value of 5.0 in the given curves. The radiation is
cut off as soon as this value is attained. The temperature variation
that exists across the insulation at this point is a function of the heat
flux s, and also of the parameters P and G, as discussed earlier. Fig.
1 indicates the transient response of the insulation if there exists no
external heat transfer beyond the point of heat flux cut off. The
temperature variation across the insulation decreases sharply to give
a uniform temperature in the insulation. The uniform temperature
thus attained is also a function of @, being smaller for a larger heat
flux. This is an obvious consequence of the greater temperature
variation across the insulation for a larger ;. Though Fig. 1 represents
a hypothetical situation, it does point out the effect of a steep re-
duction in the heat flux, particularly the fact that the insulation be-
comes isothermal in a very short time. .
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Fig. 3 The transient response of the insulated wire under combined radiation
and convection, at heat flux @; = 5.0 with varying Biot number Bi and with
= =1

Considering now a more practical situation, in which the heat flux
cut off is followed by convective cooling, the results obtained at
varying values of the Biot number Bi, with initial heating at §; = 2.0,
are shown in Fig. 2. As seen from equation (5), Bi determines the rate
of convective loss from the plastic, for g’ greater than ¢z’, being
greater for a larger value of Bi. Fig. 1 is the circumstance when Bi =
0. For the curves in Fig. 2, the fluid temperature ¢z is taken at the
initial temperature of the insulation, which may be the room tem-
perature. In all the curves shown, the outer surface temperature ini-
tially drops sharply, the drop being faster for larger Biot number Bi.
The inner surface temperature continues to increase for some time
and then gradually decreases. The final approach to the fluid tem-
perature, as expected, is a gradual process for both the temperatures.
The observed dependence of the temperature response on Bi indicates
that a lower value of Bi tends to keep the temperature variation across
the insulation lower and the temperature drop from the maximum
value attained more gradual. The fluid temperature ¢ may also be
varied to control the final temperature of the plastic and the rate of
cooling.

The regulation of the temperature of the plastic can, therefore, be
effectively achieved by the addition of convective heat transfer to the
constant radiant heat flux, as given by equation (5). Fig. 3 shows the
results for Qs = 5.0 at varying values of Bi, when g = ¢;. In this cir-
cumstance, the plastic approaches a constant temperature, deter-
mined by the parameters in the problem. Though wasteful in energy,
this method provides as excellent control over the temperature of the
plastic insulation. By a proper choice of tz and Bi, the temperature
variation across the insulation, the final temperature and the rate of
temperature rise can be controlled. The main advantage of this pro-
cess is the high rate of heat transfer to the insulation in the initial
stages. This is increased even more if ¢p is greater than ¢;. As the in-
sulation heats up and ts becomes greater than tr, a control on the
temperature is automatically exercised by an increase in the con-
vective loss. This would also allow the maintaining of a fairly iso-
thermal plastic at a given temperature for a specified period, in order
to allow the completion of a thermal treatment process. This is par-
ticularly important in molding processes, as in coiling of wires and
cables [4].

Fig. 4 shows the theoretical heat flux profile required for heating
the insulation to a given temperature and then maintaining it at that
temperature, assuming no heat loss from the wire. Clearly, the re-
quired variation of the heat flux with time is not easy to obtain in
practice. Since it is desirable to obtain a fast heat up initially, a cou-
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HEATING AT CONSTANT HEAY FLUX (Qg=2.0) TILL SURFACE
TEMPERATURE IS 5 TIMES THE INITIAL TEMPERATURE AND

OBTAINING THE Qs VARIATION FOR KEEPING SURFACE TEMPERATURE
AT THES VALUE BEYOND.
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Fig. 4 The variation of the heat flux Q;, with time, required to heat the in-
sulation surface to a given temperature and then maintain it at that value.

pling of radiant heating with convective heat transfer would allow a
better and easier control of the process.

As mentioned earlier, the present study is motivated by actual
problems in industry. A few may be mentioned here. During the ra-
diant heating of plastic-insulated cables for surface treatment for
environmental protection and for bonding with other such cables and
with metallic shields, etc., the temperature must be maintained at a
given value over a period of time. At the same time, the temperature
must not rise beyond the melt temperature of the plastic. In this case,
the addition of convection, or the proper regulation of the radiant flux,
allows the necessary control of the insulation temperature. Similarly,
during drying of paper-insulated wires, the temperature has to be
raised above the boiling point of water, without burning the paper.
Again, addition of air cooling and regulation of radiant flux has helped
in solving this problem. A similar configuration arises in the coiling
of telephone cords {4] in which the temperature of the plastic must
be maintained at a given level for sometime to achieve coiling and a
restriction on maximum temperature also exists. Convective cooling
has been added in the process to achieve the required control. Ra-
diation flux has also been varied. Many components and connecting
wires, which are represented by the configuration under study, are
also often exposed to radiant heating during manufacture. In these
cases too, the present study indicates the methods of temperature
regulation.

Conclusions-

An analytical study of the regulation of the transient temperature
of a plastic-insulated wire, subjected to radiation heating, has been
carried out. The two aspects considered in detail are the restriction
on surface temperature and the maintenance of the temperature at
a given value for a specified time. The problem is treated as an initial
heating process under radiant heating with a cut off at a given tem-
perature, followed by a different heat transfer circumstance to reg-
ulate the temperature of the insulation.

Tt is found that the insulation becomes isothermal, following the
cut off, very rapidly, if no heat transfer occurs at the surface. If the
cut off is followed by convective cooling, the temperature uniformity
in the insulation is found to be greater at a lower value of the surface
heat transfer coefficient h. The regulation of the temperature which
requires raising it to a given value and maintaining it at this level can
be theoretically achieved by a particular variation of radiant flux with
time. However, the variation is very hard to achieve in practice and
the best method is found to be through a proper coupling of radiant
flux with convective cooling. The necessary regulation can then be
achieved by varying the surface convective coefficient and the fluid
temperature.
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Approximate Solution for
Convective Fins With Variable
Thermal Conductivity

A. Muzzio?

Nomenclature

h = convective heat transfer coefficient

k = thermal conductivity

L = length of fin

N = dimensionless fin parameter = [2hL2/
knw]l/z

T = temperature

w = thickness of fin

x = distance from insulated end

X = dimensionless distance = x/L

¢ = thermal conductivity parameter = (kp —
ka)lka

n = fin efficiency

f = dimensionless temperature = (T — T,)
Ty — Ty}

o = slope of the dimensionless thermal con-
ductivity-temperature curve

Subscripts

a = ambient
b = base of fin

Introduction

The performance of fins (convecting, radiating, of both) has been
shown by several workers to be significantly affected by variable
thermal properties, particularly when large temperature differences
exist.

While most methods of solution of these nonlinear problems involve
numerical procedures, recently Aziz and Enamul Huq [4]2 have pre-
sented a closed form solution for a straight convecting fin with tem-
perature dependent thermal conductivity obtained by the regular
perturbation method.
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pling of radiant heating with convective heat transfer would allow a
better and easier control of the process.

As mentioned earlier, the present study is motivated by actual
problems in industry. A few may be mentioned here. During the ra-
diant heating of plastic-insulated cables for surface treatment for
environmental protection and for bonding with other such cables and
with metallic shields, etc., the temperature must be maintained at a
given value over a period of time. At the same time, the temperature
must not rise beyond the melt temperature of the plastic. In this case,
the addition of convection, or the proper regulation of the radiant flux,
allows the necessary control of the insulation temperature. Similarly,
during drying of paper-insulated wires, the temperature has to be
raised above the boiling point of water, without burning the paper.
Again, addition of air cooling and regulation of radiant flux has helped
in solving this problem. A similar configuration arises in the coiling
of telephone cords {4] in which the temperature of the plastic must
be maintained at a given level for sometime to achieve coiling and a
restriction on maximum temperature also exists. Convective cooling
has been added in the process to achieve the required control. Ra-
diation flux has also been varied. Many components and connecting
wires, which are represented by the configuration under study, are
also often exposed to radiant heating during manufacture. In these
cases too, the present study indicates the methods of temperature
regulation.

Conclusions-

An analytical study of the regulation of the transient temperature
of a plastic-insulated wire, subjected to radiation heating, has been
carried out. The two aspects considered in detail are the restriction
on surface temperature and the maintenance of the temperature at
a given value for a specified time. The problem is treated as an initial
heating process under radiant heating with a cut off at a given tem-
perature, followed by a different heat transfer circumstance to reg-
ulate the temperature of the insulation.

Tt is found that the insulation becomes isothermal, following the
cut off, very rapidly, if no heat transfer occurs at the surface. If the
cut off is followed by convective cooling, the temperature uniformity
in the insulation is found to be greater at a lower value of the surface
heat transfer coefficient h. The regulation of the temperature which
requires raising it to a given value and maintaining it at this level can
be theoretically achieved by a particular variation of radiant flux with
time. However, the variation is very hard to achieve in practice and
the best method is found to be through a proper coupling of radiant
flux with convective cooling. The necessary regulation can then be
achieved by varying the surface convective coefficient and the fluid
temperature.
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Convective Fins With Variable
Thermal Conductivity
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Nomenclature

h = convective heat transfer coefficient

k = thermal conductivity

L = length of fin

N = dimensionless fin parameter = [2hL2/
knw]l/z

T = temperature

w = thickness of fin

x = distance from insulated end

X = dimensionless distance = x/L

¢ = thermal conductivity parameter = (kp —
ka)lka

n = fin efficiency

f = dimensionless temperature = (T — T,)
Ty — Ty}

o = slope of the dimensionless thermal con-
ductivity-temperature curve

Subscripts

a = ambient
b = base of fin

Introduction

The performance of fins (convecting, radiating, of both) has been
shown by several workers to be significantly affected by variable
thermal properties, particularly when large temperature differences
exist.

While most methods of solution of these nonlinear problems involve
numerical procedures, recently Aziz and Enamul Huq [4]2 have pre-
sented a closed form solution for a straight convecting fin with tem-
perature dependent thermal conductivity obtained by the regular
perturbation method.
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Fig. 1 Values of the coefficient C

This note treats an alternative approach based on the Galerkin
method for obtaining approximate analytical solutions.

The results are compared with both the numerical and the per-
turbation solution.

Analysis »

The analysis is referred to a straight rectangular convecting fin
insulated at the tip under steady-state conditions. Both the convective
heat transfer coefficient h and ambient fluid temperature T, are as-
sumed uniform. These conditions may not necessarily hold in all
cases.

The thermal conductivity k of the fin’s material is assumed to be
a linear function of temperature according to:

k=hky(1+ o(T—T,)) 1)

where k, is the thermal conductivity at temperature T. With refer-
ence to the sketch inserted in Fig. 3 in the one-dimensional approxi-
mation the energy balance equation gives:

d20 do\2
P(6) = (1 + ) — + <——> ~ N =0 2
0) = (1 + ¢b) xe T elox (2)
where

T—-T, 2hL2
=" X=7, N2=" e=o(Ty—-Ta) (3

Ty —Tq L ko

Equation (2) is to be solved with boundary conditions:
at X =0 40 =0 4)
dX

atX =1 =1 (5)

An approximate solution is sought in the form:

0= do(X) + Coy(X) = cosh NX + <cosh INX _ cosh NX)
cosh N cosh 2N cosh N
(6)
which identically satisfies the boundary conditions (4) and (5).
According to the Galerkin process the coefficient C is defined by
the condition:

Journal of Heat Transfer
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Fig. 2 Temperature distribution in convecting fins with variable thermal
conductivity

1
j; P(O)1(X)dX = 0 ™

After substitution of equation (6) into equation (7) and integration
one has:

aC2+BC+~y=0 (8)

where:

2 27 1 3
a= e[-—--tanh3 2N — —tanh 2N + —tanh® N + —tanh N
3 40 3 5

177 96
+ 20 tanh 2N tanh? N — 4 tanh N tanh? 2N + 1—5 tanh 2N

—tanh?N 3 tanh2 N
an +—N(1—tanh2N)2L] ©
tanh N

1
tanh2 N ———————
1+ tanh? N 8

0 T ] I T T

-06 -02 > g~ 0.2 04 06

Fig. 3 Efficiency of convecting fins: — numerical solution; - - - present
method; — » ~ perturbation solution [4]
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B=c¢ [— tanh N — —tanh3 N — — tanh 2N — — tanh 2Ntanh? N
5 3 40 40

2 1 ~tanh? N
- 3— tanh 2N tanh? N 2 tanh v
15 1+ tanh? N

§ tanh 2N
8 tanh N

(1 — tanh? N)2]

3 1 1
-5 [N(tanh2 2N — 1) — tanh 2N <§ tanh? N — 5) ] (10)

tanh 2V

1 1 1
7=e[—tanh3N——tanhN+—N-——
3 2 4  tanh N

(1 — tanh? N)2]

(11)

The appropriate root of equation (8) is such that ¢C < 0; the other
root has to be discarded since it gives rise to physically meaningless
temperature distributions.

In Fig. 1 the values of the coefficient C are shown plotted versus e
with N as a parameter.

A comparison is made in Fig. 2 of the temperatures distributions
6(X), obtained by the present method for different values of N and
¢, and the numerical solutions of the problem. It is observed that the
accuracy of the approximate solution decreases as |¢| increases par-
ticularly for negative values of this parameter. However, the com-
parison is remarkably good since, for ¢ = ~0.6 and N = 2, the largest
error does not exceed 9.7 percent.

In order to have a better accuracy with the larger |¢| values the trial
function (6) would require modification to allow greater flexibility
in approximating the true solution. The efficiency of the fin n defined

as the ratio of the actual heat transfer rate to the heat transfer rate
of an isothermal fin at temperature T}, is obtained from equation (6)
as:

tanh N
[1 (12)

tanh? N ]
1+ tanh2 N

The values of y computed from equation (12) are shown in Fig. 3
versus e ranging from —0.6 to 0.6 for three values of N, namely N =
1.0, 1.5, 2.0.

For purposes of comparison the corresponding curves obtained by
numerical integration together with the perturbation solution [4] are
plotted on the same figure.

The present solution matches almost exactly the numerical solu-
tion, the maximum value of the error being 3.6 percent, while the
perturbation solution is significantly in error for ¢ exceeding +£0.2.

From the analysis of the results it appears that the present solution
can predict quite accurately the performance of fins with variable
thermal conductivity.

1
n= fo 0(X)dX =

References

1 Mikhlin, 8. G,, The Numerical Performance of Variational Methods,
Wolters-Noordhoff Publishing, 1971.

2 Hung, H. M, and Appl, F. C., “Heat Transfer of Thin Fins With Tem-
perature Dependent Thermal Properties and Internal Heat Generation,”
JOURNAL OF HEAT TRANSFER, TRANS. ASME, Series C, Vol 89, May
1967, p.p. 155-162.

3 Kosarev, D. A., and Nevrovskii, V. A,, “Calculating Heat Transfer
Through Finned Surfaces With Variable Coefficient of Thermal Conductivity
of the Material,” Thermal Engineering, No. 2, 1972, pp. 140-141.

4 Aziz, A., and Enamul Hugq, S. M., “Perturbation Solution for Convecting
Fin With Variable Thermal Conductivity,” JOURNAL OF HEAT TRANS-
FER, TRANS. ASME, Series C, Vol. 97, May 1975, pp. 300-301.

Condensation on a Rotating Disk
With Constant Axial Suction

S. P. Chary! and P. K. Sarma*?

An excellent review of the problem of convective heat transfer in
rotating systems has been given by Frank Kreith [1].2 The problems
of condensation of vapors on cooled rotating disks and cones have
been solved by Sparrow, et al. [2-4]. The effects of uniform suction
on the steady flow due to a rotating disk has been studied by Stuart
[5]. Jain and Bankoff {6], Yang [7], and Murthy, et al. [8] solved the
problem of laminar film condensation on vertical surfaces with suction
applied at the permeable wall. The results indicate profound influence
of suction parameter on the compactness of the condenser.

This note is an extension of the pioneering work of Sparrow and
Gregg {2, 3] on the phenomena of condensation on a rotating disk. The
physical configuration and the coordinate system are essentially the
same as those outlined in |2, 3]. However, the dependant variable
describing the velocity in Z-direction is redefined. In problems per-
taining to rotating disks, it is a standard practice to assume the ve-
locity in Z-direction to be totally independent of the radial coordinate
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r. As such, constant 8 can be added to, or subtracted from, H (%) to
account for blowing or suction, respectively, at the permeable wall,
still retaining the facility and ease of applying similarity transfor-
mations and the boundary conditions as suggested by Sparrow, et al.
[2, 3]. Thus,

V. =V [H(n) - f] (1)

where

Vo W\ 172
= d =z<—)
b=V ™ 177

Vo being the suction velocity at the permeable wall and 5 being the
dimensionless coordinate normal to the disk surface.

Vi = roF(n) (2)
Vg =roG(y) (3)

Substituting equations (1)-(3) in the respective equations of con-
servation of mass, momentum, and energy, and further simplifying
the resulting set of ordinary differential equations yields:

H'" =H" (H*ﬂ)—%(H/)Z'f“ZGQ (4)
G”"=H-=-p)G -HG (5)
0" = Pr(H — )¢ (6)

Thus, equations (4)-(6), together with the following boundary
conditions, will constitute a full set of equations that gives complete
solution to the velocity and temperature distributions in the con-
densate layer.

At the permeable wallat n = 0
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The appropriate root of equation (8) is such that ¢C < 0; the other
root has to be discarded since it gives rise to physically meaningless
temperature distributions.

In Fig. 1 the values of the coefficient C are shown plotted versus e
with N as a parameter.

A comparison is made in Fig. 2 of the temperatures distributions
6(X), obtained by the present method for different values of N and
¢, and the numerical solutions of the problem. It is observed that the
accuracy of the approximate solution decreases as |¢| increases par-
ticularly for negative values of this parameter. However, the com-
parison is remarkably good since, for ¢ = ~0.6 and N = 2, the largest
error does not exceed 9.7 percent.

In order to have a better accuracy with the larger |¢| values the trial
function (6) would require modification to allow greater flexibility
in approximating the true solution. The efficiency of the fin n defined

as the ratio of the actual heat transfer rate to the heat transfer rate
of an isothermal fin at temperature T}, is obtained from equation (6)
as:

tanh N
[1 (12)

tanh? N ]
1+ tanh2 N

The values of y computed from equation (12) are shown in Fig. 3
versus e ranging from —0.6 to 0.6 for three values of N, namely N =
1.0, 1.5, 2.0.

For purposes of comparison the corresponding curves obtained by
numerical integration together with the perturbation solution [4] are
plotted on the same figure.

The present solution matches almost exactly the numerical solu-
tion, the maximum value of the error being 3.6 percent, while the
perturbation solution is significantly in error for ¢ exceeding +£0.2.

From the analysis of the results it appears that the present solution
can predict quite accurately the performance of fins with variable
thermal conductivity.

1
n= fo 0(X)dX =
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H=H=F=0 G=1,
V. = — V{ (suction velocity)
0=(T~Ty)/(Ts —Ty)=0 )]
Further, assuming zero shear condition at the interface, i.e., at 5
=1
H'=G'=0, 60=1 (8)

When § is made zero the problem reduces to the case solved by
Sparrow and Gregg (2, 3]. Then the overall energy balance can further
be added to interpret the condensate film thickness in terms of
CpAT/hy,, the heat capacity parameter.

Thus, we have

(Pr/(CpAT/hyy))

£

[H(ns) — B8] = 0" (ns) 9

Heat Transfer Coefficient
From a practical point of view, it is the heat transfer coefficient that
is important and it can be calculated as follows:

h /v\1/2 _ o6
K <w) dn

Equations (4)—(6) are solved simultaneously on IBM 360 for dif-
ferent values of n; employing Runge-Kutta numerical procedure with
the necessary iterative techniques satisfying boundary conditions (7)
and (8). The heat transfer coefficients are shown plotted in Figs. 1 and
2 and the ranges investigated are 0.003 < Pr < 100 for 0.01 < 8 < 100.
From the plots it is pbvious that as the suction parameter § increases,
heat transfer rates increase for a given value of the heat capacity pa-
rameter C, AT/hy,. It is obvious that at low values of (C, AT/hy,) the
increase in condensation heat transfer is considerable. For example:
when 8 = 50, Pr = 10, C, AT/hy, = 0.4, and (hg/hyg = 0) = 339, which
is undoubtedly a substantial gain in the heat transfer rates within a
practicable range of Cp AT/hyy.

(10)

n=0

Limiting Solutions

The limiting solution for very thin films of the condensate can be
obtained making use of the equations (26)—(28) of reference [2] with
H (5;) being replaced by [H(ns) — 8]
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Hence, we have

2
Ho === [2n+ 5] an
0'(ns) = = 1/ns (12)
Thus, equations (9), (11), and (12) yield
Pr 2 1
o 23 = .=
CpAT/hy, <B Ty > " 13)

The heat transfer coefficient can be obtained from equation (10)

as
1/2-
" ()
w 1
——= (14)
K 74
Thus, for given values of 8, 55 we can, respectively, obtain (Pr/
CpAT/hy,) and the nondimensional heat transfer coefficient from
equations (13) and (14). It is observed that the limiting solutions are
in agreement with the computer results for small values of ;.

In conclusion this note presents the problem of phase transfor-
mation of vapors into liquid state in the presence of constant axial
suction at the permeable condensing surface and the significant
conclusion is that the heat transfer coefficient can be increased to any
desired level by properly choosing the value of 8, the suction param-
eter.
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Perturbation Solution for
Convecting Fin With
Variable Thermal
Conductivity!

R. J. Krane.? The authors have provided us with an interesting
example demonstrating the utility of perturbation techniques in
solving heat transfer problems. It appears, however, that they have
incorrectly retained terms of 0(e%) in equations (13), (14), and (15)
since there are contributions to these terms from the second-order
solution which they do not include. This can easily be shown by
displaying equation (13) in the following form:

qL dé
—e——= (1 +¢) —
kaw(Ty — Ty) dX|x=1
do do dé
=(1+e)<——0 Fe—| 22 +)
dX|x=1 dX1x=1 dX | x=1
Expanding and retaining terms up to 0(¢?) gives
gl _db
kaw(Ty — Ty) dXIx=1
do
+ € <—O -{-ﬂ )
dXix=1 dXlx=1
de dé
+ 2 <—1 + =2 ) Fo--
dXIx=1 dXlIx=1

where the missing terms of 0(¢?) in equation (13) of the technical note
arise from the underlined term above. This error is then propagated
into equations (14) and (15) and Fig. 2. . ’

Thus, for a solution correct to 0(e), equations (13), (14), and (15)
should read-

.
kaw(Tb - Ta)
7 = (tanh N/N)}(1 + % e tanh? N) (14)

= N tanh N(1 + 15 e tanhZ N) (13)

and
8N(1 + e tanh? N) = sinh 2N + % ¢ tanh N sinh2 N (15)

The solution of the correct form of equation (15) is shown here
plotted along with the authors’ solution from Fig. 2 of the technical
note. The original solution is shown to have an error of approximately
6 percent at e = £0.5.

1By A. Aziz and S. M. Enamual Hug, published in the May 1975 issue of the
JOURNAL OF HEAT TRANSFER, TRANS. ASME, Series C, Vol 97, pp.
300-301.

2 Asst. Professor, Department of Mechanical Engineering and Mechanics,
West Virginia University, Morgantown, W. V.
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Authors’ Closure

It is true that part of the contribution from second-order term was
inadvertently retained in deriving equations (13), (14), and (15). The
forms of these equations correct to 0(¢) are the ones given by Prof. R.
J. Krane. However, it has since been found that with the inclusion of
second-order term, the perturbation solution virtually coincides with
the numerical solution in the ranges of e and N considered previously.
The second-order problem is

26, a2, d%,  dfoddy
—— ~ N%y =~ fp— — f—2— 2 —2—— (16)
dx? > Yaxz ¢ Txe laxdx
do
X=0, —=0, X=1, 0,=0 17
dx
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and the solution is?

1 4
0y = -sech? N [ <; sech? N cosh? 2N

6

9 i
- g sech N cosh 3N — 5 N tanh N> cosh NX

4
— —sech N cosh 2N cosh 2N X

9 1
+ p cosh INX + ENX sinh NX] (18)
Based on the three-term solution, ¢ is given by

ql
haw(Ty — Ty)

1 {
= Ntanh N + ; eN tanh3 N + ¢ l; N tanh? N

1 4
— Ntanh N + g sech® N [ <—3 sech? N cosh? 2N

.
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IS 1

- g sech N cosh 3N ~ - N tanh N) N sinh N
8 X 27 .

- 5 N sech N cosh 2N sinh 2N + E N sinh 3N

1
+ 2N (sinh N + N cosh N)]} (19)

The fin efficiency 7 is obtained by simply dividing equation (19) by
N?, Equation giving N, follows from equation (19) but is not given
here because it was found that the inclusion of second-order term does
not appreciably alter the curve showing the relationship between Ny
and ¢ obtained from the two-term solution. The authors, therefore,
recommend the use of equation (19) for heat transfer rate and fin
efficiency but for N, the corrected solution provided by Krane may
be used.

3 Aziz, A., and Benzies, J. Y., “Application of Perturbation Techniques to
Heat Transfer Problems With Variable Thermal Properties,” International
Journal of Heat and Mass Transfer, Vol. 19, 1976, pp. 271 276.
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ERRATUM

Erratum: A. S. El-Ariny, J. A. Sabbagh, and M. A. Obeid, “Laminar Film Condensation Heat Transfer in the Presence of Electric
and Magnetic Fields,” published in the Nov. 1975 issue of the JOURNAL OF HEAT TRANSFKER, pp. 628-629.

The definition of Ry appearing on the third line below equation (3) should read

Ry = E/BU.
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